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PREFACE 

The adoption of the plan of giving two courses in algebra, one 
early and for all students, and the other after one or two inter- 
vening years for those who specialize in science, is spreading. 
For the purposes of the latter a review is practically essential. 
This book consists of two parts, a review of the First Year Course, 
followed by additional chapters on more advanced topics, the whole 
providing the preparation for entrance to colleges of liberal arts. 
For a course covering the ground of both the First and Second 
Courses, the author's "Practical Elementary Algebra" is well 
adapted, though much that is in this Second Course is not in it. 

Not a little has been written in this country within the past 
few years concerning the desirability of unifying the course in 
mathematics. A textbook for general use which aims to accom- 
plish such an end must adapt itself to present-day conditions. 
Of the different branches of mathematics, the algebra easily 
provides the best means available of bringing together algebra, 
arithmetic, geometry, and applied mathematics, and this unifica- 
tion the present text undertakes to accomplish. In its prepara- 
tion it was assumed that the pupil had taken the course usually 
offered in plane geometry. To be sure, the book can be used 
by those who have not taken geometry by simply omitting 
geometrical matter, whether text or exercises. In the same 
way, if so desired, the more purely arithmetical matter may be 
cut out, in part or in whole, since neither the arithmetical nor 
geometrical material conditions the subsequent algebraic matter. 

Aside from preparation for the study of more advanced mathe- 
matics, probably the most directly practical thing learned from 
the study of algebra is the interpretation and use of foi'mulas. 
Formulas introduced freely into the subject serve to vitalize it, 
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VI PREFACE 

since they connect it with practical problems. The attempt is 
made to train the student to thorough familiarity with the mean- 
ing and use of applied formulas. 

The conception of functionality is developed as carefully and 
fully as it can be for pupils of the maturity of those who study 
algebra. The claims of this topic are now being strongly urged 
by the highest authorities. 

Many of the features of the author's First Year Course, such 
as simplicity of presentation, minimum number of cases in topics, 
treatment of factoring and of graphs, constant reference to the 
axioms in the solution of equations, systematic testing for accuracy, 
translating to and from algebraic language, conservatism in the 
order of topics, etc., will be found likewise in this book. The 
inductive treatment, so prominent a feature of the First Course, 
is partly replaced in this by the deductive, because pupils are 
now far better prepared to understand its meaning. 

The author is indebted to Professor E. S. Loomis of the West 
Side High School, Cleveland, Ohio, to Lewis Omer of the Academy 
at Evanston, 111., to Miss Marie Gugle of the Central High School, 
Toledo, Ohio, and to Miss Theresa Moran of the High School, 
Stevens Point, Wis., for reading both the manuscript and the 
proofs and giving valuable advice. Professor H. L. Terry, State 
High School Inspector, Madison, Wis., read portions of the manu- 
script and offered helpful suggestions, as also did Professor A. L. 
Rhoton .of Georgetown College, Ky. The following have read 
the proofs and given aid in other ways : President G. W. Brock, 
Alabama Normal College, Livingston, Ala. ; Professor H. E. Cobb, 
Lewis Institute, Chicago; Professor Ira Condit, State Teachers' 
College, Cedar Falls, Iowa; Professor H. S. Hippensteel, State 
Normal School, Stevens Point, Wis. ; and Professor T. M. Smith, 
Lash High School, Zanesville, Ohio. 
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SUGGESTIONS TO TEACHERS 

It is to be understood that the first 180 pages of this book 
constitute a review of the First Course. This part, containing 
a relatively small number of exercises, should be covered by 
classes much faster than the remaining portion. Different plans 
can be followed in passing over this part. Thus, one way is to 
start at the beginning and cover the whole ground rapidly, per- 
haps having the class do little more than read the text and model 
solutions and solve a few exercises here and there. Another 
way is to begin at factoring, or at equations, or at radicals, and 
then review the preceding topics as occasion requires. The 
numerous cross-references to earlier parts are intended to facili- 
tate this plan. Classes usually differ greatly in preparation, even 
in the same school, and what would be the best course to pursue 
for one class might be a poor one for another. 

The time allotted to advanced algebra varies greatly in differ- 
ent schools, and this, with varying preparation, makes it often 
necessary for the teacher to omit portions of the text not abso- 
lutely essential. If a course in algebraic transformations and 
manipulations as a preparation for college mathematics is the 
chief or sole aim of the study, then the more purely arithmetical 
and geometrical portions of the text can be omitted without 
injury to the continuity of the work. It is hoped, however, that 
these portions will be taught with the other, since they are calcu- 
lated to strengthen the pupils' preparation in both algebra and 
mathematics in general, making the whole study much more 
practical. Suggestions are offered in various places for transpos- 
ing the order of chapters and topics. 



PRACTICAL ALGEBRA 

CHAPTER I 

THE FUNDAMENTAL OPERATIONS 

I. THE ARABIC* AND ALGEBRAIC NOTATIONS 

1. Elementary Algebra may be described as that branch of math^ 
ematics which employs both letters and figures in the study of num- 
bers, and recognizes two kinds of numbers, positive and negative. 
Algebra is also often described as the study of the equation. 

2. A number is one or more units (or ones). It is altogether 
likely that the original idea of numbers included only integers. 
At first a distinction was made only between one and several in a 
vague way. Later counting was introduced. Counting consists 
in having a reference series of objects, such as the fingers, or 
names to take their places, and pointing to the several objects 
counted, meanwhile saying the names of the standard series. 
The last name is the name of the number of objects counted. 
Later the idea of measurement was connected with the concep- 
tion of numbers. Thus, to measure the length of a board, one 
applies his foot rule or meter stick a number of times. The 
number of times the measuring unit is moved, counted in the 
scale just described, is the number. Evidently from the stand- 
point of measurement number is always abstract, being a quotient 
of one magnitude divided by another of the same kind. Pupils 
are prone to fail to distinguish between abstract number itself, 
and the word, or figures, or letter, that denotes it. 

A system for denoting numbers and making numerical calcula- 
tions is called a notation. 

* In all probability the so-called Arabic notation was invented in India in the 
period from the second to the seventh centuries a.d. It was transmitted to Euro- 
pean nations through the Arabs, and so has been known for centuries as the 
Arabic notation for numbers. 
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2 THE FUNDAMENTAL OPERATIONS 

3. The Arabic Notation uses figures to denote the first nine 
numbers and zero, recognizes place value, employs absence of 
sign between figures to indicate addition, and is constructed on sl 
scale of ten. 

Thus, in 325, the 2 gets its meaning of 2 tens from its place 
to the left of 5, and the 3 its meaning of 3 hundreds from its 
place. Also, because juxtaposition (that is, placing figures next 
to each other 'with no sign between) means addition, 325 means 
300 + 20 + 5. 

4. The Algebraic Notation uses both figures and letters to de- 
note numbers, the letters denoting any numbers, but the absence 
of sign between letters, or between a figure and a letter, or between 
a figure or a letter and a parenthesis, or between two parentheses, 
indicates multiplication. For other operations special symbols are 
employed, as + to denote addition, — , subtraction, and so on. 

Thus, Sab + c denotes the number c added to the product of 
3, a, and b. The algebraic notation also marks one series of num- 
bers extending on one side of with a + sign, and those on the 
other side of extending in the opposite direction with a — sign. 

Arithmetic Series : i — i — i — i — i — i — j- — i — *■ — + — 



Algebra Series : 
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...-6 -« -4 -3 -2 -1 +1 +2 -+3 +4 +5 +6 +7 +8 +9^^ 

As regards concrete applications the arithmetic series has far 
the wider use. The. algebra series is best adapted to solving 
special kinds of problems which involve the presence of two 
kinds of numbers opposite in sense, as east and west longitude, 
debts and credits, numbering streets east and west or north and 
south, etc. But algebra can be used equally well in the solution 
of equational problems whose concrete numbers are arithmetical 
in character. 

5. A Universal Language. The Arabic and Algebraical notations 
are in general use among the various civilized nations, being prac- 
tically the same in different languages, though minor differences 
exist. Thus, in the United States and Great Britain, both -5- 



V THE ARABIC AND ALGEBRAIC NOTATIONS 3 

and : are used to denote division, while on the continent of 
Europe only : is so employed. 

6. Economy of Notation. Both the Arabic and the Literal nota- 
tion are wonderfully abridged and compact as compared with ordi- 
nary writing in words. Thus, the number 878, which has only 
three figures, written out in words calls for twenty-four charac- 
ters, and the formula (a-f 6)*=a*-f 2a6-f-6*, translated into words, 
gives rise to nine times as many marks or characters. 

7. Classes of Symbols in Algebra. Algebraic symbols are clas- 
sified as follows : 

(1) Symbols of number, as letters and figures. 

(2) Symbols of operationSf as -f-, — , ±, x or •, -^, :, -y/, and 
exponents. 

(3) Symbols of aggregation, as (), [], { }, . 

(4) Symbols of relation, or relative size, as=, =, >, <, >, <. 

The angles (>, <) are called symbols of inequality, the open- 
ing being towards the larger quantity. Lines across the symbols 
of relation deny what the symbols unmarked signify. Thus, =^ 
means ''is not equal to" ; > means "is not greater than." 

(5) Symbols of logic, as .*., meaning therefore, hence; and •/, 
meaning since, because. 

(6) Symbols of continuation or omission, as 1, 2, 3, ••• ; see § 4. 

8. The Symbols + and — are commonly considered to have two 
meanings : 

(1) That of addition or subtraction, as 3 + 4 = 7; 6 — 2 = 4. 

(2) That of quality, as + 5, meaning 5 from the positive series, 
and — 3, meaning 3 from the negative series. When the signs 
have the latter meaning they are usually put along with the quan- 
tity to which they are attached inside parentheses. 

Thus, (—6) — (+4) means 4 from the positive series is to be 
subtracted from 6 of the negative series. 

9. The Symbols 0, 1, and ao are noteworthy. The first, 0, has a 
place in the ordinal series ••• — 3, — 2, — 1, 0, 4- 1, -f 2, 4- 3, ..• . 



4 THE FUNDAMENTAL OPERATIONS 

It may also be regarded as belonging to the cardinal numbers. 
It has the following properties : a— a=0; Oxa = axO = 0. 
Division by has no meaning. 

The symbol 1 has the following properties : a-j-a = l; ax 1 
= a -f- 1 = a. 

The symbol oo (called infinity) dejiotes an exceedingly large 
number, greater than any that can be named, and continually 
increasing. 

n. DEFINITIONS 

10. A quantity in algebra is a number. This number may be 
expressed by a single letter, or by a figure, or by a combination 
of figures, letters, and signs. Thus, 8, a, and 4a — 36 + 5c are 
each a quantity. "Quantity" and "algebraic expression" are 
used synonymously. 

11. An exponent is a number written to the right of and 
higher than a quantity. When it is a positive whole number, it 
shows how many times the quantity is to be taken as a factor. 

Thus, 4^* = 4x4x4; a* = axaxaxa. 

12. A power of a number is the continued product obtained by 
using 1 and the number one or more times as factors. 

Thus, 1 X a X a, or a?, is called the square of a ; and 1 x a X 
a X a, or a*, is called the cube of a ; Ixxxxxxxx, or aj*, is 
called the fourth power of x ; and so on. 

13. A root of a number is one of its equal factors. 

Thus, •v^64 = 4; ■y/32 = 2. In ^'64, 3 is called the index of 
the root. It shows into how many equal factors the number 64 
is to be separated. When no index is written, 2 is understood. 
Thus, V9 = 3. The symbol -y/ is called the radical sign. 

14. A term, or monomial, is an algebraical expression, or quan- 
tity, whose parts are not separated by a + or — sign. 

Thus, 3, a, 5 6c, 12 a^bc are each a term, while the quantity 
15 m* — 3 n consists of two terms. But in 3(a — b)+ 2(x + y\ 
3(a — b) is commonly regarded as a term, and 2(x -f- y) as one, 
the parentheses quantities being treated as single letters. 
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15. A polynomial is a quantity consisting of two or more 
terms. A quantity consisting of two terms is a binomial, one of 
three terms is a trinomial, one of four terms a quadrinomial, one 
of five or more terms a multinomial. 

By a '^ polynomial in jf " is meant an expression containing dif- 
ferent powers of a? ; as, 6 aj** + 4 a?* — 11 ic* + ic* — 7. 

16. The factors of a term are the coefficient and the literal (letter) 
part. Thus, in 5 aocy, 5 would be regarded as the coefficient (or 
'* with factor ^'). In ax^y, 1 can be regarded as the coefficient of 
aoc^y^ or, remembering the meaning of "coefficient," a can be 
regarded as the coefficient of a^, or even t? as the coefficient of 
ayy if so desired. When no coefficient or exponent is written, 1 
is understood. Thus, a = 1 a^. 

The student should note carefully the difference between a 
coefficient and an exponent. Thus, 4a? = a? + a?-f-a?H-aj, while 
a^=xxxxxxx; 4a; means 4 times x, while a* i^ shorthand 
for ocxxx. One should think of four aj's multiplied together when 
h.e sees ar*. 

17. Similar terms are those containing the same letters, the 
corresponding letters having the same exponents. They can differ 
in signs and coefficients. 

Thus, 9 ix^y^ and — 13 a^]/^ are similar terms. Similar terms can 
be combined into a single term. Thus, 6 a^b + 10 a^b = 16 a^b. 

18. The Degree of a Term is the sum of the exponents of its 
literal factors. For example, 9 mVp is of the sixth degree be- 
cause 3-1-2 + 1 = 6; but Saboc^y is of only the fourth degree if 
we think of 3a6 as the coefficient of the unknown factors a^ 
and y, 

19. Homogeneous Quantities are those whose terms are all of 
the same degree. Many expressions in algebra are homogeneous, 
and errors in handling such expressions can be detected by 
applying the test of homogeneity. 

Thus, a* -I- 3 a% -|- 3 a6 -|- b^ for (a -|- bf is wrong, since all the 
terms should be of the third degree, and Sab is of only the 
second degree ; this term should be 3 a^K 
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III. ORDER OF PRECEDENCE OF OPERATIONS 

20. The numerical value of a quantity is found by assigning 
certain values to the letters contained in it, and simplifying the 
result. 

Thus, the numerical value of 2 a — Sm when a = 5, m = 2, is 4. 

21. Order of Precedence of Operations. The order of performing 
operations in algebra is determined by certain rules. 

1. In any term (§ 14), symbols of aggregation being absent, raising 
topoivers and extracting roots must be performed before multiplications 
and divisions. 

Thus, 2 X 32 = 18 ; 3a^ = 3xx', while (3 a;)^ = 9 a%c. 

2. Symbols of aggregation being absent, multiplications and divi- 
sions must be performed before additions and subtractions. 

Thus, 3 + 4x5 = 23; 5 x 22-28 -f- 4 = 18. 

3. Operations inside symbols of aggregation are performed before 
those outside. 

Thus, 8(3 + 4) =8 X 7 = 56. (2 x 3)^ = 6^ = 36. 

Example. If a = 3, 6 = 2, c = 64, 

15ab'-Sb^-\'c 

becomes 15 x 3 x 2^ - 3 x 2^ x \/64 (By § 20) 

or, 15x3x4-3x8x4, or 84. (By §§12, 13) 

a. Multiplications and divisions denoted by x , • , -^ are performed in order 
from left to right, but when multiplications are denoted by juxtaposition, as 
in 4 c -^ 8 ab, the multiplications in dividend and divisor must be performed 
first. Hence, when translating this notation to that of x, •, -^ parentheses 
must be introduced. 

Thus, if a = 12, & = 3, c = 4. 

a-i-6xc= 12 -T-3x4 = 16; while a -i- 6c = 12 -f- (3 x 4) = 1. 

22. Importance of the Rules of Precedence of Operations. If strict 
attention is not paid to the order in which operations are to be 
performed, great confusion will result. 
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Thus, (2+3) X 42= 80; while 2+(3x 4)» = 146; and (2+3x4)« 
= 196; and 2 + 3x4^ = 50, by the rules of §21. 

Some other rules than those just described might have been 
adopted by those who introduced the algebraic notation, but the 
rules of § 21 represent careful testing and are well adapted to 
the purpose intended. Those who study or use algebra must 
make their calculations conform to the laws of precedence of 
operations. 

23. Exercise in simplifying Expressions and finding Values. 
1. 34.7 _ 6 + 4- 2. 2. 3 + 6-5-2. 

3. 4(6-3) -2. 4. 8x6^3-12. 

6. 24-f-(2x3). 6. (5 - 2)(11 - 3 X 2). 

7. 2 + 16--2. 8. 2.7.5-3«.4. 

9. 2(13 + 7' - 41) - 15. 10. v[3(19 + 60 - 42)] + 26. 

24. Exercise in translating Algebraic Expressions into Ordinary 
Language. To change algebraic language into ordinary words is, 
in many respects, like translating from one language to another, as 
English to German, or Latin to English. The student will find 
that quantities which take many words and much circumlocution 
for their description in ordinary language are expressed with very 
few symbols and very quickly in the algebraic notation. For this 

i cause we can work with and reason about quantities written in 
the algebraic notation easily, when dealing with the same quan- 
tities in ordinary language would be almost out of the question on 
account of the complexity of the language. The great mathema- 
tician Fourier said of the algebraic notation, "There can be no 
more universal or more simple language, no language more exempt 
from error and obscurity.'' 

1. Translate 4a6* — 3a'Vc + 9c into ordinary language, and 
then find its numerical value when a = 2, 6 = 3, c = 4. 

Translation. **From 4 times a times h times 6 take 3 times a times a 
times a times the square root of c, and add 9 times c to the remainder." 
COL. 2d c. — 2 
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8 THE FUNDAMENTAL OPERATIONS 

To eyaloate 4 aft* - 3 cfiVc -h 9 c, 

we have 4x2x3x3-3x2x2x2xV4-f9x4, 

that is, 72 - 48 + 36, or 60. Ans. 

2. Translate 3 5c' + 2a52^ — yV^, and evaluate when a; = 3, 
y=l, 2 = 9. 

3. Translate 3 a;(y* — 2), and evaluate when a; = 5, y = 8, « = 25. 

SuooESTiON. *^3 times x times the quantity which is the difference 
between y times y and zy 

a. It is convenient to use the phrase " the quantity,'' or " the binomial, '' 
etc., to indicate what is included in parentheses. 

Translate the following 15 exercises and evaluate them when 
a; = 3, y = 5, 21 = 4: 

4. ^x{y — z), 6. 4:(xy — z). 6. 3x^^2y\ 

7. ^7?yz-^2f. 8. ^xf-2zVz, 9. 4(aj2 + y^ - ^2). 

10. 3(0^2)1 11. 4:(xy^-x^y). 12. 2(3xf-zy. 

13. (2aj-y)*2;. 14. 2 Vj^*' - a^, 16. (a;+ 2y)(3y — «). 

16. 4(2a^)*2;. 17. V3 • 2 y'z. 18. 12 «* -|- af 3/*. 

25. Translation of Formulas into Ordinary Language. 

1. If a denotes the area of a rectangle, b the length of its 
base, and h its height or altitude^ translate the formula a = bh 
into words. 

Ans. " The number of square units in the area of a rectangle 
equals the product of the number of linear units in its base by 
the number of linear units in its altitude." 

2. If c represents the total cost of 71 articles and p the price of 
one article, translate c = np into words. 

3. If V represents the volume of a rectangular box, I its 
length, w its width, and d its depth, translate V= Iwd into words. 
If S represents its surface, translate S^2(lw-{'ld + wd) into 
words. 

4. If A denotes the area of a triangle, h its base, and h its 
altitude, translate A=^^hh into words. 
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6. If a represents the area of a circle, and r its radius, trans- 
late a^TTT^ into words. 

6. If a represents the area of a trapezoid, b and 6' its bases, 
h its altitude, translate a = ^(6 + b')h into words. 

7. If a represents the area of a rectangle, I its length, and b its 
breadth, express in words a = W, 6 = -, and Z = - respectively. 

8. If s represents the distance through which a body moves, 
V its uniform velocity or speed, and t the number of seconds it is 
in motion, what does 8=vt say ? 

9. If I denotes the length of a rectangle, and w its width, ex- 
press in words Z = 2 w + 3 ; also Iw = 25. 

10. If c = centigrade reading, or number of degrees on centi- 
grade thermometer, and /= reading at same time on common 
Fahrenheit thermometer, translate the formula, c = f (/— 32**), 
into words. 

26. Exercise in translating from Ordinary Language to that of 
Algebra. 

1. The difference between the squares of a and b. Arts, a^—V, 

2. The sum of the squares of a, 6, c, and d. 

3. The product of the sum of the squares and the difference 
of the squares of x and y, 

4. The quotient of the difference between the cubes of a and x 
divided by the difference of their squares. 

5. The difference between the product of the three factors, the 
square of a, b, and y, and the product of 3 and the square of x, 

6. If p represents the price of eggs, n the number of dozen 
bought, and c the cost, state in algebraic language that the cost 
is the product of the price multiplied by the number of dozen 
bought. 

27. Reading of Algebraic Expressions in Practice. While it is 
very important that the student should understand thoroughly 
the translation of expressions from algebraic language to English 
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words, and conversely, in practice the algebraic expressions are 
read very much as they are written. It is customary when one 
comes to a polynomial in parentheses to say "the quantity" so 
and so. Thus, 3a-|-5(c— d) would be read "three a plus five 
times the quantity c minus d." It is more explicit, however, to 
say "the binomial," "trinomial," etc., instead of "the quantity." 
The student may be interested in comparing the number of 
characters (letters, signs, and marks of all kinds) needed to 
express quantities and relations in the two notations. It will be 
found that as a rule it takes something like ten times as many 
characters in ordinary language as in the algebraic notation. 
Stenography, or shorthand, requires more marks than algebra. 

IV. ADDITION AND SUBTRACTION 

28. Addition in algebra means literally putting together. It 
differs from arithmetical addition in that both positive and nega- 
tive numbers are united into one sum, while arithmetic adds 
unsigned numbers only. Thus, in algebra, debts and credits, or 
motions forward and backward on a straight line, can be added. 
In such additions positive numbers are written preceded by the 
sign +, or no sign, and negative numbers by — , the -numbers 
with their signs being inclosed in parentheses. See § 8. 

29. Assumed Laws Governing Addition. 

I. Addition is Commutative, that is, the order of the terms 
added can be changed in any way and the sum will not he altered 
provided each term retains its own sign. 

For example, a-\-b — c^b — c-{-a = a — c-\-b. 
Evidently the sum of a set of credits and debts is the same no 
matter in what order they are taken. 

II. Addition is Associative, that is, terms can be grouped in 
any way by inclosing them in parentheses preceded by +, and the 
sum loill not be changed, provided each term retains its own sign. 

Thus (a-\-b)-\-c=a-\-(b-\-c). 

It is clear that a set of credits and debts placed on separate 
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sheets of paper and these arranged in any order can be grouped in 
any way with rubber bands without altering the sum. 

30. Rule for Addition. The rule commonly followed in algebra 
is that used by the bookkeeper when he adds his debts and credits 
separately, and then combines the results. 

31. Exercise in Addition. 

1. Find the sum of $3, — $6, - $11, $22, and — $5. 
Statement. 3+ (-6) + (~ 11) -f ( + 22) -f (- 6). 

Solution. 3+22=25; (-6) + (-11) + (-5) = -22; 26+ (-22) =3. Ana. 

Check. 3+(-6)=-3; (- 3) + (- 11)= -14; (-14) + (+22) = + 8; 
( + 8) + (-5)=+3. Am, 

Solve and check the following seven exercises orally : 

2. 5^+(-3^) + (-18^) + (+12^)+(-2^) = ? 

3. Sums of money deposited in a bank being marked •+ and 
other sums checked out marked —, find how much money in the 
bank a man has whose book shows the following items : +- $ 150, 
- $10, - $25, +- $30, - $17, - $25, + $40. 

4. Find the sum of the following lines whose several lengths 
are +3, —5, +7, +3, —2. Am, +6. 



1 -5 



1 



-^^ 



+3 



-2-101 23A6678 

5. Find the sum of the lines + 4, - 7, - 3, + 2, + 10, - 5, 
by a diagram, checking with ordinary solution. 

6. If eastward motion is marked + and westwai'd — , find 
the sum of the following movements of a football : +- 61 ft., — 19 
ft., + 33 ft., - 57 ft., +- 10 ft., - 21 ft., + 75 ft. 

7. Add 9 a^ - 7 a\ 13 a\ - 25 a\ - 11 a\ 

8. Add 13 mw, — 7 mw, 16 mn, — 11 muy — 2 mn, — mn, 

9. Add 12a*6, ~14a^, -lOa^ft, l^a% ^a% writing the 
quantities for the addition in a vertical column. 

10. Add 3 a% and 3 a62. Ans. S a^h -{■ ^ ab\ Why? 
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11. Add 4 a*aj - 6 aV + 9 y2, 5 o^x - 14 G?y + 17 f, and 
— 2 a*a5 + (j?y — 11 y*, setting the problem down to perform the 
addition so that similar terms fall in the same columns. 
Check with a = 2, aj = 3, y = 1. 

Solution 
4(|2a;- 6a2y+ 9y2 = 48-24+ 9 =33 

5 a^a; - 14 a2y + 17 y2 = 60-66 + 17 = 21 

-20^3;+ ggy -lly« = -24+ 4 -11= -31 

7a2a;-l9a2y + 26y2-iiy8= 84-76 + 26-11= 23 

. 12. Find the sum of So^y^-lOy*, -Vy^ + Sy*, 8a^2^ — 6l/^ 
and 4 a^^ + 2 1/*. Check with x = 2, y = 1. 

13. Addiaj^-ia^-.^a^+-6, far^ + ia^-^-Va^. -i^'-yV^*' 
+ ia^- i«+ 1, and ^aj*- l^i^aj^- 2a:2 +- 3i aj - f 

32. Subtraction in algebra is the process of finding a quantity 

(called the difference or remainder) which added to one of two 

given quantities (the mibtrahend) produces the other (the minu- 
end). 

Thus, $6-$4=$2; 4^-(-3^)=+7^; _5-(+4) = ~9; 
because in each case the algebraic sum (§ 31) of the remainder 
and subtrahend equals the minuend. 

Subtraction in algebra can be defined in another way by refer- 
ring to the algebraic series of § 4. Thus, the difference of two 
algebraic numbers is always the distance between them as they 
stand in the scale extending in opposite directions from ; the 
difference is marked +- or — according as the minuend is in the 
positive direction from the subtrahend or the negative direction. 

As, $7-$5 = $2; 4^-(-3^)= + 7^; -5-(+4) = -9. 

Evidently both definitions give the same results. The second 
definition is more satisfactory as an explanation of the nature of 
8ubtra>ction. 

33. Two Rules for Subtraction can be given, the second of which 
is somewhat artificial, though generally used. Both rules always 
give the same result. 
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1. To subtractf find a number which added algebraically to the 
subtrahend gives the minuend. 

2. Conceive the sign of the subtrahend to be changed, and add the 
result algebraically to the mimiend. 

It is highly important that the student learn to be accurate in 
subtraction. 

34. Exercise in Subtraction. Find the remainder in the follow- 
ing problems, being careful to give the proper sign to the answer. 
The solutions should be performed mentally to the 14th. The 
answers can be checked by testing the result by the scale. 

1. i2_(-6) 2. -120-(-60) 3. -16-(+25) 

4. -1-24 5. —1400 6. 4:xyz 

+ 38 -3200 15 xyz 

7. 6a^b 8. -Sabc 9. -3a' 

-9a^6 11 a6c -12a« 

10. Find the difference in fortunes of two men, one worth 
$2500, and the other $1400 in debt, i.e. find the difference be- 
tween $2500 and - $1400. 

11. Find the difference in longitude between Alexandria, 
Egypt, 30° E. (4- 30° say), and New Orleans, 90° W. (-). 

a. The first named of two quantities in a problem in subtraction is to 
be understood as the minuend. The answer, + 120°, shows that Alexandria, 
the first named, is east (+) of New Orleans, the subtrahend. 

12. How many blocks apart are 2401 (each hundred means a 
block, and the last two figures give the house in the block) North 
Chestnut St. and 1401 South Chestnut St. if north is taken -f? 

13. What is the difference between the greatest recorded 
extremes of temperature at St. Paul, Minn., of -f- 104° and — 41° ? 

14. From Sa^b-2bc + 6 take 2a^b-7bc-Sy writing the 
subtrahend under the minuend with similar terms (§ 17) in the 
same columns to perform the subtraction. Check with a = 2, 
6=3, c=2. 
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15. From 18 a^ - 16 0*6" - 25 6*" take 14 a^ - 24 a"6* -f 11 ft^n. 

16. From 1 1 aj»- 7^ »* - fa? + llf take Jir8 - 2|^ «« + l^Sj a;— 7f . 

17. From — a^ — a* — a? subtract aj* — 1. 

18. From the sum of 6 x 2\ 2\ and 3 x 2^ take - 11 x 2\ 

35. Addition and Subtraction in Algebra. Addition of Compound 
Terms. In algebra problems in subtraction, or combined additions 
and subtractions, can be changed into problems in addition, or can 
be regarded as problems in addition even when not so changed. 
Thus, 6 — 4 ; i,e, 6 — ( + 4) = 6 -|- (— 4), since each equals 2. 

Similarly, 6+12-13-7 + 4-12 = ? 
becomes 6 + 12 + (- 13) + (- 7) +4+ (- 12) = ? 
which is now a problem in addition. 

Add mentally in the following four problems, checking the 
result by adding seriatim, as in § 31 : 

1. $12+$9-$19+$2-$13. 2. 14-11-25-3+11 + 6. 

3. Add 3(a - h), 5(a - b), and - 2(a - b). 

4. From 12 a(a2 - 2 6 - c) take -4a(a2 - 26 -c). 

5. In a merchant's cash register at the end of a day's business 
there were ten $5 bills, twelve $2 bills, twenty $1 bills, four 
checks in his favor for $ 12.10, $ 8.25, $ 10, $ 25 respectively, 
$ 18.46 in silver, a note in his favor for $ 28.25, and a record on 
slips of paper of two notes against him, one for $17.28 and 
another for $ 60. His bank book showed he had $ 228.68 in the 
bank, but during the day he had issued four checks for $9.10, 
$7.20, $1.17, and $5 respectively, and had received three due 
bills, one for $ 22, the second for $ 9.72, and the third for $ 3.49. 
What will the merchant get for the sum if he adds all these 
items? 

6. From a* — 6* take 4 a®6 — 6 a%^ + 4 ab^ and from the result 
take 2 a* - 4 a^b + 6 aV + 4: ab^ - 2 b\ 

7. liA = Sx'-\-2x-S, B = a^-2 3^-\'2x-{-l, C=3cF-6x+5, 
find the value of (1) ^ + 5 + C, (2) -4 + -B-a (3) A-B-^C. 
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8. What must be added to r^ + s^ + f to produce 3 r* — s* ? 

9. Add2(a; + y)+3(aj-y) and3(a; + y)-2(x-y). 

10. Add 4(a + 2 6)2-4(a-m), - 20(a + 2 6)* -f 5(a - m), 
12(a + 2 5)2 - 14(a - m), and - 5(a + 2 bf + 5(a - m). 

11. Add ax, bXy and ex, with respect to a. Aiis. (a + 6 -f c)a;. 

Suggestion. These terms evidently are added just as one would add 
3 X, 5 X, and 7 x. 

12. Add aa? -f 6^^, caj + dy, ex -{-fy, and gra? + hy with respect to 
X and ^. 

13. Add aXy ay and a2, with respect to a, 

14. Add axy and 3 a?^ with respect to xy. 

15. Add a(x + y) and 6(a; -f- y), 

16. From a(a; + 2^ + 2) take 6(a; -f 2 y + «). 

17. Add 6x23- 7x23 4- 2^-1-3x23. 

V. SYMBOLS OF AGGREGATION 
36. Removal of Symbols of Aggregation (§ 7, 3). 

1. Symbols of aggregation preceded by ■}-, or no sign, can be re- 
moved, the signs of the terms remaining unchanged. 

Thus, (a 4- «>) + (c - d) 

is the same as a + b + c — d, 

because the parentheses merely serve to group terms together, 
which grouping does not affect the sum total in any way. 

2. Symbols of aggregation preceded by — can be removed by 
changing the sign of every term within the symbols. 

Thus, (6a? + 22^) - (3 a? - 4^^) - (- a; + 2/) 

becomes 6a; + 2y — 3aj -f 4y + a? — y, or 4a; + 5y, 

since — before a parenthesis denotes that the following quantity 
is to be subtracted from what precedes, and this subtraction can 
always be effected by changing the signs of the subtrahend and 
adding (annexing) them to preceding quantity. 
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a. The + and — signs before a symbol disappear when the symbol is 
removed, since they denote an operation, and the operation is performed 
when the symbol is removed. 

Care is needed in handling a vinculum quantity lest the student regard 
the sign immediately before the first term as belonging to this term instead of 
to the vinculum quantity. Thus, in — 2 a + 6, the — belongs to the whole 
quantity, 2 a + 5, and + is understood before 2 a inside the vinculum. lu 
2a + 6 we see the sign — written before 2 a. 

Kemove symbols of aggregation and simplify, or add, in the 
following. After solving with pencil, solve mentally. 

3. (l-2x-{-Sa^ + (3-a^-{-2xy 

5. (a^ — 11 ocyz -f 3 a) — (6 xyz + 7 — 2 a — 5 xyz). 

6. -(5cz + ^a^y^'-Sm)-{-cz + 2a^f-Acz). 

7. a—b — c-^b + c — d — e — d—f f-^g—,^* 

8. (3x' + Sf)--{(x' + 2xy + f)-{-x^ + 2xy-{-f)\. 

• a. We have here symbols of aggregation within other symbols of aggre- 
gation. One way for the beginner to remove such symbols is to remove 
only the innermost first, letting the other parts of the problem remain un- 
changed, then remove the next innermost, and so on. 

However, all such symbols can be removed in one operation, beginning 
with the outermost, by noting the number of minus signs which affect any 
term, and making such term + if this number is even, and — if it is odd. 

9. a-{6-(c-(Z)}. 10. (a + 26)-[36-(6a-66)]. 

11. 7a-{3a-[4a-(5a-2a)]j. 

12. l-{2-(l-a; + af)|. 

13. 5a—[^a-\-5x—la—x-~3a — 2x\']. 

14. 2aj-[3y-{4a;-(52/-6a;)|]. 

37. Inserting Quantities within Symbols of Aggregation. From 
tlie preceding articles it follows, by reversing the operation, that 

1. Ariy terms can be inserted within a symbol of aggregation 
preceded by -f, or no sign, without altering their signs. 

2. Any terms can be inserted within a symbol of aggregation 
preceded by — by changing the sign before each term so inserted. 
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3. Write a^ + 2a6 + 6^ — c^-f2c(Z — d^ as a binomial, placing 
the first three terms in one parenthesis and the last three in 
another, the latter preceded by — . 

4. Write 12 ax-\-12 ay + 4:by --12 az — 15 ex -{-2 bz -{- 6 cy— 3 cz 
so that the terms which contain x may appear as one quantity, 
the terms which contain y as another, and the terms which con- 
tain z as another, the last subtracted from the sum of the other 
two. 

5. A man who owns a mill worth $a has personal property 
worth $b and has $dm the bank. But he owes $e for his engine 
and owes his millwright $/. However, the millwright is indebted 
to him for $^ worth of flour. How can what he is worth be rep- 
resented so as to keep the mill separate from the rest, the accounts 
separate from the other items, and the money due from the mill- 
wright separate? 

Solution. a + {6 + d — (c-h/— g)]. 

6. Remove the symbols from the answer to the preceding 
exercise. 

VI. MULTIPLICATION 

38. Multiplication, when the multiplier is a whole number, is the 
process of taking a quantity (the multiplicand) as many times as 
there are units in the multiplier. For other kinds of multiplication, 
as when the multiplier is a fraction, like ^, or an irrational, like 
V5, this definition fails to have meaning. Such multiplications 
are extensions of the idea of multiplication by integral multipliers. 

39. Laws assumed to hold in Multiplication. 

I. Multiplication is Commutative. 

Thus, ab = ba] abc = acb = cba. 

a. Since axbx-xdx- must be commutative, by commutative law, 

c e 

then ax 6-^cxd-f-e, the same thing, is commutative. 

Each letter, however, must not be separated from the operation symbol before 
it in changing the order of the operations. 

Thus, ax b-^cxd-i-e = a-i-cxb-^exd = d-i-cxa-i-ex 5 = etc. 
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Because the operation symbols stand to the left of their quantities, it is 
understood that the operations of multiplication and division when denoted 
by X, :, -^, ', will be performed in any given expression in the order they 
come from left to right. (See § 21, a). 

For example, 12-^4x3x6-^2=27; 12 x 3-5-4-4-2x6 = 27. 

II. Multiplication is Associative. 
For example, (ab)c = a(bc). 

III. Multiplication is Distributive. In other words, in every 
multiplication problem in both algebra and arithmetic^ every term, of 
the multiplicand must be multiplied by every term of the multiplier 
and the partial products added. 

It is well known to the pupil that this is always done in arith- 
metic in the multiplication of two such numbers as 2456 and 3985. 

Abithmetical Ex. Algebbaical Ex. Geometbical Analooub 

23 a +5 a ^ b 

25 c-i-d 

115 ax)-\-bc 
46 -}-ad-\-bd 

575 Ans, ac '\- be -{- ad + bd Ans. 

40. The Signs in Multiplication. 

1. When the multiplier is positive, the product has the same 
sign as the multiplicand. Thus, three credits of -f- $5 each give 
a credit of + $ 15, while four debts of — $ 7 each give a debt of 
-$28. 

This suggests that when the multiplier is negative, the product 
should have the sign opposite to that of the multiplicand. We 
will now test this natural assumption to see if it is in agreement 
with our rules for addition and subtraction and the distributive 
law (§ 39) which we assumed to hold true for multiplication. 

Thus, 9—4 =5 Explanation. When 9 is multiplied 

by —3, the product, by the rule just 

assumed, ought to have a sign opposite 

to that of -f 9, and in multiplying — 4 

63 - 28 - 27 -H 12 = 20 by - 3, the product ought to have a 

sign opposite to that of —4, or be -f 12. 



+d 



ac 


be 


ad 


bd 



9- 4 


= 5 


7- 3 


= x4 


63-28 


20 




- 27 4 12 
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Testing our result, which we see by multiplying 5 and 4 together must 
equal + ^t we find that, by our rule for addition, 

63 - 28 - 27 + 12 = + 20. 

Hence we see that multiplication based on the distributive law 
and the two laws for signs just laid down agrees with addition. 
We have then this rule : 

2. In multipUccUion like signs in the two factors give a positive 
prodv4yt and unlike signs give a negative product, 

3. How a positive multiplier gives the product the same sign 
as the multiplicand and a negative multiplier the opposite sign 
can be explained geomet- 
rically as follows : A posi- 
tive multiplier simply 
repeats the number in the 
multiplicand. Hence, if 
the multiplicand is posi- 
tive the product is 
positive, and if negative, 
the product is negative. 
But a negative multiplier 
reverses the direction of 
the multiplicand. Thus, — 1 x+3 = — 3, that is, — 1 as multi- 
plier reverses the direction of + 3, giving — 3. Similarly in 
— 2 X — 3, the multiplier — 2 first doubles the multiplicand —3, 
and then reverses its direction, giving + 6. Thus, a negative 
number x a negative number gives a positive product. 

4. Considering a larger number of factors, we see readily that 
the sign of a product consisting of any number of positive factors 
and an even number of negative factors, as 

axftxcx — c?X— ex — /X — g, 
is positive, since by the associative law (§ 39), every pair of neg- 
ative factors can be associated together, giving a single positive 
factor, so that all the factors become positive. 

Thus, a X 6 X c X (— d X — e) X (— /x — g') 

becomes ax 6xcxc?ex/(/ = + abcdefg. 
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If a product consists, on the other hand, of any number of 
positive factors and an odd number of negative factors, the prod- 
uct is negative, since the last negative factor, which may be taken 
as coefficient (§ 39, 1), will make the whole product negative. 

Thus, ax6x — ex — dx — e = — cxaxftx (cd) = — abode. 
Hence we have this rule for sign of product in multiplication : 

5. If there is an odd number of negative factors^ the product is 
negative ; otherwise it is positive. 

41. Exponents in Multiplication. The product of 2 a^ and 3 o:^ is 
6 a*, since 2a*x3a5* = 2xa;x3a5a?a? = 6aj'^, by the definition of an 
exponent, § 11, and by § 39, I. Similarly, 3 a?* x 5 a^ = 15 a^<^. 

We see from these examples that the coefficient of the product 
is equal to the product of the coefficients of the factors, and the 
exponents of a letter in the factors are added to get the exponent 
of this letter in the product. 

42. General Proof of the Exponent Law. Let a"* and a* be the 

two factors of a product, both being integral powers of the same 
quantity, a. 

Then, a"* = flXflXflXflXfl"« to /n factors, by definition (§ 12), 

and a** = flxaxaXflXfl--'to/i factors, by definition. 

Hence, 

fl"» X a** = (fl X a ••• to m factors)(fl X a ••• to /i factors) 

= flXflXflXflXflXaXa-« to /n-h/i factors. 

.'. fl" X a** = fl"»+*. (Since o"*+** means axaxa •••to m -i-n 

factors.) 

Therefore, we have proved generally that, 

In multiplication the exponent of a factor in the product is equal 
to the sum of the exponents of this factor in the several quantities 
multiplied together. 

43. Exercise in Multiplication. Perform the multiplication in 
the first 14 exercises mentally. 

1. -1-3 X- 4^. J5. _7x-8/z^. 3. -6x19. 
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4. Sa'bx2abx5a^bc. Ans. SO a'^b^c. 

5. 3 a^ X — 2 ajy. 6. 4 m^n x — 7 n*. 

7. (-26-f 3c)x -8c. 8. 4x2«x3'x -5*x2«. 

9. 6.5*x2x5. 10. 32.52. 10 x2«. 

11. Multiply 3 2/^ + y - 1 by -24^; 2 x (- 2a;4.32^ - 22). 

12. Multiply 5 » + 4 y by 3 aj - 2 y (§ 39, III). 

Ana, 15a^-{'2xy-Sf. 

13. (2ac2-36y)(2c»-32^; (a^ -h y)(x + f). 

14. 2 a"* X — 3 a*»; 5 a;"* X — 2 aj^"*; 2 a"6*» X — 2 a»6"». 

15. (5aj3-7aj-8)(a:2_2a; + l). 

16. (a^ + ft^ + cOC^^ + ^ft" — 30^). 

17. (aa^ -\-bx-{- c)(da^ — ex — /). Check with a = 1, 6 = 2, c = 1, 
d = 3y e = 2,/=5,.a;=2. 

Solution. aa;^ 4. ftx 4. c =9 

dx^ — ex —f = X 3 

adK* + hdx? + cda;2 27 

— aeofi — bex^ — cex 

- afx^ - hfx - of 

adxK^ +{hd - ae) a* +(cd - 6c - a/)x2 — {ce + &/)« - c/= 27. 

18. (maj2 — 3 na? -f 4:p){p9^ — 5 ga? + 2 r). 

19. Show that 

(a; -f- a)(x + 6)(a? + c) = ar* + (a + 6 4- c)x +(a6 + ac + 6c)x + a6c. 

20. -3^x4. 

a. This problem may prove confusing to the pupil. Notice 8^ as in 
— a^ X 4 has the coefficient — 1 understood. Then — 1 x 3* x 4 equals what 
by law of precedence of operations ? If an algebraist desires to square — 3 
he writes it (-3)2. 

21. 6x(a XbX c). 22. 6x{a-\-b + c). 
23. 4x(5x3x2). 24. 4x(5-f-34-2). 

h. Evidently to multiply the product of several factors by a monomial 
multiplier, we must multiply only one of the factors by this multiplier, leav- 
ing the others unchanged ; to multiply the sum of several terms by a mono- 
mial multiplier, we multiply each term by the multiplier, adding the products. 
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Perform the multiplications in the following exercises mentally 
without copying the problems : 

25. (x + 3)(x -{■ 5). 26. (2a;-f 3)(3ic + 4). 

27. If 3m — 2 feet is the width and 4 m 4- 3 feet is the length 
of a rectangle, what is its area ? 

28. If 7 m — 3 inches is the base and 2 m + 4 inches is the alti- 
tude of a parallelogram, what is its area? 

29. If 3 y -f 7 feet and y + 3 feet are the parallel sides and 
3 y is the altitude of a trapezoid, what is its area ? 

30. At 2 w — 13 ceiits apiece what will 5 n — 2 oranges cost ? 

44. Powers and Roots of Monomials. Solve orally. 

- 1. (2 ay. 2. (3m8)'. 3. (5ac)l 

4. (-Sa^by. 5. (imy. 6. (22 a*/. 

7. (-3a'»6«)2. 8. (aY- 9. W- 

10. {-Sa^\ 11. (3a»/. 12. (-Ga^ft-)'. 

13. (-2)*. 14. (-2 ay. 15. (a")«. 

16. (a'")\ 17. V^5~^ = ? ^ns. ±5 a. Why ? Prove. 

18. V16a*. 19. V4a^. 20. ^-8a^ 

21. \/27^. 22. V64a¥; 23. V^^. 

45. Arrangement of the Terms in a Pol3momial and of the Factors 
in a Term. In the operations of multiplication, division, extrac- 
tion of roots, etc., it is almost always very desirable to keep all 
quantities arranged in regular order, according to the ascending 
or descending powers of some leading lettei', as 

oar^ -{■ bx^ — ex — d ] 1 + 2 m — m^ + 3 m*. 

The first of these expressions is arranged according to the de- 
scending powers of x, and the second according to the ascending 
powers of w. 

In a single term (§ 14), it is the rule to arrange the letters 
alphabetic-aUyy as 5 db^inx^y, though this is not essential. 

The quantities heretofore given in addition, subtraction, and 
multiplication were quite regularly arranged according to these rules. 
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Vn. DIVISION . 

46. Division is the inverse of multiplication^ as subtraction is 
the inverse of addition. Thus division is the process of finding 
one factor when the product and the other factor are given. 

Division bears much the same relation to subtraction that mul- 
tiplication bears to addition. For integral numbers as multi- 
pliers, multiplication is often defined as a short method of 
addition when the numbers to be added are equal. Then division 
is the process of finding how many times the divisor can be sub- 
tracted from the dividend and what remainder will be left over. 

47. Signs in Division. The rule for signs in division is quite 
like that for multiplication, viz. ; 

Like signs in the dividend and divisor give + for the sign of (he 
quotient, and unlike signs give — . 

This rule follows logically from the definition of division just 
given and the rule for signs in multiplication (§ 40, 2). Thus, 

+ 5x + 6 = + 30, whence +30-^-f 5 = -f 6; 
or a + number -^ a + number gives a + quotient. 

- 5 X - 6 = 4- 30, whence + 30 ^- 5 = - 6; 
or a + number -5- a — number gives a — quotient. 

+ 5 x-6 = -30, whence -30-f- + 5=-6; 
or a — number -*- a -f number gives a — quotient. 

— 5 X + 6 = — 30, whence -30-*--5 = -h6; 
or a — number -^ a — number gives a + quotient 

48. Exponents in Division. 

The quotient of 10 ar^ -i- 2 x^ = 5 a^, since 2a^ x 5ar^ = lOic*. 

Similarly, 20 a:^ -5- 5 aj^ = 4 ic*. 

Thus, we see in these cases that the coefficient ,of the quotient 
equals the coefficient of the dividend divided by the coefficient of 
the divisor, and that the exponent of a letter in a quotient is equal 
to the exponent of the same letter in the dividend diminished by 
its exponent in the divisor. 
COL. 2d. c. — 3 
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To prove this generally, let a^ be the dividend and a* the di- 
visor, p and q being integral numbers. 

Then a' -j- a* = a'"*, since «'-« y.a!^^aF (by § 42). Hence 

l?i division the exponent of a factor in the quotient equals the ex- \ 
ponent of the same factor in the dividend diminished by its exponent 
in the divisor. 

49. Exercise in Division. Perform the division in the first 12 
exercises mentally. 

1. Ua^bc^^Tac. 2. -6a*b^-^2a%. 

3. — 24 r^s^ -f- - 4 rs. 4. —«"»-?. »». 

5. (a + ^r -^ (a + 6)*. 6. a^'b^-hab. 

7. 14 a'-o' ^ - 2 aV. 8. — 16 ay -f- - 8 a*. 

9. (12 . 3«) ^ (2 . 3*). 10. (3 ajy + 2 a?2y) -. 03^. 

11. 6 (a + xy^^ ^ 3 (a + aj)-^. 

12. (6 a'-ft* 4- 3 a^+^fr'^ - 4 a^-^fe^ - 12 a'-ft) -f- 2 06. 

13. (15a^ + 16aJ2^-152/2)^(5a;-32/). 

Solution. 16 «2 -f 16 a-y — 16 y^ 6 a; — 3 y 

15 x^ _ 9 xy 3 X + 6 y ^»s. 

26 xy- 16 2/2 

25xy-16y2 

14. Divide 6a^ + 5aj?/ — 4y2 by 3a; + 4y. 

15. (4»» + 4a--a^)-v-(3a;4-2a^ + 2). 

16. (m»-w^-^(m-w); (a« - 243) -^ (a - 3). 

17. (16iB»-29-f 27a;-46ic2)-5-(8a;-3). 

a. When any division ends with a remainder, test the work by multiplying 
divisor and quotient together and adding the remainder to the product. 

18. (21a»-4a2-12-42a)^(4a + 2-3a^. • 

19. Divide l+2a;byl — 3 a;, getting 5 terms in the quotient. 
Prove answer. 

20. («"*+" + af*y" + aTy"" + tT-^**) -f- (a;* -f ^). 
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21. Find in the quickest way the numerical value of a* + aj" 
— 4iB^4-5x — 3 divided by a^ + 2 aj — 3, when a; = 3. 

22. Find in the quickest way the numerical value of (a?* — 6 a^y 
+ 9 a^f - Ay^) ^ (a^ -S xy + 2 f), when a; = 3, y = - 1. 

23. Find in the quickest way (a?*— 6ajy— 9aj^— y^-5-(aj*+3aj+2/), 
Tvhen a; = 4, y = 2. 

24. The area of a rectangle is 24 a^6c square inches and its 
base is 8 be inches. Find its altitude. 

25. The cost of some articles was 36(m + n)(c—d) dollars and 
the price was 2(c — d) dollars. Find the number of articles. 

26. The base of a triangle is 3a6c feet and its area 24 a®6c* 
square feet. Find its altitude. 

50. Division by Detached Coefficients. 

1. Divide ar^-28aj3 + 8ar^-35aj + 21 by ar^-5a:2_7 

* 

Solution. We write the coefficients only in regular order, filling in missing 

powers of x with coefficients. 

1+0-28 + 8-36 + 21 1 1-5 + 0-7 
1_5+ 0-7 11 + 6-3 

6-28 + 16 — 36 or, a;=2 + 5 a — 3 Ana. 

5^26+ 0-36 

- 3 + 16+ + 21 

- 3 + 15 + 0+21 



If the student does not understand this solution, if he will perform the 
division as in the preceding article, supplying always missing powers of x 
with coefficients in every case, and will compare such solution with that 
just given, he will understand the process. 

2. Dividea:' + 4a^ + 7a;+6by ar^ + 2aj''-f 3. 

3. (a*-8aV-f 16aj*)^(a2 + 4aaj + 4a^. 

Suggestion. Write the dividend 1 + — 8 + + 16, thinking of it as 
standing for a* + a'x - 8 a^x^ + «x8 + 16 «*. 

4 (15aJ* + 7aj + 7a!3-f 15a;2 4-4)-f-(3a^ + 2a; + l). 
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Vm. THEOREMS OP GEOMETRY 

61. Theorems from Geometry. For convenience of reference we 
give here a list of the theorems of geometry which will be used in 
the remaining parts of the book. If a review of geometry is desired, 
the pupil should be asked to prepare anew the geometrical proofs 
of these propositions before he uses them in the solution of 
algebraical problems. If a review of geometry is not desired, the 
geometrical exercises themselves, of course, may be omitted. 

1. The angles opposite the equal sides of an isosceles triangle 

are equal, and, conversely, in any triangle, 
the sides opposite two equal angles are equal. 

Thus, if AB = BC, then angle (7= angle 
A, and if angle C= angle A, then^JB = BC. 

2. An equilateral triangle is equiangu- 
lar, and conversely. 

3. If two straight lines intersect, the veHical angles formed are equal. 

4. If two parallel lines are cut by a transversal, alternate interior 
angles are equal, and corresponding angles are equal., and conversely. 

Thus, if ^5 is parallel to CD, ^^ 

Z1 = Z2, Z4 = Z5, Z3 = Z2, etc. 

5. The opposite sides and angles of a 
a parallelogram are equal, and the 
diagonals bisect each other. 

6. The sum of the interior angles of ^ 
a triangle equals two right angles. 

7. The sum of the interior angles 
of an n-gon (n-sided polygon) equals 2n — 4 right angles. 

8. A radium perpendictdar to a chord bisects it and also the sub- 
tended arc, and conversely. 

9. Parallel chords intercept equal arcs on the circumfererux. 

10. An inscribed angle, or an angle formed by a tangent and 
a chord, is measured by one half of th^ intercepted arc. 
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11. An angle formed by two chords intersecting within a circle is 
measured by one half of the sum of the intercepted arcs, and one 
formed by two secants meeting without a circle^ or a seca/nt and a 
tangent, or two tangents, is measured by one half of the difference of 
the intercepted arcs. 






Fig. 1 



FiQ. 2 



Fio. 3 



Thus, Zl (fig. 1) is measured by ^{AC-^BD), Angle A 
(fig. 2) is measured by ^ {BC-- DE). Angle A (fig. 3) is meas- 
ured by |(jB(7 - 5D). 

12. If a line is drawn parallel to the bnse of a triangle, it divides 
the mlier two sides into segments which are proportional to each other 
and to the ivhole^sides, and conversely. 

Thus, if n is parallel to m, 

a c a b a-\-b c-\-d 
b d^ c d^ b d ^ 

a + b ^ c + d 
a c ' 

13. The bisector of an angle of a triangle, whether interior or ex- 
terior, divides the opposite side into segments which are proportional 
to the other two sides. 

Thus, if ABO is a triangle and CD and CD' are the bisectors 
of the interior and exterior angle C, we have 

AD^AC AD' ^ AC 
DB CB' D'B CB' 

14. Two triangles are similar {that is, their corresponding angles 
are equal and their corresponding sides are proportional) : 

(1) If they are mutually equiangular, or 
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« 

(2) If an angle of one is equal to an angle of the other and the 
sides about these angles are proportional, or 

(3) If their corresponding sides are proportional. 

15. Two right triangles are similar if they have merely one acute 
angle of one triangle eqvxd to an acute angle of the other, 

16. If a perpendicular is dropped from the vertex of the right 
angle on the hypotenuse of a right-angled triangle : (i) the per- 
pendicular is a mean proportional between the segments of the 

B hypotenuse; (2) each leg is a mean pro- 

portional betiveen the whole hypotenuse 
and its adjacent segment. Thus, 

AD DB .AC AB 

= -=— r, and = . 

O DB DC AB AD 

17. If two chords intersect in a cirde, their segments are recipro- 
cally proportional. Or (Jig. 1 under 11 above), 

AE^DE 

CE BE' ' ^ 

18. If two secants intersect without a circle, they are reciprocally 
proportional to their external segments. Or {Jig. 2 under 11), 

AB^AE 
AC AD' 

19. If a tangent and a secant intersect, the tangent is a mean 
proportional between the whole secant and its external segment. 

Thus {fig. S, under 11), AC^AB 

AB" AD' 

20. Pythagorean Prop. — Tlie square on the hypotenuse of a right 
triangle equals the sum of the squares on the other two sides. 

21. One side of a regular hexagon inscribed in a circle is equal 
to the radius. 

22. One side of a regular decagon inscribed in a circle of radius 
r is X in the proportion r _ x 

X r — x' 

23. Theorems about the areas of a rectangle, parallelogram, tri- 
angle, trapezoid, circle, etc. 
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IX. FORMULAS 

52. Formulas are truths or rules expressed in algebraical sym- 
bols. They are largely used in pure and applied science. 

1. If /S^ = number of right angles in the sum of the interior 
angles of a polygon of n sides, by the theorem of the preceding 
article we have the formula, aS' = 2 w — 4. 

With this formula find the sum of the interior angles of poly- 
gons of 3, 4, 7, 11, 25 sides respectively. Change the result in 
each case to degrees. 

2. If -^4 = the number of right angles in one angle of an equi- 
angular polygon of n sides, by the preceding exercise we have the 

formula, A = ^^^. 

n 

Find from this formula one angle of equiangular polygons of 

3, 4, 5, 6, 8, 10, 12, 30, 100 sides respectively. Change the result 

in each case to degrees. 

3. If V is the number of degrees in the vertical angle of an 
isosceles triangle, make a formula giving the value of 6, one of 
the base angles of the triangle, in degrees. Find 6 when v = 25°. 

4. Show that the formula for the length Z of a belt passing 
round two equal pulleys whose radii are r ft. and the distance 
between whose centers is d ft., is 
Z = 2^+2c?. 

Find I when r = ^ and d = 3^. 

5. Show that the formula for the 
area a of a sector of a circle whose angle at the center has d 

degrees in it, r being its radius, is a = ^^'""^* 

Find a when r= 7 in. and d = 40. 

6. Make a formula for the area S of s. regular polygon of ?i 
sides one of whose sides is s and whose apothem is a. Find S 
when 71 = 9, s = 1.5, a = 20.7 in. 

Note. Pupils should search for practical formulas and bring them to class, 
showing their use. 
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X. FUNCTIONS 

53. A function of a quantity is any algebraical expression 
which contains this quantity, and which therefore depends for its 
value on the value of the quantity. 

Thus, ^JIl±1 is a function of n. If n = 2, ^^ + ^ = W ; if 
2 2 

w = 3, the function equals 7 ; and so on for other values of n. 

1. The length of a rectangle is x ft. and its width is a; — 7 ft. 
Find its area. Ans. jb* — 7 a; sq. ft. 

2. A is a? years old now ; how old will he be in a; + 1 years 
from now ? 

3. What number must be added to x to make y ? 

4. Two of the angles of a triangle have n and 2 w + 1 degrees 
in them respectively. What function of n expresses the size of 
the third angle ? 

5. What must a be increased by to give 4 — 3 a ? 

6. The length, breadth, and thickness of a rectangular solid are 
4 y — 3 in., Sy — 2 in., and y -f 4 in. respectively. Find its solid 
contents. 

7. By what must 5 be multiplied to make 3 less than n ? 

8. What is the cost in dollars of 40 electric lights at d dimes 
each? 

9. How many hours will it take to walk m mi. at the rate of 
200 ft. a minute ? 

10. What is the number of days needed by two men to reap a 
lield if p men reap it in q days ? 

11. B was b years old when G was born. How old will B be 
when C is 2 c years old ? 

12. Show that the sum of the interior angles of a polygon is 
the same function of n, whether obtained by joining the vertices 
to a point within the polygon or by drawing all the diagonals 
from the same vertex. Note in the latter case that the number 
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of triangles formed is 2 less than the number of sides of the 
polygon, and in the former case the angles about the point must 
be subtracted. 

13. A man had $a invested at aj%. What would be his total 
income throughout 3 years ? / 

14. A man invested $y at 6 % and the remainder of his total 
fortune of $5000 at 5 %. What was his total annual income ? 

15. A man sold a farm that cost him $ 10,000 at the price of 
$x-\-5 for 50 acres and $x for the remaining 60 acres, clearing 
money by the transaction. How much did he clear ? 

16. A wheelman rode 6 hr. at m mi. an hour. Then he de- 
creased his speed and rode 4 hr. at m — 3 mi. an hour. Lastly 
he rode 2 more hours at m — 6 mi. an hour. What was his aver- 
age speed ? 

17. In a certain family there are four children, each of which 
is h years older than the next younger. If y is the number of 
years in the age of the oldest, what expressions give the age of 
each of the others, and what is the sum of their ages ? 

ZI. INTEGRAL EQUATIONS 

54. An equation is a statement that two quantities have the 
same numerical value (§ 20). 

An equation containing an unknown number is essentially an 
interrogative sentence. The sign " = " is equivalent to the verb 
" is," or. to the phrases, " is the same number as," or " has the 
same numerical value as." 

One of the glories of algebra is that by means of equations 
one solves with ease problems which students of arithmetic would 
probably find very puzzling or difficult. 

55. The solution of an equation, or the finding of that value of 
its unknown number which makes the two sides of the equation 
have the same numerical value, is based on the matter already 
given in this chapter, and on the axioms. 

56. An axiom is simply a truth assumed as the basis of a study. 
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57. The Axioms. 

1. Addition Axiom : Equals added to equals give equals. 

2. Subtraction Axiom ; Equals subtracted from equals leave 

equals, 

3. Multiplication Axiom: Equals multiplied by the same 
number, or by equals, give equals. 

4. Division Axiom: Equals divided by the same number^ or 
by equals {not zero), give equals. 

5. Power Axiom : Equals raised to the same power give equals. 

6. Root Axiom: Corresponding roots of equals are equal. 

7. General Equation al Axiom: If the same operation be 
performed on two equal quantities, the results are equal. 

This last axiom holds true in general only for arithmetical 
numbers. 

The axioms will be referred to as "Add. Ax.," "Sub. Ax.," 
" Mult. Ax.," etc. 

. 8. Fundamental Reasoning Axiom : Quantities equal to the 
same quantity are equal to each other. 

9. Axiom of Uniqueness : The operations of addition, sub- 
traction, multiplication, and division performed on quantities always 
give unique or " one-valued " results. 

58. Exercise in the Solution of Integral Equations. 

1. Find value of x in equation 5a; — 2 = 3a; + 18, and verify. 

Solution. 5x — 2 =3x + 18. (Given equation. ) 

6x — Sx= +2+18. (By the subtraction axiom. Thus, the 

same quantity, — 2 + 3 x, is sub- 
tracted from each of the two equals, 
5 x — 2 and 3 a; + 18, giving the equal 
remainders, 5a5 — 3a5 and 2 + 18.) 
Or 2 X = 20. (By adding or simplifying on both sides 

of the equation.) 
X = 10. (Division Axiom. The two equals 2 x 

and 20 divided by the same number 
2 give equals. ) 
Verification. 5 x 10 — 2 = 3 X 10 + 18, or 48 = 48. 
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Studying this solution, we see that when 3 x disappeared from 
the right "member" of the equation and appeared in the left 
" member/' its sign was changed from -f to — . Similarly, when 
— 2 disappeared from the right member and appeared in the left 
member, its sign was changed from — to -f. Evidently this rule 
will always hold true, since to " transpose " a quantity we may 
subtract it from each of the two members of the given equation. 
This causes it to disappear from the side where it now is, and to 
appear on the opposite side with its sign changed. 

We have the following rule for solving an integral equation : 

2. Transpose all terms containing the unknown number to the 
left member of the equation and all known terms to the right member, 
changing the sign of every term transposed. Then add, or " collect,^' 
the quantities on each side, as in § SS. To finish the solution, divide 
both members of the resulting equation by the coefficient of the 
unknown. Last of all verify the answer f&und in the given equation. 

Solve and verify in the following, the first four mentally : 

3, 2ic — 3 = aj + 6. 4. 5aj — 7 = 3a: + 15. 

5. 3p-25=p-9. 6. 24M-49 = 19fi-14. 

7. 7(m-3) = 9(m + l)-38. 8. 59(r - 7) = 61(9 - r) - 2. 

9. 5a;-f ll = 16-3a;-4a;. 10. 6y- [7 2/-(8y-18)]=17. 

11. (a:-hl)(a;-f 2) = (aj-3)(a:-4). 

a. One x^ destroys the other in Ex. 11 when it is transposed. The word 
"cancel" is often used here, but it is desirable always to use the word 
"destroy" in such instances, reserving the word "cancel"' for canceling 
the same factor in dividend and divisor or numerator and denominator. 

12. (a;-hl)(aJ-fl) = [lll-(l-a;)]a;-107. 

59. Problems involying the Solution of Integral Equations. The 

solution of a problem involves three steps : (1) Letting x or some 
initial letter represent the unknown number, and constructing 
the one or more functions described in the problem. (2) Chang- 
ing a sentence in the problem which says two specified numbers 
are equal into an equation. (3) Solving the equation found and 
verifying the answer. 
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1. One base angle of an isosceles triangle is three times as 
great as the vertical angle. Find the number of degrees in each. 

Solution. Let x = the number of degrees in the vertical angle ; 
then 3 X = the number of degrees in each base angle. 

Now a; + 3x + 3x = 180. (Sentence to equation.) 

7 X = 180. .'. X = 26^. 

a. The student may have been puzzled to see where the sentence was that 
was changed into the equation. The answer is it was implied in the state- 
ment of the problem. Strictly speaking, the problem should read : " One 
base angle of an isosceles triangle is three times as great as the vertical angle. 
Find the number of degrees in each, knowing that the sum of all three angles 
is 180^.^* It was also assumed that the number of degrees in the second base 
angle is the same as in the first base angle (§ 51, 1). In most problems the 
sentence is explicitly stated, but often it is implied, as in the preceding one. 

2. Two angles are supplementary. One has d — l degrees and 
the other has 6(d + 1). How many degrees are there in each ? 

3. How many sides has an equiangular polygon four of whose 
angles equal seven right angles ? See Ex. 2, § 52. 

4. The area of the United States in 1850 was 559,452 sq. mi. 
more than 3 times what it was in 1800, and by 1910, exclusive of 
Alaska and the islands, it had increased 45,535 sq. mi. over what 
it was in 1850. Now the total increase from 1800 to 1910 was 
2,260,675 sq. mi. What was the area of continental United States 
at each epoch ? 

5. The population of continental United States in 1850 was 
383,408 less than 6 times what it was in 1790, and in 1910 it was 
795,238 less than 4 times what it was in 1850. Now the increase 
from 1850 to 1910 was 10,992,404 more than 3 times what it was 
from 1790 to 1850. Find the population at each date and verify. 

6. Of the six great continents Australia has 386,000 sq. mi. less 
area than Europe. Africa has 14,000 sq. mi. less than three 
times the area of Europe, and North America 2,081,000 sq. mi. 
less than Africa. South America has 828,000 sq. mi. less than 
twice the area of Europe, and Asia has 769,000 sq. mi. more than 
both Americas. The total area of all these continents is 52,153,000 
sq. mi. Eind the area of each continent. 
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Xn. GRAPHS 09 STATISTICAL DATA 

60. Statistical Graphs. — If two quantities are related in such 

a way that as one changes in value the other also changes, this 
relative change can be pictured to the eye by means of a figure 
or diagram on squared paper. 

Squared paper is not ordinary quadrille ruled paper, bat spe- 
cially made, the lines being ruled with great accaracy. The 
units of measure employed are commonly those of the metric 
system, the larger squares, ruled with heavier lines, being square 
centimeters, and the little squares having 2 millimeters on a 



1. To show graphically the changes in temperature throughout 
the 24 hours of a day, having given the data in the table below. 

Solution. Oq b, piece of squared paper we write 12 n. (noon) at any 
convenient centimeter intersection. At the right of 12 m. and underneath 
the aixth line marked with a dot we write p.h. ; then 12 a.m. under- 
neath the 12th Ihie, and so on to 12 h. again, underneath the 24th line. 
Passing upward from the first 12 u. point, opposite ttie fifth horizontal line 
we write 5°, opposite the tenth line, 10°, etc. 

The table shows that at 12 m. the tliermometer stood at 13°. To repre- 
sent on the diagram this position of the mercury, a dot is placed at a, 13 
units ahcve 12 m. ; then to represent the position of the mercury as 14° above 
at 3 F.II,, we start at 12 ■., move 3 units to the right and then 14 units di- 

Table 



HOUB 


E.ADn.o 


Pr. 


12 K. 


13. 




3p 


■1 


14 




8p 


X 


7 




Up 


M 


5 




12 a 


M 







3a 


M 


-4 




8a 


M 


-9 




9* 


u 


a 




12 11 




15 





1'^ 


-—;-'- 


- :::: 


-±} 


' 1 ifi 


w=l= — 


—-7 


- — ! 


. ; 1 i 




itly. 


K-!, 


 : ! 


■-I 


tri- 




1 "^ 


V-" 


,.,! 


/ '! 




^n^ 


-T^lr 


-psj 




: : : -':. -[ 






'!---/ 




--+t-rH 


^i 


■i'-i 


M- 


-- + - 
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rectly upward, marking the point reached 6. To show the x>osition of the 
mercury at 6 p.m. as 7° above 0, we pass 7 units directly upward from the 
point marked p.m. to the point c ; and so on with the remaining data in 
the table. Through all the points a, 6, c, d, 6,/, g, h, i, a smooth curve is 
now drawn. This curve is the graph sought. 

From the graph the approximate position of the mercury can be read ofi 
for any hour of the day. Thus, at 8 a.m. the mercury stood approximately 
at 1°. 

2. Change the following data to tabular form and then construct 
the graph as in the preceding example: 12 m., 20°; 3 p.m., 15°; 
6 P.M., 8° ; 9 P.M., 3° ; 12 a.m., - 2° ; 3 a.m., - 5° ; 6 a. m. - W ; 
9 A.M. + 2° ; 12 M., 10^ 

3. Construct a graph showing the changes of population of con- 
tinental United States for every ten years from 1790 to 1910 from 
the following round number data : 



1790 


3,900,000 


1840: 


17,100,000 


1880: 


60,200,000 


1800 


6,300,000 


1850: 


23,200,000 


1890: 


62,600,000 


1810 


7,200,000 


1860 : 


31,400,000 


1900: 


76,100,000 


1820: 


9,600,000 


1870: 


38,600,000 


1910: 


92,000,000 


1830: 


12,900,000 











ScoGESTioN. Let 1 cm. on the horizontal line represent 10 years, and 
taking the population for each year to the nearest hundred thousand, let one 
2-millimeter unit denote one million on the vertical scale. 

4. Find from the graph for Ex. 3 what the population was in 
1875. In 1893. 

5. The number of immigrants coming into the United States 
during the fiscal year ending June, 1908 was as follows : July 
97,132; August 98,825; September 98,694; October 111,513; 
November 117,476 ; December 66,574 ; January 27,220 ; February 
23,381 ; March 32,517 ; April 41,274 ; May 36,317 ; June 31,947. 
Construct graph from these data. 

6. Construct other similar graphs, taking data directly from text- 
books or from one of the statistical almanacs. These almanacs 
can be had of news or book dealers at small cost, and are very 
valuable for reference. Among them may be named those issued 
by the New York World and Chicago Daily News newspapers. 
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61. Historical Notes. — Originally everything in algebraical sol- 
utions was written out in words. Later, abbreviations for these 
words were introduced. But it was not till the sixteenth century 
that symbols came into use to denote quantities, operations, and 
relations. Even at the present time, in the solution of many prob- 
lems in arithmetic, words are freely brought into the statement of 
solutions. In the sixteenth century numerous writers on algebra 
introduced various signs. Some of these came into general use, 
while others dropped out. One writer, a Frenchman, Franciscus 
Vieta (Francois Vi^te), more than any other man of his time, 
made a quite general use of these symbols, and for this reason he has 
been called the father of algebra. Of course the substance of ele- 
mentary algebra was then known, but the value of this possession 
was vastly increased by an appropriate notation. 

Vieta * was born near La Rochelle, in France, in 1540, and died in 
1603. He practiced law and was connected with both the parlia- 
ment of Brittany and that of Paris. After 1580 he gave up most 
of his leisure to the study of mathematics and published numerous 
books and pamphlets. Being. a man of some wealth, he dissemi- 
nated his writings all over Europe at his own expense. This, no 
doubt, aided greatly in introducing a uniform symbolism. Vieta 
used consonants for known numbers and vowels for unknowns, and 
the vinculum as a symbol of aggregation (these being his personal 
contributions to our notation), employed + and — for addition and 
subtraction, but continued to use the letters aeq, (aeqtujUis) for 
equals. He used Q (qiiadrcUus) and C(cubu8) to denote the second 
and third powers respectively of the unknown, since exponents had 
not been thought of at that time. 

Thus, for 2aj^ — 3a^ -H 4a: = 12 he would have written 

2(7-3Q + 4JV^aeq. 12. 

One day the ambassador from the Low Countries remarked to 
Henry IV, the king of France, that a countryman of his had pro- 
pounded a problem to all mathematicians that had not thus far 
been solved, and asked if a Frenchman could be found to solve it. 

* See Frontispiece. 
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The king called for Vieta, and though the problem involved the . 
solution of an equation of the 45th degree, Vieta secured two solu- 
tions in a few minutes, and gave them to the king written in pencil. 

Henry was greatly impressed with the ability of Vieta and thought 
of him as one who might discover the Spanish cipher then in use 
by the Spanish government for the transmission of official dis- 
patches. Though this cipher contained over 500 characters, and 
was changed from time to time, Vieta was soon able to read it, 
and the French used it greatly to their advantage in the war with 
Spain then raging. King Philip II complained to the Pope about 
the matter, charging that the French were using sorcery. 

Vieta wrote on algebra, geometry, and trigonometry, but the 
service he rendered to algebra is his greatest glory. 

Leonhard Euler was born in Basel, Switzerland, in 1707, and died 
in 1783. He studied at the University of Basel, and was a friend 
of the celebrated Bernouilli family. It was through the younger 
Bernouillis that he received a call when still a young man by the 
noted Queen Catherine of Russia to go to St. Petersburg, where he ^ 
remained many years engaged in teaching and discovery. Later 
in his life Frederick the Great invited him to go to Berlin, where 
he continued his life work. Few men in history have been gifted 
with greater intellectual powers or with a more single devotion 
to learning. 

Euler made a special study of physiology, of medicine, of botany, 
and of chemistry. He was learned in the classics and could repeat 
word for word the whole of Vergil's " ^Eneid," giving the first and 
last word of each page in the edition of the book he used. He is 
most noted, however, as a mathematician and astronomer. In 
mathematics he togk many prizes from scientific societies, such 
as the French Academy. 

When but 28 years of age, he solved a problem in three days 
which the most eminent mathematicians of the time asked for 
months to solve. The great exertion, however, brought on a fever, 
which resulted in the loss of the sight of one eye. This did not 
deter him from work, for only a year or so later he was winning 
prizes for solving the most difficult problems. In later life, soon 
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after his return to St. Petersburg, a cataract grew over his remain- 
ing eye. The operation for its removal was not carefully enough 
done, and during the last years of his life Euler was nearly blind. 
It was at this time he was at work on calculations for explaining 
the inequalities or irregularities in the moon's motions, and these 
calculations and the data for them he had to carry in his head. 

Late in life when almost blind he dictated to a tailor's apprentice, 
who knew nothing at all of mathematics, his "Introduction to 
Algebra," a book which is elementary in character, but which has 
been recognized as a standard text from that day to this. Euler's 
works if printed in their completeness would fill about 80 huge 
volumes. His researches aided greatly in the development of the 
various branches of mathematics, and he stands as one of the 
greatest mathematicians of all time. 

His studies, carried on through a period extending considerably 
over half a century, much of the time in the face of the greatest 
obstacles, such as the difficulties of the subject and his own 
physical defect, set an example of whole-hearted love of knowl- 
edge which cannot fail to be an incentive to labor more diligently 
to all those who come to know of this man and his work. 



CHAPTER II 



THEOREMS IN MULTIPLICATION AND DIVISION, AND FAC- 
TORING 

I. THEOREMS 

62. A theorem in algebra is a fundamental truth expressed in 
words, whereas a formula is such a truth expressed in symbols. 
(See § 52.) 

a. In the proofs that follow, and hereafter, we will use heavy-faced type 
to denote any algebraic quantities. Thus, a may stand for 2 a&, or for c+dj 
and 6 may stand for 3 c^, or 2 w + 3 n — 5p, etc. The letters in ordinary 
italic type are understood to stand each for some number. Letters in heavy- 
faced type are to be understood as capable of denoting either a single letter 
or any combination of letters, figures, and signs, denoting a quantity. To be 
able to generalize in this way is one of the strong features of algebra. 

63. Theorem I. The square of the sum of two quantities is 
equal to the square of the first, plus twice the product of the first and 
second, plus tlie square of the second, 

Proop. Let a and 6 be any two quantities. Then by actual multipli- 
cation: . > 

a n 

a -t-6 
a +b 

a^-\-ab a 

+ ab-\-b^ 



a2 


ab 


ab 


b' 



Or, (a + 6)2 = 02 + 2 a6 + b^. 

Beside the multiplication we see a geometrical proof of this 
theorem. The square constructed on the sum of the lines a and 
6 equals the square a* constructed on a, plus two rectangles a long 
and b wide, plus the square 6* constructed on b. 

The student should pra,Qtice pointing to the different characters 

41 
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in the formula (a -\- by = a^ -t 2 ab + b^ which correspond to the 
words of the theorem as he repeats the theorem, lliis course 
shotdd be followed in the study of all the theorems. Kotice that in 
reading algebraical expressions very often we do not go regularly 
from left to right as in ordinary print. 

Expand mentally the following by using the theorem : 

1. (2a + 3 6)«. 

Solution. (2 a + 3 6)2 = (2 a)3 + 2(2 a x 3 6) + (3 b)K 

= 4a2 +12a6 +9h^. Ans. 

2. (5a + 2by. 3. (7a +56)^ 

4. (3a«-f2y)>. 5. (3x + 4.y)(Sx + 4.y). 

6. (2m8n-f 1)". 7. (a^ + 2 6^(a? -f 2 6«). 

8. (^x + iyy. 9. (7 + ^y. 

10. (16 + i)(16-hi). 11. (100 +2)^ 

12. (25 + 3)^ 13. (18+|)«. 14. (7^y. 

15. (16i)^ 16. (12|)l 17. my. 

18. 24.5«. 19. 8.22. 20. 25.5^ 

21. 100.5«. 22. 8O.42. 23. 20.8^ 

a. The object in giving so many arithmetical problems here is to accus- 
tom the pupil to apply his algebra to arithmetic. Such calculations can often 
be performed mentally and much more quickly than by ordinary multiplica- 
tion ; or, they can be used to check the accuracy of ordinary multiplication. 

Factor the following quantities (this being the reverse opera- 
tion to that we have been performing) : 

24. 9a? + S0xy + 25f. 

Solution. Vo^ = Sx; V26y2 - 5 y. Possible Ans. (3 x + 6 y)*. 
Check. (Sx + 6yy=(Sxy+2(Sxx6y) + (^6yy = 9x^ + S0xy + %6f. 

25. 4m2-f 12mn-f 9^1^^ 26. a^ -f 10 a; -f 25. 

27. aV + 2 abed + c^dJ". 28. 36 o^ -f 84 a^^^^ ^ 49 3/*. 

29. 3i^-\-x-{-\. 30. a2" + 4a"-h4. 
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• 


a-b 

4 (0-6)* 


6 
o6 


b' a 


6 



64. Theorem II. The square of the difference of two quanti- 
ties equals the square of the first, minus twice the product of the first 
and second, plus the square of the sec- 
ond. 

Proof. Let a and 6 represent any two 
quantities. By actual multiplication, we 
bave (fl _ f,Y = a2 - 2 a6 + 62. 

Proof by Geometry, a^ -\- 6^ (or the 
area of the large square + the area of the 
small square below and to the left of the large 
square) diminished by the two a6 rectangles equals the square on a — 6. 

Expand the following quantities by using Theorem II : 

1. (2w2-3w)2. 
Solution. (2 m^ — 3 n)2 = 4 ?»* - 12 rn^n + 9 «2. Am, 

2. (3 mn - 5)^ 3. (3 abc - bcdf, 4. (100 - Sy, 
5. (l-|a^)'. 6. (16-i)2. 
8. (12-i)«. 9. (112 -ly. 

11. i2^y, 12. (17|)2. 



7. (.4ar^-.2)2. 
10. (87|)l 
13. (49|)^ 



Factor (reverse operation) the following : 

14. a^^Sa+ 16. (See § 63, Ex. 24.) 

15. m^-20m«+100. 16. 4:xy - 20xyz + 25s^. 
17. sea^-eOa^y-h^Sf, 18. 1 - 6 6V -f 9 & V. 

65. Theorem III. The product of the sum and the difference of 
two quantities equals the difference of their squares ; and, conversely, 
the difference of the squares of two quantities equals the product of 

ff their sum and their difference. 

Proof. Let a and 6 represent any two 
-o quantities. 
B By actual multiplication 

(a + 6)(a-6)=a2-62. 

o| 1 kj ^N Proof by Geometry. 

6 6^ H H=K=(a^b)b. 

Then, MN = MQ +H=MP^ b'^. 
or, (a+6)(a-6) =a^-b^. 



M 





K 


b^ 


H 


Q 


b 


a-b J 


3 
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Expand the following quantities by using Theorem III : 

1. (2a-h36)(2a~36). 

Solution. (2 a + 3 6) (2 a - 3 6) = (2 a)^ - (3 by = 4 a^ _ 9 ft^. Ans, 

2. (3 -h x)(3 - x). 3. (m«-n«)(m«-h A 
4. (3 a* + 7 6^(3 a^- 7 68). 5. (a^^ -^ b%a^ - b^). 
6. 58x62, or (60 -2) (60 -f 2). 7. (17 + i)(17 - i). 
8. 73x67. 9. (26ix33i). 

10. a^ = (a + 6)(a — 6) +6^ (By transposing &*.) 
Thus, 67* = 70 X 64 -h 9 = 4489. 

11. Square in same way 27; 54; 89; 117. 

Factor (reverse operation) the following: 

12. 9a2-166^. 13. 25 6^-36. 14. 4m«-l. 

15. 49 a* -^6^ 16. a'^-b^ 17. \Q^yV-25nK 

66. Theorem IV. The product of two binomials having a com- 
mon term equals the square of the common term, and the algebraic 
sum of the other two terms times the common term, and the algebraic 
product of the other two terms. 

Proof. Let jr, a, and b represent any three quantities. Then 

X -\-a X — a X —a 

X -\-b X -b X -\-b 



x^ -\- ax jr2 — ax x^ — ax 

-\-bx -\-a —bx + ab + bx — ab 



x'^-\-{a-\-b)x-\-ab x'^ -\- {- a - b)x + ab x'^-\-{-a + b)x — ab 

Expand the following quantities mentally by using Theorem IV: 

1. (aj-f 5)(a?-6). 

Solution. (« + 5) (x — 6) = ic2 + (5 — 6)a; — 30 = x^ - a; - 30. Ans. 

2. (a-f 2)(aj + 3). 3. (a; — 42^)(a; — 6y). 
4. (aaj 4- 6) (ooj — 9). 5. (pc^ — 3xy){p(?-\-xy), 
6. (2a + 3)(2a + 7). 7. (3 a6-7)(3a6-5). 
8. (2m2 + 5n)(2m2-10n). 9. (5c»-8d)(5c«-f 9 d). 

10. (90 -4) (90 + 3). 11. (70 -h 4)(70 + 5). 



J 
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12. 64x67. 13. 62x58. 14. 47x54. 15. 29x33. 

16. 18x23. 17. 97x105. 18. 997x1004. 19. 88x94. 
20. 37x47. 21. 16x29. 22. 87x95. 23. 63x69. 

Factor (reverse operation) the following : 

24. a^ -{-11x^26. 

Solution. We find two numbers 13 and — 2 whose product is — 26 and 
sum is 11. (x + 13)(a; — 2) . Ans. 

25. z^ + 13yz-\'12f. 26. b^ - SO b -\- 200. 
27. a** - 18 a" + 45. 28. 4 or^ + 4 ic« - 15. 
29. f2^-5fzhi-S4:n\ 30. f-\-^y-^> 

67. Theorem V. The cube of the difference of two quantities 
equals the cube of the first, minus three times the square of the first 
times the second, plus three times the first thnes the square of the 
second, minus the cube of the second. 

(In the cube of the sum of two quantities all the terms are 
positive.) 

Proof. By actual multiplication. Left to pupil. 

1. {2a^^bV^\ 

Solution. (2 a» - 5 6»)« = (2 a«)«-8(2 a^)\b ft') +8(2 a^) (5 6«)2- (6 68)« 

= 8 a« - 60 a*68 + 150 a^h* - 125 6«. (§ 21, i.) 

2. (2a-46«)»; 3. (2a»-|6)«. 4. (a^-\l^y. 

Factor (reverse operation) the following : 

5. 27 a« - 108 a^ft + 144 a&2 - 64 6». 

Solution. "?/27 a» = 3 a ; V- 64 fts = - 4 6. Possible Am. (3 o - 4 6)8. 
Check. (3 a - 4 6)8 = (3 a)' - 3(3 a)2(4 6) + 3(3 a)(4 6)2 - (4 6)8. 

= 27 a8 - 108 a'^h + 144 a62- 64 6*. 

6. 125aj»-75a52+15a;-l. 

7. 8 a« + 72 a*6* + 216 a%* + 216 b\ 



I. Theorem VI. Jlie square of the sum of any number of 
^^Vities equals the sum of their squares and the sum of twice the 
Product of each quantity by each quantity that follows it* 
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Pboof. We will limit the proof to trinomials and qoadrinomials, bat the 
theorem holds generally. By actual multiplication 

(a + 6 + c)2 = a* + 62 + c^ + 2 a6 + 2 ac + 2 6c. 

(a-6-c + (/)2=[a + (-6) + (-0 + «^? 

= a2+62 + c2 + c^-2a6-2ac + 2a</ + 26c-26(/-2c(/. 

Expand the following by Theorem VI : 

1. (a-26 + 5c)l 
Solution, (a - 2 6 + 5 c)'» = aa+4 ft'* + 26 c^ - 4 a6 + 10 ac - 20 be. 

2. (3a-4m + 2n)». 3. (2 a^--Sbc + 7by. 
4. (x-2y-\-z-'5ny. 6. (a"* - 2 6- - 3 c" - 2 (f*/. 

69. Theorem VII. Divisibility Theorem.* If a polyno- 
mial in X (§ 15) equals when x = a, then the polynomial is exactly 
divisible by x^a. 

1. Show by the divisibility theorem that a?— 7 a+lO is exactly 

divisible by a; — 2. 

Solution. Putting a; = 2, x^ — 7 « + 10 = 4 — 14 + 10 = 0. 
Check. (ic2-7aj+ 10)-^(a; -2) = a;— 5. 

2. Show that aj* — 27 a? — 124 is exactly divisible by a? + 4, and 

check. 

SuoGBSTiON. Put X = — 4. If polynomial equals when this value of x is 
substituted, then by the theorem it is exactly divisible by x — (— 4), or by 

a; + 4. 

3. By what is2a^-|-3a^ — 4aj — 1 exactly divisible ? 
SuooESTiON. Noting sum of coefl&cients, will x = l answer ? 

* Proof. Let p — any polyuomial in x^ q = the quotient when p is diyided by 
x — a, and r = the remainder, the division being continued until the remainder 
does not contain jr. 

Then, p^q {if— a) + r (Smce dividend = quotient x divisor 

+ remainder.) 

Now if JT =s a, p==q(a — a)+ r. (By substituting a for Jr.) 

Or, = 7X0 + /'. (Since /> = 0, by hypothesis, when Jr = a). 

Hence, r = 0, 

or there is no remainder when p is divided hj x — a. 
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4. By what is jc^-f6 a^-|-3 aj— 10 exactly divisible on inspection? 

5. By what is a;* + 6ar^-f3a^-fa;-f3 exactly divisible ? Put 
a; = + 1, — 1, +3, and — 3 in turn, these being the factors of the 
last term. 

70. Theorem VIIL* The difference of any same powers of two 
quantities is exactly divisible by the difference of the quantities. 

For example, a? — y\ sc^ — y^, ai^ ~- y*, etc. are each exactly divis- 
ible by a? — y. 

71. Theorem IX.f The difference of the same even powers of 
two quantities is exactly divisible by both the difference and the sum 
of the qvfiintities. 

Thus, ix? — y', a^ — y*, ofi — y*, etc. are each exactly divisible by 
both a: — y and x-\-y, 

72. Theorem X.J The sum of the same odd powers of two quan- 
tities is eocactiy divisible by the sum of the quantities. 

Thus, aj^ -I- y*, ar^ + y*, a^ + y', etc. are exactly divisible by a? + y, 

* Proof. Let ^** — a** represent the difference of any same integral powers of 
two quantities, x and a. Now, if Jr = a, 

jr» — a" = o* — a" = 0, 

and therefore, hy § 69, Jr* — a*» is exactly divisible by Jr — a, no matter what the 
valaes of x and a are. 

t Proof. The difference of the same even powers is exactly divisible by the 
difference of the quantities by Theorem VIII. It remains to prove that the differ- 
ence of the same even powers is also divisible by the sum of the quantities. 

Let X* — a* represent the difference of the same even powers of two quantities. 
Then, it x = —a, j^n _ ^n — ^_ Q^n — a* = a** — o* = 0, 

because n is even ; and hence, by the divisibility theorem, § 69, Jf* — 0* is exactly 
divisible by Jr — (— a) , or jr -h fl. 

X Proof. Let x^ + O^ represent the sum of the same odd powers of two quanti- 
ties Jr and a. Then, if Jr =— a, 

jr* + o* = (— a)* + o* = — a« + a»» = 0, 
because n is odd ; and hence by the divisibility theorem, § 69, x* + a* is exactly 
fiivisible by jr — (— a), or jr + fl. 
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73. The Factoring of Binomials by Theorems VIII-X.* The(yre'm 
Vlll-Xgive one factor of any binomial which is the sum or difference 
of the same powers of two quantities. TJie other factor can be found 
by long division. Or, to find the remaining factor^ divide tJie first 
term of the given binomial by the first term of the known fa^or, for 
the first term of the required factor. To find the next term of the 
required factor, divide its first term just found by the first term of 
the known factor and multiply the quotient by the second term of the 
known factor, ignoring signs. The third term is found from the 
second in the same manner as the second was found from the first; 
and so on to the last term. 

Whenever the known factor is a difference, aU the signs of the 
other factor are positive ; when it is a sum, the signs of the second 
fouitor will be alternately positive and negative. 

The reasons for this rule can be easily seen by referring to 
actual long divisions. 

Separate the following into their prime factors, proving the 
answers by actual multiplications if there is any uncertainty as 
to their correctness. Some or all should be performed mentally. 

1. m'-n«. 2. 8a;'-2/». 3. 9a^-16y». 

4. a^-f. 6. 27m3-|-64n8' 6. afi-f. 

7. a^-f&^ 8. 16c*- Sid*. 9. a« + 125 6«. 

10. 0*^ + 86^ 11. 27a^+86^ 12. a^-:^b'\ 

a. Theorems VIII-X cover the ground of the divisibility of binomials by 
binomials. Expressions which do not fall under one or other of these 
theorems are not divisible by binomial divisors. For example, a* — 6*, 
ffS — 6^, etc. are not exactly divisible by a + ft. Also o^ _^ 53^ ^ ^ 54^ 
cfi + b^, etc. are not exactly divisible by either a -\-b or a — b. Test the 
truth of these statements by actual divisions, a7id then state the results in the 
form of theorems. Every student of algebra should know these truths. 

h. It must be carefully noted, however, that it often happens that quan- 
tities which cannot be factored when tested in one way can be factored 
when tested in another. 

*The theorems just enunciated include the cases of the factoring of the differ- 
ence of two cubes and the sum of two cubes. Thus, 

xB-y8=(x- y) (a:2 -{-xy-\-y^. (By Theorem VIII, and § 73.) 

x8 H- j^8 = (a; -I- y) (a;2 _ a-y -I- j^i^ . (By Theorem X, ana § 73.) 



THEOREMS 49 

For example, while a* + 6® is not divisible by either a + & or a — &, it is 
divisible by a'^ + b^ by Theorem X, since it can be written (a^)^ + (^^)'. 
Again, while such an expression as a* + 4 6* is not divisible by any real 
binomial divisor, it will be shown later that it is divisible by a trinomial 
divisor. 

74. Promiscuous Exercise in the Use of the Theorems. Solve 
mentally. 

Expand the first 23, and factor the remaining exercises. Quote 
the theorem used in each exercise. 

1. (2 a -{-by. 2. (a -3 by. 

3. (a + 2 6)(a-2 6). 4. (x-yy. 

5. (a; -I- 5)(aj — 4). 6. (a-6)(a— 6). 

7. (Sa^-2by. 8. (x-7 y){x--llyy 

9. (m^ - 7 n)(m* -h 12 w). 10. (3a-l)». 

11. (2a*-5&2)(2a*-f 5 6«). 12. (2 a- 11) (2a - 10). 

13. (3a"'-2 6»)^ 14. (2a'"-f 7)(2a«-7). 

15. (a^-3^(ar» + 2l3r^. 16. (2m-3)». 

17. (3aj-8)(3aj + 6). 18. (im-^n)(im-\-\n). 

19. (100-2)^. 20. 77x83. 

21. (2 a; -2^ -3 2)*. 22. (3 m^ - 2 n^ -{- p^y. 

23. (a-2 6-3c + 4)'. 24. 64af^-y*. 

25. 9a^-{-30ay-{-25f. 26. a'-326\ 

27. a^f-'23xy-{-e0. 28. a;*-25y*. 

29. ^8- Oar* -f 27 a; -27. 30. l-(x-yy. 

31. 16 a2&2c2 + 24 aftV-f 9 W. 32. d'b^ + QU. 

33. a*62 - 13 a6c + 40 c*. 34. «»-««. 

35. ay + 7 0^2 -8 2*. 36. a^"-^^-. 

37. m*'-3m2*-70. 38, 8a-^-27 6». 

39. 8aj*-60a^y + 150a?y2-1262^. 40. l-{x-yy. 

41. (a-^by-dc?. 
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75. Practical Applications of the Theorems of MttltipUcatioii. 

1. Prove that the square of the side opposite an acute angle in a 
triangle is equal to the sum of the squares of the other two sides di- 
Q minislied by twice the product of one 

of those sides and the projection of 
the other 07i that side. 




To prove o^ = 52 ^ ^2 _ 2 cm. 
Proof, a^ =p2 + bI? (§ 51.) 

= p^-\- {c-- wi)2 

=p2 + c2_2cm + »»^. 
(By Theorem II.) 
. •. a^ = 62 _^ c^ _ 2 cm. q.e.d. (Because jf-^m^ = ft^ by Pyth. Prop.) 

2. Find the square of the side opposite an obtuse angle in a 
triangle. 

3. Pythagoras stated that if 2 a -f 1 and 2 a(a + 1) are the legs 
of a right triangle, 2 a* + 2 a -f 1 is the hypotenuse. Prove that 
this is true by showing that the sum of the squares of the first two 
equals the square of the last. 

4. Plato gave 4 a, 4 a* — 1, and 4 a' -f 1 for the sides and hy- 
potenuse, and Brahmagupta gave 2 ab, a* — b% and a^ + b^-, verify 
their statements. 

5. Put a = 1,2, , , .in Ex. 3, 4, getting sets of integral num- 
bers whose sides form right triangles. 

6. Find how far a body will fall in the last second of its fall by 
calculating (simplifying) ^9^ — ^g{t — 1)*. 

II. FACTORING 

76. Factoring is separating a quantity into other quantities 
whose product equals the given quantity. The quantities already 
factored and those to be factored in this chapter are rational 
integral quantities, or quantities that do not contain root expres- 
sions which cannot be found exactly. 

Factoring is an important topic. The difficulty of mastering 
the subject is greater than learning the fundamental operations 
because of the variety of processes and kinds of problems. 
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In the study that follows we will classify quantities into mo- 
nomials, binomials, trinomials, quadrinomials, and multinomials. 
We will take up first a case which stands by itself, viz., that of 
monomial factors contained in polynomials. 

77. Monomial Factors in Polynomials. A monomial is a factor 
of a polynomial if it is contained in every term of the polynomial. 

Type forms : ajr + 6jr = (a 4- b)x ; a -t- ft 

3 mx + 3 /n/ — 3 mz = 3 m(x -\-y — z). a 

Geometrical Meaning of Factorino. In the factored form (a+6)a:, the 
area is expressed as the product of length by breadth ; in the unf actored form, 
ox + hx, the area of each part is found and these parts are added. See p. 18. 

1. Factor 6 a' — 2 ann? and prove answer by multiplication. 

Division Solution. 2 a )6 0^ — 2 am^ Proof. 3 a^ — m^ 

3o2_w»a 2a 




6o8— 2ama. 
Direct Solution. 6 a* — 2 am^ = 2 a(3 a^ — m*). 

Factor the following, using both the division form and the direct 
solution form : 

2. 4a»-2a&. 3. 207?y'-^y. 

4. 2m'— 6m^w4-10mn. 5. a*— a&. 

6. 8a^— *12a* — 4. 7. ab — ao + ad — aJbc. 

8. a(m + w) — 5 h(m -f n) 

Solution . m + w | a{m + w) — 6 6(m + n) 

a -66 

9. 2 6(3»-2^) +3c(3a?-y) + 2d(3a:-y). 

a. Throughout factoring the first step to be taken is to remove the mo- 
nomial factors from the given quantities, if any are present. The other fac- 
tor can then be separated into its factors. The presence of the monomial 
factor disguises many problems, and until it is removed, the student will not 
know how to proceed. This fact should not be forgotten. 

1. Monomials 
78. Factoring of Monomials. A monomial such as 3 a^hh is re- 
garded as already factored. A quantity such as 48 rn?n is factored 
when its coefficient is factored. Thus, 48 m^n = 2* x 3 mH. 
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2. BinomialB 

79. Factoring of Binomials. Two different classes of problems 
may be distinguished, of which the first is altogether the more 
important. 

I. Binomials factored directly by one of the theorems : converse 
in Theorem ///, and Theorems VIII, IX, X. 

See, for examples, §§ 65, 73. 

II. Binomials factored by inserting a quantity between the terms 
of the given binomial, and then subtracting the same quantity in a 
fourth term, thus changing the given binomial into a quadrinomial 
which is the difference of two squares. See Ex. 13 below.^ 

Factor the following by one of the theorems mentioned above: 
1. iex*-9y\ 2. 3^-^27^. 3. a*--b\ 

4. Sm^-\-125n\ 5. a»&V-l. 6. 2* + l. 

7. aJ^ + 2/'. 8. a^-166«. 9. 16aj*-625. 

10. 4a^ + 1082«. 11. 96 m* -486. 12. a^ + 64a»«. 

13. Factor a* -f 4 6* and prove by multiplication. 

Solution 

(1) (o* + 4 a^b^ + 4 64) - ia^b^. (The term 4 a^b^, which is 

added and then subtracted, 
is twice the product of the 
square roots of a* and 4 6*. 
Notice ia'^b^ is chosen so 
that a* + 4 a^b^ + 4 b* is the 
square of a binomial as ob- 
tained by Theorem I, §63.) 

(2) (a2 + 2 62)3 _ (2 aby. (By writing each part in the 
form of a square. ) 

(3) (a-« + 2 62 + 2a6)(a2-h2 62-2a6). (Factoring by converse of 

Theorem III, § 65.) 

(4) (a2 + 2a6 + 26«)(a2--2a6 + 262). (Removing vincula and re- 

arranging.) 
(6) Prove by actual multiplication. 

14. a*-f 64 6^ 15. a^-f 324y*. 16. ^m^ + Slp\ 
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8. Trinomials 

80. The Factoring of Trinomials. Three different classes of 
problems may be distinguished, of which the first is much the 
most important. 

I. Trinomials factored by the trial metlwd. See Exs. 3, 4. 

a. In certain special cases the trial method is materially aided by making 
use of Theorems I, II, IV. For instance, to factor a trinomial square, extract 
the square root of the first and last teims, and square the sum or difference 
of the roots by Theorems I and II to see if the result is the given trinomial. 
To factor a trinomial, the product of any two binomials having a common 
term, search for two quantities whose product is the third term of the given 
(arranged) trinomial, and whose algebraic sum times the square root of its 
square term equals the middle term of the given trinomial. 

II. Trinomial factored by changing the given trinomial into a 
qiuxdrinomial tohich is the difference of two squares. See Ex. 16. 

III. Trinomials factored by the divisibility theorem. See Ex. 20. 

1. Factor 9 oj* + 30a^ + 25, using Theorem I. See § 63, Ex. 24. 

2. Factory^ — 4 2/2! - 45 2;2, using Theorem IV. See § 66, Ex. 24. 

3. Factor 15 a^ — 77 am -{- 10 m^ by the trial method. 

Solution. 
3a— 6 w 3a— 2m 15 a— 2m 

fig —2m 6a — 6m a — 6 m 

15a2-25am 16a2-10am 16 a:^ - 2am 

_ — 6 am + 10 w^ - 16 am + 10 m^ - 76 am + 10 m^ 

\^a^-Slam + 10m^ 16a2-26am + lOm^ 15a«- 77am -h lOm"^ 

Evidently this method consists in selecting coefficients for a 
pair of factors in such a way that the product of these factors 
will have the same coefficients for its first and last terms as those 
of the given trinomial. Then, by actual multiplication, the product 
is found and compared with the given trinomial. If the middle 
coefficients differ, another set of trial coefficients must be selected, 
and so on, till a set of coefficients and signs is found which gives 
the desired product. 

h. If the given trinomial contains no monomial factor^ neither can either 
of its factors. For, if one of two factors contains a factor, their product will 
contain this factor. 
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Thus, in the problem just solved it was useless to try the second set of 
factors 3 a — 2 m and 5 a — 6 m, since 5 a — 5 m contains the factor 5 and the 
given trinomial does not. 

We will give next another kind of trial method for factoring 
trinomials whose coefficients are large or give rise to many com- 
binations of factors. 

4. Factor 12 ic* - 41 a: - 15. 

Solution. (12 x)^ — 41(12 a;)- 12 x 15. (Given quantity multiplied by 

the coefficient of x^.) 

This expression is now factored by the method of § 66. We seek for two 
numbers whose prodiLCt is — 180, or the product of the first and last 
coefficients of the given quantity, and whose sum is — 41, or the coefficient of 
X in the given quantity. Starting with the divisor 2 and trying each divisor 
of — 180 and its quotient, we look for a pair of factora whose sum is — 41. 

In this way we get 4 and — 46. Then we write 

(12 « + 4) (12 a -45). 

But we introduced the factor 12 above, and now must remove it from the 
factors found. Taking 4 out of the first factor and 3 out of the second, we 
have (3 as + 1) (4 a: — 15). Am, 

Proof. (3 a; + 1) (4 a; - 15) = 12 a;^ - 41 x - 15. 

6. a?* + a* -30^ 6. fz^-\-AyZ'\-4L. 

7. 6a*-10a26 + 56«. 8. 24. x" - 29 xy - 4t f. 
9. 2(^-13cd-\-6cP, 10. 16a2»-24a" + 9. 

11. ^2^«- 1^^ + 26. 12. aj** - 19 a;- -f 90. 

13. 20-.9aj-20a^. 14. 24 a^frV - 37 a&c - 72. 

15. 25 m* — 41 mW + 16 n*. Factor each of the factors. 

16. Factor 9 ic* -|- 38 7?y^ -|- 49 y* by changing to a quadrinoniial 
which is the difference of two squares. 

Solution 

(1) (9 a^ + 42 «V + 49 y*) - 4 x^. (The term 42 a:V is found by tak- 
ing twice the product of the 
square root of 9 a:* and of 49 y*. 
Then 4 xhf^ has to be subtracted 
in a fourth term to leave the 
given quantity unaltered.) 
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(2) (3 x2 + 7 if 2)3 - (2 fl^ )2. ( Writing each part in form 

of square.) 

(3) [ (3 a;2 + 7 y2) + 2 xy] [ (3 x^ + 7 y^) - 2 jry] . (Factoring by converse of 

Theorem III, } 65.) 

(4) [3 a;2 4- 2 a:y + 7 f']lii x^ - 2 xy + 7 y^]. (Removing parentheses 

and rearranging. ) 

(5) Prove by actual multiplication. 

17. Faxjtor 9 a* 4 21 aV + 25 c* and prove. 

18. Factor a^ -f a^b^ -f 6* and prove. 

19. Factor 16 a* — 17 a*^^ 4. i>* and prove. 

20. Factor a?* — 19 « — 30 by the divisibility theorem. 
Solution. — We try the factors of 30. 

Ifx = ±l, x»-19x-30»-48, or-.12. 

If x = ±2, x»- 19x-30=:-60, orO; thu8x-(-2) is a factor. 

If x = ±3, x' — 19 X- 3D =--60, or ; tlmsx- (-3) is a factor. 

If x = ±5, x'-19X'':W)=sO, or -60; th»8X-5 is a factor. 

Hence, x» — 19 x— 30 = (x + 2) (x + 3) (x - 6), Prove by actual multipli- 
cation. 

21. ar'-.7a; + 6. M. /-13y + 12. ^3. f-21i-20. 

4. Quadrinomials 

81. The Factoring el Quadrinomials. Four different classes of 
problems may be distinguished* 

I. Quadrinomicds the product of two binomials, solved by in- 
sert ing one pair of terms in one parenthesis, and the remaining pair 
in another parenthesis, and then, after removing monomial factors 
from each, dividing by a binomial factor now apparent. See Ex. 1. 

II. Quadrinomials the difference of two squares, solved by plac- 
ing three terms in parenthesis, and then factoring by converse of 
Theorem III, See Exs. 8, 13. 

III. Qtiadrinomials the cube of a binomial^ solved by extracting 

the cube root of the first and last terms, awl checking the suggested 

answer b'f cubing the sum or difference of the roots by Theorem V, 

See Ex. 18. 

COL. 2d c. — 5 
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IV. QiuidrinomicUs factored by the diombilUy theorem. See 
Ex. 24. 

1. Factor 3 aV — 4 ocic* — 6 o&a; 4- 8 6c. 

Solution. (3 a^ — 4 acai?) - (6 ahx — 8 be) (§ 37). 
(w2(3ax-4c) -2b(3aa;-4c) 

Sax-ic\ gjc^aqx — 4c)— 26(3aa;~4c) .« .-- gx 
ax3 -26. ^^ ' ^ 

Proof. By multiplication. 

Note. When the first term to be put in the second parenthesis is negative, 
the rule is to make the sign before the parenthesis negative. If one arrange- 
ment of the terms in parentheses fails to show a common binomial factor, 
try another. When the terms of the binomial in the second parenthesis 
have signs opposite to those in the first, chani;e the sign before the second 
parenthesis, changing the signs inside at the same time. 



Factor the following : 

2. ac — bd-{-bc^ad. 

4. ajy — 3y + 2aj — 6. 

6. 15a^ + 12a^-10a-8, 

8. Factor a' + 2 a6 — a* + 6^, and prove. 

Solution 
(1) (aa + 2a6 + 62)-a;2. 



3. a3H-a2 + 2a+2. 

5. cda^ — cxy + dxy — y*. 

7. abcxy — b^y — accfcc* + b(Px. 



(2) (o-f 6)2-x2. 



(3) (a + 2> + x)(o + 6-«). 

(4) (a + 6 + a;)(a + 6-a:). 

(5) Proof. By multiplication. 

Factor the following : 

9. 62-l-2a6 + a'. 

11. ic* — 2* — 2 ay + y*. 

13. 4&c + a*-46'-c*. 

Solution 
(1) aa-(462-46c + c2). 



(Placing the three terms which form the 
square of a binomial in parenthesis.) 

(Factoring the trinomial.) 

(By converse of Theorem III.) 

(Removing vincula.) 



10. 4.a^-9b^-hc^-^4:ac. 
12. (a-&)2-4c«. 



(The monomial square is here positive 
and must come first; the trinomial 
square must be inserted in a parenthesis 
preceded by minus sign.) 
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(2) a« - (2 6 - c)a. (Factoring the trinomial.) 

(3) (a + 2 6 — c)(a - 2 6 - c). (By converse of Theorem III.) 

(4) (a + 2 6 — c) (a — 2 6 + c). (Removing vincula. ) 

(5) Prove by actual multiplication. 

14. 4a2-f 66c-9y»-c*. 16. 12&c + 4&*-96*-4c>. 

16. 24a6-. 4a* 4-93^-3661 17. 2a6-tt*-6« + l. 

18. 27c*-12a* + 36a6-27y. 

19. 3a^y-12a?y*-fl2y'-3a^. 

20. 64 0^ - 144 7^f + 108 aj*y* - 27 y«. (See § 67, Ex. 5.) 

21. 8ar»-60a^^ + 160a;/-125y«. 

22. 216 a«6» + 108 a*6*c + 18 o*6c* + c». 

23. ar»-f 5a*-18a;-|-8. (See § 69.) 

24. 12ar»-40ic2-|.13a;-|-30. 

Solution. A factor of the given quantity may be of the form ax — 6, of 
which a is exactly contained in 12, and h is exactly contained in 30. 

Ifox— 6=0, «— - = (Div. Ax.). If, when - is substituted for a, the 

a a 

given polynomial in x reduces to 0, - is a root Thus, to find a factor of 

a 

12 x" — 40x3 + 132 + 30, we will substitute for x fractions whose numerators 

are factors of 30, and whose denominators are factors of 12, as J, }, }, etc. 

Ifx= ±1, 12x?-40x2-hl3x + 30 = 16, or - 35. 

If X = ± 2, 12x8 - 40x3 + 13x + 30 = - 8, or - 262. 

n«= ±f, 12x?-40x2+13x + 30 = 0, or -120. 

Hence, x — }, or 2x— 3, is a divisor of the given quantity. Dividing it 
by 2x — 3, we get the quotient 6 x^ — 11 x— 10, whose factore are 2x— 6 
uid3x + 2. Thus, 

12x? - 40x« + 13x + 30 = (2x - 3)(2x - 6)(3 x + 2). Am, 

25. 12ar»-28a^ + 17a;-3. 

NoTB. For convenience of reference we complete the subject of factoring 
witli an article on multinomials. The factoring of such quantities is not often 
called for, even quadrinomials to be factored appearing much less often than 
binomials and trinomials. If thought desirable § 82 can be omitted, and re- 
ferred to when needed. Only the last two exercises of § 85 are multinomials. 
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5. Mttltiiiomials* 

82. The Factoring; of Multinomials. A great number of kinds of 
problems might be given, but only six classes will be considered. 

I. Multinomials that are the difference of ttvo squares, solved by 
converse of Theorem III. See Ex. 1, below. 

II. Multinomials solved by placing setn of terms in parentheses^ 
and factoring these parentlieses quantities, thus making apparent a 
compound factor. See Ex. 5. 

III. Mnltinoinials separable into two trinomial factors solved by 
the trial method. See Ex. 8. 

IV^. Multinomials that are the square of a polynomial, solved by 
extracting the square root of the s(piare terms, and squaring the 
sum of the roots by Theorem VL See Ex. 12. 

V. Multinomials that are the power of a binomial, solved by ex- 
tracting the root of the first and last terms and raising the sum or 
difference of roots to power indicaled using Newton^s theorem, § 166. 

VI. Multinomials solved by the divisibility tJieorem. 
Factor the following multinomials : 

Solution. (a^ + 2 a6 + b^)-(c^ _ 2 c(f + (P). 

(a + 6 -h c - d)(a + h - c-d). (Theorem III.) 
(a-\-h i-c — d)(a + b — c+d). 
Prove by actual multiplication. 

2. 4 w^ — 12 mji 4- 9 w^ — p^ — 4 pg — 4 gf^. 

3. (a + b-\-cy-{d + e+fy. 

4. (a^ -h &2 _ c^ _ ^^2 _ ^2(ab + cd)^. 

Separate each of the factors of Ex. 4 into two factors. 
6. 4a:2 — 16aj2/ + 15 2/^ — 4a»-f 6 2^«. 

SuGGESTiox. Put first three terms in a parenthesis and last two in an- 
other, and next factor each parenthesis quantity ; then proceed as in § 77, s. 

* ^e uute at cud of p. 57. 
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6. (13^ +aa; — 6a-far^-|-7a; + 12. 

7. a^ip - c) + h\c - a) + c-{a - 6). 
Suggestion. a^{h — c) - a{b^ — c*') -|- hc{h — c). 

8. 6 ar^- 19 a;^ + 15 2^ + 7 3X5 -13 2/2 -20 2;*. 
Solution. VLx—Zy -\-hz 

- 8 a:2 + 12 y2J - 20 af^. 

6a;2-19xy+ 7 x^; + 15 y2 - 13 y^? - 20 ^2. 

Explanation. The trial method is used. Coefficients are used which 
will give 6x2, 15 y^^ and — 20 2?'^. Then, the two factors chosen are multi- 
plied together. If the given polynomial results, the factors chosen are the 
ones sought ; if it is not obtained, other combinations of coefficients and si<:ns 
must be tried. 

9. 6iB* — lla^-f 32^-5a;« + ll.V2!-42*. 

10. 2a2 + 6aa;-18a4-4a^-24»-|-36. 

11. 2a*-4a6-4ac-|-2&2 + 45c-f 2c2. 

12. a2-f962^25c2-6a&H-10ac-30&c. 

Solution. Vo^ = a ; ViTP =35; V25 c^ = 5 c. 
Then test (a - 3 6 + 5 c)2 by § 68. 

13. a«H-4&2 + 9c2^.4a&-6ac-12&c. 

14. 16 o> - 96 a^h + 216 a%^ - 216 aV' + 81 h\ 

83. The Different Methods used in Factoring. 

1. Method of taking monomial out of polynomial. 

2. By use of a theorem, 

3. By trial. 

4. Method which takes monomials out of parentheses sets. 

5. Arranging as the difference of two squares and factoring. 

6. Method for poicers of binomials or squares of polynomials. 

7. Method ivhich uses ivisibility theorem. 
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m. OUTLINE FOH FACTORING 
84. Outline for Factoring with Type Forms. 

I. Monomials in Polynomials. 

Take monomial factors out of all expressions j^r^. 
fl64-fl« = fl(44-c); ax-|-6x — cx = (a + 4 — c)x. 

II. Binomials. 

1. Difference of two squares. 

fl«_6*=(a + *)(fl-6). 

2. Difference of same powers. 

fl»_A3=(fl_6)(a« + fl*4-*^. 

a. To get prime factors, factor first by Case 1, whenever it can be 
used to factor the given quantity or any of its factors. 

3. Sum of same odd powers, 

t^-\-ti' = {a-\-b)(a^-ab-\- tF). 



4. Binomials changed to quadrinomi<jUs, the difference of 
two squares. 

fl* + 46* = (fl* + 4a»62-f 4 60~4a^6l 

= (o«4-2fl6 + 2 62)(fl2-2fl6 4-2 6«). 



III. Trinomials. 

1. Trinomial squares. 

a^-f 2aA + A =(a-hby 
a^-'2ab + b' = (a--by. 
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2. Trinomials factored by trial method, 

3. By changing trinomial to quadniiomial, 

4. By divisibility theorem, 

IV. QUADRINOMIALS. 

1. The product of two binomials, 

ab-\-aG-\-bd'tcd= a(b + c) + d(b + e) 

= (fl-l-rf)(«^ c). 

2. J7i6 difference of two squares. 



a^ + 2a6 + 6»-c*=(fl-f6-fc)(a + A-c) 
fl«-6«4-26c-c*=fl«-(6*-26c + c^ 

= (fl 4- A — c)(fl — 6 — c). 

3. 3%e ctibe of a binomial, 

4. Divisibility theorem. 

V. Multinomials. 

1. Problems solved like 1 in quadrinomials. 

2. Difference of two squares like 2 in quadrinomials. 

3. Solved by trial method like 2 in trinomials, 

4. Square of a polynomial, 

fl* 4.^24.^2 -f 2o6 + 2flc -f 2«c = (a + 6 + c)'. 

5. Powers of binomials. 



6. By divisibility theorem. 
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85. PromiscttOtts £zereis6 in Factoring. — In factoring the follow- 
ing exercises, first set aside monomial factors, if any are present. 
Then factor by one of the methods of either of the two preceding 
articles. If difficulty is experienced, note under which class, 
whether a binomial, trinomial, etc., the given quantity belongs, 
and then look for a corresponding type of problem under the 
corresponding class, and follow the model solution for this type. 

Separate each quantity into its prime factors, and prove the 
answers right by a theorem of multiplication or by actual multi- 
plication, if any doubt exists as to the correctness of the result. 

1. a^-25bK 2. a«~12a + 36. 

3. 20aV-45aa^. 4. 3ic*4-8a? + 4. 

5. 2Trv'-Sp^, 6. ar^ + a^-f aj-f 1. 

7. IP-3H+2, 8. a* - 13 X- -h 36. 

9. 4,t^^t-U. 10. 62c^-7ax^-20a^x. 

11. a:*-7a^-18. 12. m«-f7m»-8. 

13. 1 — a\ 14. mnpq -f 2 -i-pq -|- 2 mn. 

15. irK^ — irr^. 16. a^ '\- (a -^ b) X + ab. 

17. a;W_y6 Ig 8ar''-24aj2 4.25. 

19: 8a2-2a-3. 20. 2 aj^ -f a.-^ - 28. 

21. 8c2-Gcd-5cP. 22. IS x' -^ 33 axy -^ U ay. 

23. l-a^-^-^ac, 24. ^ab-h^ab* -{-iab'\ 

25. I ir/2^ — I irr». 26. bk -^ ck -{- dk -{^ ek. 

27. 20 — 9 a; — 20 a;*, 28. m^x-{-m^y — n^x — n^y, 

29. a;^4-a;^ + l. 30. my^ -^-l^ma^ ^12 mxY, 

31. 2am^ + 2an\ 32. a;^ - 04 a;^ - a;^ -|- 64. 

33. (a-f6)2-c2. 34. (a; - 2^)* - 14 (a; - y) + 40. 

35. iTTC^ + itrDl 36. 2 7r7^ -^ 2 irrh, 

3^ w^_ictr^ gg a(a_o)-6(6-c). 

2 O N / N / 

39. ~y-+-^-* 40. (a-* 4- 2^2 _ ^2)2 _ 4 ^y2^ 
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41. 125a4-(>4aar^. 42. 2a6 -o*-6*-|-l. 

43. a*- -(y -«)«". 44. 21 ar' + 26 ic« + 25. 

45. 2ma!^-2iiib^, 46. ar' — Gx^ + Ga;- 1. 

47. Oaj'^H-Saj + SO. 48. 1 + (& - a*) a^ — «&ar». 

49. a%^-a^-h- + l. 60. l-(a?-y)^ 

61. oj* — 7 ar^/ + 2^*. 52. a^H-y'^+S aj/y(a;-f y). 

53. ah/-'h-^y-aHy-\rhhi:x^. 54. ar^ + a^ - 22 aj - 40. 
55. 6 ar» - 3 a:* -33 a; -0. 56. «'"*-^;*\ 

57. ^"-ZJ'-f C'-2^a 58. 6w*-384n*. 

59. 8a'*4-6ay-9a2^^-27/. 

60. 125 x^ - 300 a^* + 240 aj^3 - 64 »". 

61. 4 a%* - 169 c^ -h 6 abd -f 39 cd. 

62. 4 ^2 __ 9 ^'.'^2 _^ 3Q j3^2> - 25 D\ 

63. 2a«-f-6a.c-18a-f 4a:2__24a; + 36. 

64. 2aj2-a^-32^-5y«-22l 

86. Prime Quantities. All the quantities given in the preced- 
ing articles were factorable, but quantities taken at random are 
more likely to be prime than composite. 

Thus, 3ar^ + 7a; + 9, 3 a:^ + 7 ar^^ - 9 aj2 -|- 2^ ^x'-llf, etc., are 
all prime quantities in terms of rationals. We have seen that the 
sum of two squares is almost always prime. The expressions 
TT -\- xy -\- y^y 7^ ^ xy -\- y', are prime. 

It must be remembered, however, as already stated, if fractional 
exponents are allowed, some of these prime quantities may be 
factored. See Chapter VII on Fractional Exponent Quantities. 

IV. APPLICATIONS OF FACTORING 

87. Applications of Factoring. Factoring can be used in the 
solution of quadratic equations, in arithmetic, and in geometry. 
It is employed more or less throughout the study of algebra. 
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88. Application of Factoring in Arithmetic. 

1. If a is the amount, b the base, and r the rate in percentage, 
a=27+2>r. Factor the right member and state the result in words. 

2. To make a rule for squaring any number increased by ^, let 
a = the number. 

Then, (a + ^Y =a^ + a-{-i. (By Theorem I.) 

= a (a + 1) + ^. (By factoring a out of first two 

terms.) 

Hence to square any number plus ^, multiply the number by one 
more than itself and add \. 

Square by this rule the following : Gi, 11^, 25J, 100.5, 7.5. 

3. Calculate 2 • 3^ . 17 -f 2 • 3^ • 13-2 • 3« • 9. 
Suggestion. Take 2 • S^ out first. 

4. Calculate 2^ . 5^ . 7^ + 2 . 5^ . 7^ - 2* . 5* • 7». 

89. Factoring applied in Geometry. 

1. Derive the formula for the area of a triangle when the 

three sides are given. 

Given the triangle whose sides are a, b, c, to 
find its area. 

Referring to result under Ex. 1, § 75, we 

have 

a2 = ^2 _^ c2 — 2 cm, 

whence m = &^ + c^ — «^ (By transposing both a^ and 2 cm, and then 

2 c * dividing both sides of equation by 2 c.) 

To find the area of the triangle, we reason now as follows : The area of 
the triangle is evidently J cp. We know c, and we can find p by using the 
value of m just found as one side of the right triangle whose three sides are 
m, p, and h. Thus, 

p2 = 62 _ ,^2 = 62 _ ^ &^ + c^ - a^ \ 2 (By substituting its value for to.) 

p2 = (6 + ^^^4^) [b - ^^-^4^) . (Converse Th. IH.) 

p2 = ( 2 be + 62 ^ eg - q2 \ / 2J>Cj-62-^c2_j-_rt2\ ( Reducing mixed 

\ 2c J\ 2c / quantities to improper 

fractious.) 
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^^ (6» + 26c + c»)-a^ ^ a'-(6»-26c + c») . (Arranging terma.) 

c-^a _ (5 + c + o) (& H- c "• g) (g - & + c) (g 4- 6 - c) 
4 2 2 2 2 • 

^§ 81, Ex8. 8, 13 and multiplying both sides by -.\ 

Now let 8 = «±|±^; then «- a = ^±^ ; (By Sub. Ax.) 

J 5_ g-ft + c . ._^_flL±Ail£ 
« o- 2 , a c- ^ 

Then, ^ = *(« - a) (» - 6) (a - c) . ^^^ substituting in the preced- 
4 ing expression.) 

... 2 = V<«-a)(«-6)C«-c; . (®y extracting the square root of 
2 the two equals. Root Axiom.) 

But ^ is the area of the triangle sought. Therefore the right member 

is equal to the area of the triangle. Notice that we know s when the three 
sides are given, it being their half sum. The letter s is taken to denote the 
half sum instead of the sum itself, because the formula just found comes out 
without fractions by so doing. I'his formula for the area of a triangle is one 
of the most symmetrical and beautiful in the whole range of mathematics. 
Its derivation, as we havQ just seen, is largely a matter of factoring. Exer- 
cise in the use of this fonnula will be given later. 



90. Application of Factoring to the Solution of Quadratic Equa- 
tions. The degree of an integral equation equals the exponent of 
the highest power of its unknown quantity. Simple equations 
are those of the iirst degree, and quadratic equations are of the 
second degree (§ 18). 

1. Solve the equation a?^ — 4 a; = 32 and verify. 

Solution 
x^ — 4 ^ — 32 = 0. (Right member made by transposing 32, 

by Sub. Ax.) 
(ac — 8)(« + 4) = 0. (Factoring left member.) 

x — 8 = 0, x+4 = 0. (Setting each factor equal to zero.) 

.'. jc = 8, Ans, oj = — 4, Ans. (Transposing known terms to right members. 

Sub. Ax.) 

Verificatiow. 8" - 4 X 8=32. ( - 4)^ - 4(- 4) = 32. 
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Solve the following and verify both roots : 

2. aj*-f 6a; = 27. 

3. 3x^-{'2x"S5 = 0. 

4. Ba^-lOx^x^-lTOx-TOO. 
6. 6iB2 + 4aj = 3iB2 + 12aj-f-3. 

6. Find three consecutive numbers such that the sum of their 
squares shall be 434. 

7. The perimeter of a rectangular lot is 90 ft. and its area 
450 sq. ft. Find its dimensions. 

8. A rectangular garden is 12 rods longer than wide and con- 
tains 1 acre. Find its dimensions. 

91. Solution of Quadratics by Completing the Square. 

1. Solve a^ -f- 6 a; — 50 = 0, by completing the square. 

Solution 

a;2 4- 6 X = 50. (Sub. Ax., known quantity to right member.) 

6 x -^ 2 v/x^ = 3 ; 8« = 9. (See explanation belov/.) 

a;2 ^ 6 a; + 9 = 59. (Add. Ax., adding 9 to both sides.) 

ac 4- 3 = V^K (Root Ax., extracting square roots of equals.) 

X =\/59-3. (Sub. Ax.) 

Explanation. This problem cannot be solved by the factoring method. 
Hence we turn to the method by completing the square. 

By transposing the known term to the right member, we have remaining 
on the left side a binomial. This cannot be a square, since the square of a 
monomial is a monomial, and the square of a binomial is a trinomial. We 
must change the left member into a trinomial square by adding the proper 
term. 

Let us consider that our p'-oblem is like having a^ + 2 a5 of a^ -\-2ab-hb^ 
given, to find b^. To get b'^ we divide the second term 2 ab by twice the 
square root of a^, and square the quotient. 

2. if2-f 12aj-40 = 0. 3. 4:X^-^12 x = 39. 

a. By means of the completing the square process prime quantities can 
be separated into factors containing radicals, as will be made clear in a later 
chapter. 



CHAPTER III 

HIGHEST COMMON FACTOR — LOWEST COMMON MULTI- 
PLE — FRACTIONS 

L HIGHEST COMMON FACTOR 

92. A common factor of two or more quantities is a factor that 
appears in each of them. The highest common factor (h.c. f.) of 
two or more quantities is the product of all the prime factors 
common to each. 

93. Finding Highest Common Factors by Factoring. 

1. Pind the highest common factor of 6 a*6, 9 a% and 24 a*b\ 

Solution. By inspection we see that 3 a^b is the h. c. f., since any quan- 
« tity with a greater coefficient or higher exponents would not be contained in 
each, as 6 a^&^. The quantities ab and 3 a&, though common factors, are not 
the highest, a^ being higher than a. 

2. 6 ay*, 8 a^, 12 xy. 3. 9 m\ 12mn\ 16 mV. 

4. 7 a%^y 21 a^fr', 14 a^h\ 6. 8 a"&«, 12 a*»6*", 15 oTh^. 

6. ix^-fya^-fyf-Txy-^-ef. 

Solution. x^^y'^= {x -\- y) (x — y), 

a*-y9=(x-y)(z^ + xy + y2). 
g!«- 7 gy -f 6 y g = (x-Qy)(x - y) . 
h. c. f. = X — y. Ans. 

7. a^-2aj-3, a:* + «-12, aJ*-a;-6. 

8. 2a»-2a6«, 4 6(a4-^)'. 

9. c*iB* — (P, aca^ — hex + adx — bd, 

10. 2aj2-9aj-|-4, 2aj2-lla;-i-5, 2ic2-|-3a?-2, 

11. 8a«-f-l, 16a* + 4a«4-l. 

a7 
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* 94. Finding Highest Common Factors by Continued Diyision. To 

explain this process two simple principles are needed : 

A. A divisor of a quantity is a divisor of any number of times 
tJmt quantity. 

Thus, if 6 is contained in 18, it is contained in any integral 
number of times 18; if 3 a is contained in 9 a* it is contained in 
3 & X 9 a*, or 27 a^h. 

B. A divisor of each of two quantities is a divisor of their sum 
or difference. 

Thus, if 6 is contained in 66 and in 42 it is contained in their 
sum, 108, or in their difference, 24. It is evidently contained in 
their sum or difference the sum or difference of the numbers of 
times it is contained in each. 

1. Find the greatest common divisor of 258 and 731 by con- 
tinued division, and justify the process. 

P^xpLANATioN OF PROCESS. 731 Is divided by 258, 

Solution which is contained twice with a remainder, 215. 

258)731(2 Then the divisor, 258, is divided by the remainder, 

516 and so on, the divisor each time becoming the new 

215)258(1 dividend, and the remainder becoming the divisor. 

216 The first divisor which is exactly contained hi its 

^43)216(6 dividend is the h. c. f. sought. 

216 Justification of Process. (1) Is any divisor of 

258 a divisor of 516 ? By which principle ? Is any 

common divisor of 731 and 510 a divisor of 215 ? By which principle ? Does 

it follow then that any common divisor of 258 and 731 must be contained in 

215? 

(2) Again, is any common divisor of 215 and 610 a divisor of 731 ? By 
which principle ? Does it follow then that any common divisor of 215 and 
258 is contained in 781 ? Why ? 

Would it be allowable, then, to drop 731 entirely, and proceed with 215 
and 258 ? Also, in turn, to drop the second dividend 258 for the same reason ? 

(3) Was it shown at first that the h. c. f: of 268 and 731 could not bo 
greater than 215 ? Then might it be shown in the same way that it couM 
not be greater than 43 ? 

♦This topic can be omitted if desired, as few problems depend on It, and that 
they depend on it will be indicated in the text. 
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(4) Is 43 contained in 215 ? In 258, the sum of 215 and 43 ? By what 
principle ? Is 43 contained in 516 ? By what principle ? In 731 ? By 
what principle ? 

Thus, it is shown that the h. c. f. cannot be greater than 43, and that 43 
is contained exactly in 258 and 731. Hence 43 U the h. c. f. sought. 

Find the h. c. f. in the following by continued division : 

2. 2945 and 3441. 3. 2948 and 8576. 4. 1911 and 1617. 

6. 3094,4420,2652,4662. 

Suggestion. Find h. c. f. of first two ; then find h. c. 1 of result and third 
number ; then find h. c. f. of last result and fourth number. 

6. Plan to shorten process. In practice the process just ex- 
plained can be materially shortened by removing factors from the 
first remainder which are evidently not common to it and either 
of the given numbers. 

For example, in the solution to Ex. 1, the first remainder, 215, 
evidently contains the factor 5 while 258 does not. Hence 5 
can be taken out of 215 and disregarded. Thus 43, instead of 
215, becomes the divisor of 258, and is found immediately to be 
the h. c. f . 

Again, in Ex. 2, the first remainder is 496, which contains the 
factor 2*. But 2945 does not contain 2. Hence the factor 16 
can be taken out of 496, leaving 31, which is then found to be 
the h. c. f . by dividing 2945 by it. 

7. Easy way to reduce a fraction having large terms to its 
lowest terms. 

Since a fraction is evidently reduced to its lowest terms by 
dividing numerator and denominator by the h. c. f., we have this 
practical rule for reducing a proper fraction to its lowest terms : 

Multiply the numerator by a number which will make the product 
approach nearest to the denominator and find the difference between 
this product and the denominator. Use the remainder to find divisors 
of both numerator and denominator. 

Reduce the following fractions to their lowest terms, or show 
that any fraction is already in its lowest terms : 
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a Ul. SoLUTiO!?. 269 X 2 - 481 = 37. ^'^ ^ ^* = -^. Ans. 

**• *^» 481-7-87 13 

13. Find the h.c.f. of aj^- 6aj + 8 and 4ar»- 21a5»4-15« + 20. 

Solution. 4 r» — 21 a^ + 15 « -f 20 \3fi^Gx-\-S 
4 z*-2 4 g^-h82 g I 4x-f 8 

3x*- 17 35 + 20 
3jra_i 8x + 24 
^iw. h,c.l. = a;-4 | x-'-Ox + S | x — 2 

xg-4x 
-2x + 8 
— 2x4-8 

14. Find h. c. f . of 2 «« ^ 11 ^ ^ 5 and 2 aj^ ^ 9x -^. 4. 

15. Findh.c.f. of 6af»- 7aaj*- 20a2a; and 3aJ*H- 7aa?-f-4a». 

Solution. 6 as » - 7 ax<2 - 20 afh: f^x^^';ax + 4a^ 

6x^+14(tx-* + 8a^ \2x-la 
-2lax^-2Sa'^x 
- 21 rtj-2- 49 rt^x- 28 a' 



7a2 21a'^j-. -f-28a» 



3x2 + 7 ax + 4 a- | 3 x + 4 g h. c. f. Ans, 
Sx^ +4 nx ( x-\-a 

3 rtx + 4 <#=^ 

3gx + 4og 

ExPLANAT.oN. Here we take out tire factor 7 a* frwn tire n>mamder ftnrf 
discard it because 7 a^ is not a factor of one of the ^'iveii ([uantitieSy just as 
6 could be discarded in Ex. 1. The old divisor is then divided by the other 
factor 3 X 4- 4 a, which is found to be the h. c. f. 

16. 6ar^-25a; + U and 2a^-15x-^2S. 

17. ar'-f7«^ — aj— 7 and x^-^ 5-0?^ — ar — & 
IS. 7 aj2 -h 25 aj - 12 and IXaj^ 4. 67 a - 4. 

19. 2a;*-7ar' + 5x* and aj8'-h3:.T*-4aj. 

SuGOKSTioN. First remove monomials from each quantity, reservl'iig^ the- 
common factor x as a factor of the h. c. f., the other factor be*n^ foimd hY 
continurd division. 

20. 6aj*— aj3-3aj2— 4aj~4 and Sa:^ — 2a:»'^19*se»^Zi»^1^, 
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II. LOWSST COMMON MULTIPLE 

95. A oomflioii multiple of two or more integral quantities is an 
integral quantity that is exactly divisible by each of thein. The 
lowest common multiple (1. c. m.) of two or more integral quantities 
is that quantity of smallest coefficient and lowest degree which is 
exactly divisible by each of them. 

For example, a common multiple of 2m, 3mn, 6mn^ and dii* is 
S6mhi*y while their I. c. m. is lSmn\ 

Find the 1. c. m. in the following and test each result to see if it 
contains each of the quantities and is of the lowest degree possible : 

1. 4 a^, 6 a% 8 ab^. Arts, 24 a%'. 

2. 3//1, 2n, 5m% 4?tl 3. Sa^bc, 27a^V, 6ab^c. 
4. 53 a^^ 84 bi^, 48 a^f. 5. a« - If), or - 2 a - 8. 

6. a' H- a^bf a^ — ah, a^ — b\ 7. 2 ab\^ji^, 3 a*bc'ixr, 11 a^bcx, 

8. 60, 120, 48, 36. 

Solution. Anything that will contain 120 will oontain 00. 
120 = 23 X 3 X 5 

48 = 2* X S Notice the highest power only of 

30 = 2'^ X V each factor is taken for the 1, c. m. 

L.C,M. = 2* X 3^ X 5=720. Ans. 

9. 54, 81, 24, 27. 10. 40, 72, 96, 128. 

11. a5*-42^, ar^4.4x^ + 4y2. 12. ar + 2ar, jr-h3a;H-2. 

13. Make a rule for finding lowest common multiple. 

14. a^-f5a;-f6, x^-^Gx-^S, l^- x^y-c—yY, f(x^ — f). 

16. 3ar-10ic?/4-3?/-, Sx^-^ixij-} y\ 

17. «* — 1, ar^-l-ar^-f ic + 1, a^-'^-ar^ + aJ-l. 

18. C«--13«-|-6, 6a?2-f 5a;-6,9a;2_4^ 

1«. 3a?»-f 26ar»4-35a^, 6x- + 38a;-28, 27 ar* 4- 27 aj* - 30 ar. 

20. a-x^-\-a}xy-abx^-abxy, x^y -^ 2 x^y^ -{■ xf, Sa^-^ij^ 

-f 3 ab\ 

a. In some problems it is necessary to find the highest common factor by 
continned division. It is then easy to write down the lowest common 
multiple. 

coLy 2d c. — 6 
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m. FRACTIONS 

96. A fraction in algebra is an expressed division. The numer- 
ator is the dividend and the denominator is the divisor. 

97. Reduction of Fractions. By reduction in arithmetic and 
algebra is meant changing the form of a quantity without altering 
its value. 

98. Fundamental Principle in Fractions. Both terms of a fraction 
may he multiplied or dioided by the same quantity without aUering 
Us value. 

Proof. Let - = any fraction, r = its value, and m = any number. 
b 

Then, a = br, (Since the dividend equals the quotient x divisor, §40.) 

also, ma = mbr. (By the multiplication Axiom, § 57.) 

or, ma = r • mb. (By the commulalive and associative laws of multi- 

plication, § 3U.) 

Therefore, — = r. (By the Division Axiom, dividing through by mb.) 

mb 

Or, — = -. (Numbers equal to same number are equal to each 

*^^ ^ other. Axiom 8, § 67.) 

It should be observed that since a and b may represent any 
numbers whatever, whether integral, fractional, ordinary irra- 
tional, as V3, or other, we assume they have a definite quotient, 
and assign r to take the place of this quotient. When we mul- 
tiply through by m, we assume that the multiplication axiom 
holds true for all values of m and the quantities into which it is 
multiplied. 

99. Exercise in reducing Fractions to their Lowest Terms. Fac- 
tor both numerator and denominator, and cancel common factors 
by the principle just given. 

Reduce the following fractions to their lowest terms : 



!• —r-n.' 2. : ^77/ 3'. —z — • 4. 



4 
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g a^-27 g a^-1 7 _?* . g ?^<*-20 

i2_2a;_3' ' 2aj3/-f 2y' * a"+^' ' a^-f a-12' 

In some problems it is an advantage to use the continued division method 
to find the factor by which to divide both terms. 

* a^-103C^ + 31x-30' ' 2aj8 + 4aj2 4-4aj-10 ' 

100. Allowable Changes in the Signs of a Fraction. There are 
tJwee signs connected with every fraction ; that of the numerator, 
that of the denominator, and that of the quotient, which stands 
before the fraction and is called the sign of the fraction. 

Using a and b as heretofore to denote any quantities, whether 
monomials or polynomials, we have 



m)- <5i)= -{^y -(- 



since each of these expressions has the value ^ . To understand 

clearly why this is so one must remember that like signs in divi- 
dend and divisor give a positive quotient and unlike signs give a 
negative quotient, and that a — sign before a parenthesis changes 
the sign of the quantity within when the parenthesis is removed, 
and that a + sign does not. 

since each of these expressions is equal to — - . 

6 

By examining the preceding results we learn that : 

Changing any two of the signs of a fraction does not alter its value, 
while changing one or all three changes the value of the fraction. 

The student will do well, in changing the sign of the numerator 
or denominator when they are polynomials, to multiply by — 1. 

The pupil may now explain the following changes : 

'-a-\-h-^c _ a — h — c ^ 3y-~ a? __ x — Sy ^ 
d d ' m + n m + n 
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a. Notice that a — 6 — c = — lx(6+c — a). If two polynomials have 
the same terms but each terra with the opposite sign, one polynomial is the 
negative of the other. Thus —(Sy — x) = a; — 3 y. 

o a-|-6 — ca-h^ — c. c _ c 



c — b b — c ^ d—e-\-f e — d — f 

-- p — q p-^9^ y -k-^ — x x — y — z 

101. Signs of Factors of Numerator or Denominator Changed. 
The signs of an even number of the factors of the numerator 
or denominator can be changed without altering the value of the 
fraction, while changing the signs of an odd number of such 
factors changes the sign of the fraction. This is because an 
even number of — 1 factors multiplied or divided gives + 1, 
while an odd number gives — 1. 

The student may explain the following : 

^ abc abc , m m ^ 

(a — b)(c — b) (a — b)(b ^ cY n — m m^n 

2 (y '-x)(n — m) _ (x- y) (m — n) , 
(b-a){d-c) (a-b){c-d)' 
(n ~ m){q - p) ^ (m - n)(p - q) ^ 
d — c (c — d) 

The student should notice carefully the difference between a 
term of the numerator or denominator and a factor of either. 
Let him define each word. A term can be removed (destroyed) 
only by addition or subtraction ; a factor can be removed (can- 
celed) only by division of both numerator and denominator by the 
same quantity. 

102. A mixed quantity is composed of an integral quantity and 
a fraction. In algebra the sign + or — always appears between 
the integral quantity and the fraction, since otherwise the opera- 
tion of multiplication would be indicated .(§ 4). Hence, in alge- 
bra, reduction of a mixed quantity to an improper fraction is 
merely a case i» additign of fractions, 



y^ - a; - ( a;^ - 3 X + 2 ) + 3 x^ - 3 
xa-1 
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103. Addition and Subtraction of Fractions. 

Typeform: £±* = ?-±*. 

CO c 

1- l + l + i + if 2. 5| + 7yV-2A + ^. 

3. -^-. ^-^^^ + ^ + 3. Check with a; = 2. 

Solution. L. c.d. (lowest common denominator) is ac^— 1. The de- 
nominator of the integral quantity, 3, is 1 understood. 

(By dividing Led. by the denomi- 

x{x — 'i) x^ — 3 X + 2 3(x^ — 1) nator of each fraction, and then 

x-* -- 1 x^ — 1 X* — 1 multiplying both terms by the 

quotient, § 98.) 

(By indicating the addition of the nu- 
merators and placing the sum over 
the common denominator, § 35.) 

3j;3_t.2a;-5 ^ (3x + 5)(x-l) _ 3y + 5 ^^^ 

(Simplifying and reducing to lowest terms.) 
Check. Let x = 2. 

Given quantity =-^ ^illA^i? + 3 ^ ? ^ 1-_MJ 

^ "^ x+1 x'^-l 3 4-1 ^ 

Answer = 5^±^ = 'iAA±i = 3}. 
X + 1 2 + 1 

a. In checking, values wliich make any denominator must be avoided. 
Thus, X = 1 could not have been used in preceding problem. 

4. — I 1 [-— -. 5. m -^ \-n, 

a — x a-^ X iv^ar m— n 

2 3 Suggestion. Change la&t fraction to 

^' ^^^■"'■^T2"^4^^2- — 3 , ^gj^^ 

' a^ — 4 

„ , , a^^2ah-\-h^ ^ a? -\- ax -\- a^ oc^ — ax-^a^ 
7. a -j- ; •• o. — . 

a-i-0 Of — or ar4-a^ 

2 2 1 



^^^x-\-2 ^-x-2, a^-l 
10. _^+,JL.+ ^ 



a — b b — c c— d 
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104. Reduction of Improper Fractions to Mixed or Integral Quan- 
tities. An improper fraction in algebra is one that can be reduced 
to a mixed or integral quantity. A proper fraction is one that can- 
not be so reduced. To reduce an improper fraction to a whole or 
mixed quantity, divide the numerator by the denominator, either 
by short or long division, and add the remainder, if any, over tlie 
divisor to the integral quotient. 

1. — • Arts, x-\ • 2. — • 

a-\-x a-\-x x — 3 

„ 4:ix^-2x . a*ic~3aic* 

3. • 4. —•• 

2a^ — oj + l ar-r-amr 

105. Multiplication and Division of Fractions. 

lype forms: tX^ = t3; — 5-^= — x-= -• 

•'^ b a ba n q n p np 

1 cj^x — ^ ^ a + 11 



a^-121 2ax-2a? 

Solution. ^(«+5)(^>-^ x T^'^ = ^ "^ ^ - Am. 
Check. Let a = 2, « = 1. 

Then, given quantity = —^ x -^ = -- ; 

1 3 1 

also, answer = — — = ~" « • 

— 18 o 

a^j-121 04-2 a±x a-^ a' + x^^ 

a- — 4 a + 11 a x a^ — xr 

4 ^'^ ~ ^^ vy 3a a; — 3 a? -\-2x-\-l 

a 2ax-2x'' ' a + l 0^-27 

ABdx — ddy . 30aj — 6.V 



8. 



20 (jU)x - 10 6-i» 20 d'x - 5 ^^aj 

g x^-{-5x-\~6 . ar'-O 

ar'-l * a;^-2a;-3 
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' W ^)'\f y V 

Suggestion. In all such problems reduce both dividend and divisor to 
simple fractions by § 103. 



13 r a^-64 a^ + 12a?^641 

- r a^-3a^6 + 3aZ>g~6« 3a6-36n a^ + 
'*• I a^-6» "^ 4 K2a- 



a^--16a; + 64 
a^ + 4a; + 16 

aft 
26' 



106. Complex Fractions. A complex fraction is a fraction that 
has a fraction in one or both of its terms. It is essentially 
a problem in division of fractions, and is simplified by dividing 
the numerator by the denominator. 

3 a' a-\-x 

2. -77— 3. 





3cy 




1. 


5a^x 

6b 

1 dxy 


-4ns. 


4 


aj-l + 


6 
a— 6 




aj-2-f 


3 



25 aft 3a y — o, 

ga— 7a;+12 



Sol. -3 — 7i — rrrr = ^^ ^-^, X 

X 

a:-4 



g;2~8a; + 16 a;-0 (a;-3)(a;-5) 

a; — 6 aj-6 



X— 6 

Check. Let sc = 7. Then given fraction = ^ ; also, answer = |. 

a. A good plan to simplify many complex fractions is to multiply both 
terms by the 1. c. d. of the denominators. 

Thus, both terms of Ex. 4 could have been multiplied byx — 6, which 
would have given ^^-7a; + 12 ^jire^tly. 

x + 1^ l+k + ± 

- x — 3 ^ X 7? a? 

o. • O. • 

2x i , 5 , 6 

» — 3 X or 
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107. Powers of Fractions. To raise a fraction to a power, both 
of its terms, of course, are raised to this power. 

•■ mi- 

108. Some Common Errors in Work with Fractions. Certain 
errors are made so often and by so many students that it is 
desirable to describe them and caution against them. CheckiDg 
serves to find such errors. 

1. Never cancel single terms in the numerator and denomi- 
nator of a fraction when either is a polynomial. Only factors of 
the whole numerator or whole denominator can be canceled by 
the fundamental principle (§ 98). Hence, to simplify a simple 
fraction, cancel factors in both numerator and denominator. 

2. In subtraction of fractions, and later in equations, when a 
fraction is preceded by — , students very often forget to change 
the signs of all the terms of the numerator in simplifying. 
Because of the danger of forgetting, the use of parentheses is 
advised for all who are not expert in performing this operation. 
Thus, 

a c — d __ a—(c — d)a — c-\'d 
b b " b ~ b ' 

3. To change the signs of both numerator and denominator, 
the signs of all the terms of each must be changed. 

Thus, ^^—- = ^^^ -— • This amounts to multiplying both 

' 3p-2q 2q-3p ^^ ^ 

terms by - 1, by § 98. See § 100. 

4. To multiply a fraction by an integral quantity, multiply the 
numerator by the integral quantity and place r'^suit over the de- 
nominator. Do not multiply both terms by the integral quantity^ 
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since by the fundamental principle this wiL leave the multipli- 
cand unaltered. There is much less liability of mistakes if 1 is 
written for the denominator of integral quantities in all four of 
the fundamental operations in fractions. 

5. In division of fractions both dividend and divisor must be 
either simple fractions or integral quantities. If they are not 
sucli, they must be reduced by performing the operations indi- 
cated. (See § 105, 10.) 

6. In addition of fractions, after the several fractions are re- 
duced to a common denominator and the 'numerators are added, 
the sum Tnast be placed over the common denominator. Students 
are particularly likely to forget this when coming back to frac- 
tions after studying equations. In the solution of equations, 
denominators are dropped, the multiplication axiom having been 
used to make them disa,ppear. 

109. Type Forms in Fractions. 
1.? = 



4. 



7. 



a ma 
b mb 




2 ^ 1 b__a-{-b 

CO 


• 


o a b a—b 
o. = • 

C G 


« + * = «« + * 
c e 


1 


K ^ b ac — 
0. a = 

C 


b 


r. a , G ad ±bG 

^•4*rf= ba 


"^0 = '"'. 

b b 




o a c_ac 
^b^'d^bd' 




Q a G ad 
^- id- be' 


a 












c 

1' 


■£• »• 


a 


a b ae 

~1 • c~ b' 


a 




• 







12. A=f-H 

c b 


c 
d 


a d ad 
~ b c'^ be' 






d 











110. Miscellaneous Exercise in Fractions. See § 108 for points 
to be kept in mind. 
Simplify the following: 

- mx — nx _ , A: ax — 57? 
1. — -• 2. a-\-x 

(a -|- o){m — n) a — x 
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3. 



5. - 



ar'- 7 a; + 12* 

aW _|_ 3 ah ^ab-hS 

■i ' 2a + l' 



4 a' 



7. 1- 



a' 



9. 



11. 



ah 



a-o^).<^ 



a^ 



13. 



15. 



17. 



ax — a? 



(a -I- aj)''^ a^ — ix? 

a-\-h a — b 

c -\- d c — d 

a 4- /) a — b 

c — d c -\-d 

^ -\-^y ^ ^ — f 



19. - 



21. 



oc^ + y^ ocy{x-\-y) 

X 



i22_r2 



«2-^ 



«^ 



B?-2RrW 



1 + 






4. 



6. 



+ 



2>_2 • {D-2f 

3 — a; 3 + a? 1 — 16 a; 
l_3a; l + 'dx 9a^-l 

3 2aj-3 



8 ^- 
' X 2a;-l 4a^-.l 



10. 



12. 



R-1 R + 2 {E + 2y 

a-^x , a — x 
a — x a-^x 
a-\-x a — x 
a — x a-\-x 

16. f^-2+iy^+?+i\ 

\ar a /\a a J 



14. 



18. 



20. 



22. 



x — 6 



x-3 x-4: {x-2)(x-5) 

a'~%'^^c' a:«+V^ 
X ^ — 



-b.,c^a-\ ' ' a-'5«+lo8 



2a 



f 



a*+a2 4-1 a^-a-i-l a*4-a+l 



23. 



24. 



25. 



26. 



27- 



\^ 2a; — 



98a;-27 

7 



3aj4-29 



3b{?~-x') ' 
2a 



6 12a;2^_i8^^27 
a^ — ^^ V (ojf^n^ 

a; — a . 2 



)■ 



(a;-2(i)2 x^-6ax-\-6a:^ x-3a 

If-J 1_>) ? 

^Va-?> a-\-2hJ a^-\^ab-2b^ 

tx* — «> _^ a^ -f a r~| _^ x^ — a^Qi? ^ 
x^—2ax-\-d^' aj — a J * a;^ + a* 



CHAPTER IV 

GRAPHS— RATIO AND PROPORTION— FUNCTIONALITY 

I. GRAPHS 

111. Graph Paper. Unit of Measure. Graph paper is paper 
very accurately ruleid into little squares or parallelograms. Most 
graph paper has the centimeter (0.4 in. nearly) as the unit of 
measure, and divides each square centimeter into twenty-five 
little squares. Since 10 mm. make 1 cm., one side of the little 
square is thus 2 mm. in length. 

112. Location of Places by reference to Standard Lines. In 
graphs the position of a point is located very much as street 
corners or section corners usually are, as so many blocks or 
sections north or south, and so many blocks or sections east or 
west of two streets or roads passing through a central square of 
a town. 

113. Axes. Two centimeter lines on the graph paper are made 
heavier than the others and designated as the axes ; the horizontal 
one as the X axis, and the vertical one as the Y axis. The point 
where these axes cross is called the origin. Other points are 
located by saying they are so many units (centimeters or milli- 
meters) to the right or left of the Faxis, and so many units above 
or below the X axis. On the graph diagram distances measured 
to the right from the Faxis are positive, and those to the left are 
negative ; those measured upward from the X axis are positive, 
and those downward are negative. 

114. Location of Points. The distance to the right or left from 
the axis of T'to a point is called its abscissa, or x distance; the 
distance from the X axis to the point is called its ordinate, or y 
distance. The abscissa and ordinate of a point taken together 
are called the coordinates of the point. 



1. In the figure, the abscissa of P, is + 2 and the ordinate + 1 ; 
the eodrdinates of P, are « = — 2, iy = 3 ; the codrdinates of P^ are 
x=-3, y = -lA; of 
/',aiea;=1.8,y=-1.6; 
of Pi are X = 1.4, 
y = 0; of P, are j: = 0, 
y = - 1.6. For the 
rules for signs used see 
the preceding article. 

Z. Write the coor- 
dinates of the points 
located by the letters 
«, 6, c, d, e, f, g, h, i, on 
the diE^am. 

3. On a piece of 
squared paper draw 
two heavy lines over 
two centimeter lines for axes as in the diagram just given. Xow 
locate the following points each by a dot on the diagram, writing 
a beside the dot of the first point located, 6 beside the second, 
and so on. 
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o. (., = 3.!, = 1). 

c (» = -2,, = l). 

e. («=2.4,y=-1.6). 

g. (I- -.0,5 -2.2). 

i. (x = -5, j/ = 0). 



b. (i = + 3,j,= +3). 

d. (>, = -l,„ = 2). 

/. («--1.3,!,= -1.8). 

4. (i-0,s = -2.4). 

j. (« 4.1, s= -1.6). 



4. Make another diagram with axes ami locate the following 
points, understanding that ttie first number inside the parenthesis 
gives the value of x or tlie abscissa, and the second number the 
value of y or the oi'dinate. 

o. (2,2). b. (2,6). c. (-3,4.0). 

d. (-2,-4.8). «. (-3,7.4). / (-.1,-8.1). 

g. (-4.9,0). h. (7.3,-2.6). (. (0,0). 

j. (0, - 6.6). *. (12, - 14). I. (6.6, 0). 
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115. Graphs. If a series of points is '' plotted " (that is, located 
and marked on a diagram), representing values of a quantity y 
that changes as another quantity x changes, and these points are 
joined by a running line, this line is called the graph of t^e law 
or data that determined the points. 

In § 60 a number of graphs were constructed from statistical 
data. Such data can come from a great variety of sources. Thus, 
writers on history and economics use graphs to show to the eye 
quickly the changes in population, expenditures, and production. 
Scientists use them to show the laws of nature, engineers to show 
the working of machinery, and business houses to show the 
changes in prices,. cost of production, sales, etc. In short, graphs 
have a wide range of uses, jtnd the student should learn to con- 
struct and read them readily. In science and engineering graphs 
are often constructed mechanically^ as by the thermograph, baro- 
graph, anemograph, etc. 

1. Statistical Graph. The table gives the number of survivors 
at different ages out of 100,000 particular persons alive at age ten : 



A(iK 


SURVIVOBS 


AOR 


Syrtivors 


Aas 


Sl'BVIVOlSB 


10 


100,000 


40 


78,106 


70 


88,569 


15 


96,285 


45 


74,173 


75 


26,237 


20 


02,637 


50 


69,804 


80 


14,474 


25 


89,032 


55 


64,563 


85 


5,485 


80 


85,441 


60 


57,917 


90 


847 


35 


81,822 


65 


49,341 


95 


3 



Let 1 cm. on Faxis represent 10,000 persons, and 1 cm. on X 
axis ten years. Then coordinates of first point are x = 1, y = 10. 

2. Graph of an Equation. In the equation, y = Sx-\-5, we 
see !ihat y is a function of aj, that is, depends on x for its value. 
As X changes in value, y also changes correspondingly. 

We see that for every value we assign to x there will be a corre- 
sponding value for y. Such sets of corresponding values of x and 
y can be taken for the co5rdinates of points. If these points are 
connected with a running line, we have a graph. Evidently any 
equation, asy = a?--f4a;— 6, will have a graph to correspond to it. 
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116. Graphs of Simple Equations or Equations of the First Dtgret 

(§90). 

1. Construct the graph of the equation 3 a; — 4 y = 12. 

Table 
Sx~4y = l2 
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Pi. 
a 


(0, - 3) 


(1,-2.26) 


b 


(2, - 1.5) 


c 


C3, - .76) 


d 


(4,0) 


e 


(5, .76) 


f 


(-2,-4.6) 


9 



Explanation of 
how the values in 
the table are found. 

If x = in the given equation, 3 x — 4 y = 12, tlie equation reduces to 
— 4y = 12, whence 2/ =— 3, as given in the table opposite a. If a; = 1, 
3 « — 4 y = 12 becomes 3 — 4 y = 12, whence, transposing 3, — 4 y = 0, 
whence, y = — 2.26, which is given opposite b ; and in the same manner the 
other values of y are found. We simply take any convenient values for x 
and find the corresponding values of y, and write the pairs of corresponding 
values in parentheses for the coordinates of points. 

Having found the coordinates of a series of points, a, 6, c, d, c, /, g, we 
now locate these points on a diagram. The point a, whose coordinates are 
(0, — 3), is located first by a dot with the letter a beside it ; then the point h 
is located in the same way ; and so on. Last of all a line is drawn through 
these points. 

The student may now construct in the same way the graphs of 
the following equations. He can let «= 0, 1, 2, 3, 4, 5, — 2 as in 
the preceding example. 

2. 3x—2y = 5. 3. 3x-\-5y = 15. 4. 2a? — 72/ = — 12. 

5. TTie graph of a simple equation^ or an equation of the first 
degree, will he Jound to be always a straight line, as in Ex, 1-4. 
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lliis being the case, since two points determine a straight liDe, 
it will be necessary to locate only two points to locate the graph 
on tlie diagram. Now the easiest pair of cooidiuates to obtaiiiaro 
thosii found by first putting x = 0, and getting the corresiH)iiditig 
value of y, and then putting ^ = 0, and getting the corresponding 
value of X. 

To check the correctness of the location of the giaph, it is 
desirable to locate a third point near the margin of the sheet. 
Now, whenever the two points fii-st located fall close together, a 
»ilight inaccuracy in plotting either of them will throw the ex- 
tremities of the graph very considei-ably out of tho correct posi- 
tion. In such instances the graph should be constructed by 
joining the marginal point to the more remote of the first two. 
The other point is then iised only as a checli. Calciilate decimals 
usually to tenths only. 

6, Construct the graph of 10 a; + 15 y = — (J. 
10a!+ l&v- —6 
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Here, because m and n i 
together, we join « and p b 
graph, and check with m. 

Construct the graphs of the following equations, following the 
model just given : 

7. 5x + 3ij = -10. 8. -2x + ^>/ = V2. 

9. Gx~7y=l. 10. L'5x+7^ = li9. 

11. 6ai + 5y = 16. 12. a5x + 17y=-86. 



SuooKSTioN. J) can have any value. Locate tw» 
!i line parallel to the r aiis, 5 units to right of rr. 



Tlie graph Is 
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14. y = -3. 16. |-| = 4.5. 16. ^=|-1. 

17. 2a; = 5y. 

8r<;<:ESTioN. Patting x = or y = gives the origin. To find a second 
point, another valae most be assigned to z or y. 

18. 3x — lly = 0. 19. x = y. 20. x=z — y, 

21. x-|-2y = 75. 

Suggestion. In such a problem the centimeter as unit runs the points 
located off the diagram. Instead of the centimeter use the millimeter or 
2-miIlimeter length as unit. 

22. 3x-y=120. 23. ;^-| = 6«- lOy- 8. 

13 7 ^ 

II. RATIO AND PROPORTION 

117. The ratio of two quantities is the quotient obtained by 
dividing the first by the second. A ratio is thus a fraction. 
It is usually denoted by a colon, but preferably by a fraction. 
Thus, 2 : 3 or J is the ratio of 2 to 3, the sign : having the same 
meaning as -^. 

1. What is the ratio of 9 to 12 ? Of a to 6 ? Of a -|- 6 to 
c + d? Of a*-6*to (a +6)«? Of^^tof? Of a to 6 + c? 

2. The first number in a ratio is called its antecedent, and the 
second its consequent ; both are called the terms of the ratio. A 
ratio is always an abstract number, whatever concrete numbers 
may be in its terms, since it is always the quotient of one number 
divided by another of the same kind. 

118. A proportion is an equation (§ 54) whose members are 
ratios. 

For example, - = --; 6:9 = 10: 15; - = - are proportions. 

9 15 d 

By definition four terms are in proportion when the first term 

divided by the second equals the third term divided by the fourth. 

119. Fundamental Theorem in Proportion. In a proportion^ the 
product of the first and last terms, called the " extremes^^ equals the 
product of the two middle term^, or " m^ansJ' 
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Proof. Let - = - be any proportion. 
b d 

Then, -^ x M = ^ x dd, (By the niultiplication axiom, § 57.) 

or ad = he. (By rule for multiplication of fractions. Notice 

a and d are the extremes, and b and e, the 
means.) 

The importance of this theorem consists in the faxit that it 
changes a proportion into an integral equation. 

120. Exercise in Proportion. Using the definition, § 118, to 
solve Ex. 1, and the theorem of § 119 to solve Exs. 2, 3, find the 
unknown in the following proportions : 

A = ?5; -^ = 4; 100:aj = 50:75; 45:60 = a;:24. 
16 a; ' 96 42 ' ' 

2. 8:9 = 10:ajj |:| = aj:7; a da. : 7 da. = 21 : 16. 

3. Solve - = - , or a:b = c:d, for a, 6, c, and d in turn. 

b d 

c d 

4. The answers to Ex. 3 can be written a = 6x-; 6 = ax-; 

h d c 

c = cfx-; d = cx ~. Now, - = - is a formula for every simple 
b a b d 

proportion. We see, then, that the unknown is always equal to 

the term corresponding to it multiplied by the proper ratio of 

the other two terms. Hence we have the following : 

5. Rule for solving any arithmetical problem in proportion 
whose terms are concrete numbers. Write first the number corre- 
sponding to the answer with its name ; multiply this by the improper 
fraction ratio of the remaining two terras if Hie answer is to be 
greater than the first faxtor^ and by the proper fraction ratio, if it 
is to be less. 

Always reduce the ratio factor to its lowest terms before writing it 
down, and cancel to the best adianta^ge before multiplying. 

This is the business raan^s rule for solving any analysis or pro- 
portion problem, and should be mastered by the student It is 
the easiest and quickest way available. 
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Solve the following problems by the rule just given and check 
the result by an analysis solution. 

6. If 45 yd. of cloth cost $ 72, what will be the cost of 65 yd. ':' 

Solution. $ 72 x -V^ = S 101. Ans. 

Explanation. $72 corresponds to the answer. Answer is to be more 
than § 72, so ratio is improper fraction, viz. }| . 

Check. If 45 yd. cost ^ 72, 1 yd. costs JJ 1.60 ; then 66 yd. cost 65 x 1 1.<»0., 
or $ 104. 

7. If a building known to be 75 ft. high casts a shadow 125 ft. 
long, how high is a tree that casts a shadow 105 ft. long ? 

8. If an express train travels 375 mi. in 10 hr., what time 
would it reqvdre to go 525 rai. ? 

9. 26 men build a wall in 21 da. ; how many men could have 
built it in 14 days ? 

10. A water tower 100 ft. high and 22 ft. in diameter is to bo 
represented in a drawing as 8 in. high. How many inches shall 
there be in the diameter of the drawing ? 

11. The height of the mercury in a barometer is proportional to 
the pressure. If the pressure is 14.7 lb. to the square inch when 
the m.ercury is 30 in. high, what is the pressure when the 
mercury is only 28 in. high ? 

12. If the wages of 48 men for 11 days of 9 hr. each is $127(), 
what would be the wages of 27 men for 13 days of 8 hr. each ? 

Solution. .$1276 x ^^ X H x | = $754. Ans. 

Explanation. Each ratio is found independently of the others. Thus, if 
a certain sum is earned in 11 da., in 13 da. there will be earned J{ times as 
much. 

Check. A ** cause and effect" solution is much preferable here to an 
analysis one as a clieck. By this method the two causes, or the products of tiie 
numbers of men, days, and hours, and the two effects, dollars, form in order the 
four terms of a simple proportion, x taking the place of the unknown. Evi- 
dently a '' man-hour," or what a man can do in an hour, is the unit used in 
the causes. 

13. If 6000 ft. of copper wire j\ in. in diameter costs $ 10 when 
copper is 15 ^ a pound, what will be the cost of 3850 ft. of -^^ in. 
wire when copper is 14 ^ a pound ? 
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SuGOBSTioN. The cost will be in proportion to the areas of the cross sec- 
tions, or to the squares of the diameters j^j and ^'j. 

14. Three men go into partnership, the first furnishing $ 6000 
of the capital, the second $5000, and the third $4000. They 
clear the first year $2400. What is each man's share of the 
profits ? Show how to solve this problem by the rule in 5 above. 

16. A bankrupt owes three creditors $240, $300, and $400 
respectively. If $325 is divided among them in proportion to 
their claims, what will each one get ? 

16. If silver solder contains 1 part brass, 1 part copper, and 
19 parts- silver, how much of each would there be in 20 oz. of 
solder ? 

17. A substance by analysis was found to contain 8.08 units (by 
weight) of sodium, 5.C1 units of sulphur, and 11.31 units of oxygen. 
How many pounds of sulphur are in 11.4 lb. of the substance ? 

18. If a line n is drawn parallel to the base m of a triangle, di- 
viding the other two sides into the four segments a, by c, d, make 
all the proportions you can out of these 
six letters. See § 51. Find two different 
expressions for the value of a. Also two 
for m. 




19. If two chords intersect in a circle, 
make a proportion out of the two seg- 
ments of the first chord respectively, a 
and b, and the two segments of the second chord respectively, 
c and d. If a = 4, & = 6, d = 11, find c. See § 51. 

20. If two secants a and b intersect without a circle, make a 
proportion out of them and their external segments which are re- 
spectively c and d. Find c when a = 10, b= 12, d = 4. 

21. If a perpendicular p is dropped from the vertex of a right 
triangle on the hypotenuse h, dividing it into the segments m and 
n lying respectively next to the other two sides of the triangle, a 
and 6, what proportions hold between these letters ? Solve for m 



90 &ATIO AND PROPORTIOIT 

and n, getting two different expressions as values for m. Find 
m when a = G.6 and h = 25. 

22. If f is a tuigent to a circle from a point outside and « is a 
secant fiom the same point and e ia its external seginent, tind « 
when ( = 6.4and«=13. 



121. Study of Proptttion in which two terms are given, the 
third term has various vahips nMiV/Tied toit, and thecorrcspondiug 
values of the fourth are to be found. 

A typical proportion problem has two kinds of quantities in- 
volved, eafh having two values; as, if 5 lb. of nails cost 28^, 
what will 7 lb. cost? We readily see that if we know that 5 
lb, cost 28**, we can take any other number of pounds and find 
the cost, or any cost and find the cones ponding number of pounds. 
This truth will be used in the next article. 



y = ^x 



122. Proportions and their Graphs. For a graph we need two 
varying quantities, x and y. In a proportion there are four terms 
of which X and y can be two and the othei' two must be known 
numbers. 

I. To lind the graph of the proportion x: y^2 : 3, ory = ^fE. 
We see from this that the ^raph 
of a proportion, of which x and 
y are the terms of one ratio, Is 
a straight line through the origin 
and through a point whose coiir- 
dinates are the terms of the given 
-atio, the term eorresjionding to 
X being the abscinaa and that 
trresponding to y the ordinate. 
Since three terms are always given in a proportion to find the 
fourth, we mnst aimign values to either x or y, and the graph will 
then give a corresponding value for the other letter. Thus, If 
y = 2 in the graph, the corresponding value of x ia found by 
rnnning along the graph y = 2 (or the line parallel tQ » and 2 
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unite above it) until we come to graph Oa, and thence down 
vertically to OX, where we get the corresponding value of x, or 
l.S*. Or, again, if z = ^, ^ is found to be IJ^ 1:^ passing around 
in the opposite way. 

2. Construct a cost graph when 1 lb., or 16 oz., costs 25^. 

Solution. The graph passea, ol course, through the origin, and is made 
o go tiirough the point (25, 16). 
9 by St 
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number ot oi 
at the number of i 
above O, going thence on n 
horizontal line to tbe gmph, 
thence downward in a verti- 
cal line 10 OX, where the 
cost can be read off from the 
OX scale of numbers. 

Similarly tbe number of 
ounces corresponding to ftiiy 
given cost can be found by 
Blarting at tlie cost point on 
OX, going thence on a verti- 
cal line upward to the graph, thence on a horizontal line to 01', wEitre Iho 
Dumber of ounces can be read off from the Y scale. 

3. Using the graph to Ex. 2, find the cost of 5, 8, 9, 17 oz., 
respectively, checking each time with an arithmetical solution. 
Find, also, the numlwr of ounces corresponding to 12, 18, 23, 4 
cents, respectively, and check with arithmetical solutions. 

4. Solve graphically Ex. 6-9, g 120. 

6. Make a graph to reduce from pounds to kilc^rams, and 
conversely, knowing that 1 kg. = 2.2 lb. (nearly) ; also one 
to reduce from miles to kilometers, and conversely, knowing 
that 1 mi, = 1.6 km. (nearly) ; also one to reduce from meters to 
yards, and conversely, knowing that 1 m. ^1.1 yd. (nearly). 
(These figures are appraKimations, correct to one decimal 
place.) 

6. Make a graph ta reduce diameters to circumferences, and 
conversely, knowing that one circumference = 3f diameters. 
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7. Construct graphical interest tables for 4%, 5%, 6%, re- 
spectively. 

Suggestion. Assume $100 as principal. Then use 360 da. for known /, 
and f 4 for known y. Let 1 cm. = 60 da. on Xaxis ; 1 cm. = $1 on Taxis. 

8. Construct graphs for reducing from dollars to English 
pounds; dollars to French francs; dollars to German marks, 
knowing that £ 1 = $4.8665, 1 fr. = 19.3^, and 1 M. = 23.8^. 

9. Construct a graph for uniform motion when distance 20 mi. 
is covered in 3^ hr. Also graph when rate is given as so many 
miles an hour, as 14 mi. an hour. Find from first graph distance 
covered in 2f hr. Also time it takes to go 33 mi. 

in. FUNCTIONALITY 

123. A constant is a quantity that retains the same value 
throughout an investigation. Thus, in § 122, l, the 2 and 3 are 
constants. 

124. A variable is a quantity that changes in value. Thus, 
in § 122, 1, X and y are variables. The height of the mercury in a 
thermometer is a variable, as it is always slowly changing, either 
rising or falling- The speed of a train is a variable, always 
increasing or diminishing, though at times the change is very 
slight. The age of a man, the height of a tree, the cost of most 
articles, are all variables. Indeed, strictly speaking, nearly all 
quantities in nature are variables, though some of them change 
so slowly and slightly (as the length of an iron rod) that they 
are commonly regarded as constants. 

Some variables change continuously while others change dis- 
continuously. Thus, the age of a man changes continuously, 
while the price of an article, as the cost of butter, usually jumps 
from one integral number of cents to another. In the mathe- 
matical treatment such discontinuous variables are regarded as 
continuous. 

Variables are commonly represented by the last letters of the 
alphabet, and constants by the others, though this rule is often 
broken. 
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125. Dependent and Independent Variables. Variables are usu- 
ally connected, one depending for its value on the value of an- 
other. 

For example, in a statistical graph which gives the temperatures 
throughout the hours of a day, we see that the thermometer read- 
mgr depends on the hour of the day. In the formula s = J gt^y as t 
increases s also increases as the body falls, both being continuous 
variables. 

Similarly, we saw in the article on functions (§ 53) that any 
quantity containing a; is a variable, if a; is a variable. 

Thus, — ^^— varies in value if x varies. 
5 

If^-0 3a:-2^ 2. .^ 3a^-2_l. 

The common plan is to let the letter y equal the function of x. 

Thus, in the preceding example, we would let y = . 

5 

Then, if a? = 4, y = 2; if aj = 5, y = 2.6; if a; =10, 2/ = 5.6; etc. 

It is customary to call a; the independent variable* and y the 

dependent variable. 



126. The Use of Graphs to show Functional Relations. Such 

equations as y = — '^^- or y = "" ^'^  can have graphs con- 

4 4 

structed for them as in § 116. Now by first locating a series of 

points and then drawing a running line through them, we see the 

graph showing a continuous increase in the value of Xy and a 

corresponding continuous increase or decrease in the value of y, 

1. Construct the graph f or ?/ = 1 + 3aj, as in § 116. 

Here we see that as x increases y also increases, and as x de- 
creases y also decreases. Notice also that corresponding to any 
intermediate value of x between any two points there is a value 
of y which can be read off very approximately correct. 
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2. CJonstract the graph for y=:2 — 3x. 

In this problem we see that as x iticrecues, y decreases algebrai- 
cally, and vice versa, 

3. A small factory has a daily expense account of $15 for 
wages, materials, etc. The average sales per day per workman 
are $ 3. Make a graph from these conditions, using x for number 
of workmen, and y = number of dollars of net profit. 

4. A merchant's fixed charges for rent, interest on borrowed 
money, clerk hire, etc., are 9 4000 annually. His gross profit on 
sales averages 40 %. Construct a graph in which aj = number of 
thousands of dollars of annual gross sales, and y = number of 
thousands of dollars of net profit. 

From this graph find y when x = 10, 20, 6 respectively. We 
see here how net profits is a function of gross sales. 

6. The formula for uniform motion ia 8 = vty in which s = num- 
ber of units of distance passed over, v = number of units of dis- 
tance passed over in one unit of time (velocity), and t = number 
of units of time. For uniform motion v is constant. 

The graph of § 122, 9 is of uniform motion, y taking the place 
of 8 and a;, that of t. 

6. If the typesetting for a circular costs $3, and the paper and 
printing 6 ^ a copy, construct graph from these data, letting y = 
total cost, and x n= number of copies bought. From graph find 
cost of 500 copies. Find also number that can be bought for $ 8. 

7. If the sundry charges for a lecture course (advertising, 
tickets, etc.) cost f 100, and the talent costs $1.25 per ticket, con- 
struct graph showing net profit or loss for varying numbers of 
tickets disposed of, if tickets are sold at $1.50. Suppose 300, 
500, 800 tickets are sold; what is gain or loss in each case? 



CHAPTER V 

SIMPLE EQUATIONS 

L PEFINITIOlfS 

127. An equation, as already defined in § 54, is a statement 
that two qaantities have the same numerical value. 

128. Eqaations are of two Jkinds : equations of condition, and 
identities. 

128. A conditional equation is one in which the two sides have 
the same numerical value only when a particular value, or values, 
are substituted for the unknown number. 

Thus, 3 a; + 5 = 35 is a conditional equation, since a? = 10 is 
the only value of x which makes tlie two sides of the equation 
equal. Again, a^ — 5aj-f6 = is " satisfied " only when a; = 2, 
or when a; = 3. If we put a5 = 4, the left side, or member, of the 
equation equals 2, reducing the equation to 2 = 0, which is not 
true. 

By an equation is commonly meant a conditional equation. 

130. An identity is a statement that a quantity is equal to 
itself, or that two quantities are the same when both are reduced 
to their simplest form. The sign for an identity is =. 

For example, ax -{• b = ax + h-, 3-1-4= 2 -f-5; 
(a;-4)(aj-5) = .t^ - 9 a; -h 20. 

Identical equations, unlike conditional ones, hold true for any 
values of the letters contained in them. For instance, aj= 2, 3, 
4, — 2, etc., substituted for x in the equation (x — 4) (a? — 5) = 
ar^ — 9 a? -f 20 all satisfy it. Test this statement. 

96 
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The given quantities in exercises in addition^ subtraction, mul- 
tiplication, division, and factoring, in Chapters I, II, III, set equal 
to the answers give rise to identical equations. The ordinary 
sign for equals, " =," is very often used in place of =. An iden- 
tity is a declarative sentence. (See § 54.) 

131. Conditional Equations Classified. Conditional equations are 
classified : 

m 

1. According to the degree (§§ 18, 90) of the unknown quantity, 
into: simple, quadratic, cubic, quartic, quintic, etc., equations. 
A simple equation is one of the first degree; a quadratic equation 
is one of the second degree ; a cubic one of the third degree ; etc. 
Notice the technical use of the word simple. It is easy to forget 
this definition, if one does not pay special attention to it. 

2. According to the number of unknown quantities they con- 
tain, into : equations containing one unknown, and simultaneous 
equations. 

132. Known and Unknown Quantities. The custom in algebra 
has been to denote unknown numbers by the last letters of 
the alphabet and known numbers by the others, but many 
authors are now using initials for the unknowns in problems. 
In science the rule is to use initials; as, v for velocity, p for 
pressure, etc. 

133. The root of an equation is the value of the unknown num 
ber. Contrast root of an equation and root of a quantity (§ 13). 
To solve an equation is literally to untie the unknown number 
from the other quantities, thus finding its value. 

134. To verify a root of an equation is to show that this value 
of the unknown number being substituted for the unknown in 
the given equation reduces it to an identity. 

Before beginning the next article the pupil should carefully 
review §§ 54-58. The axioms should be thoroughly memorized. 
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n. EQUATIONS CONTAINING ONE UNKNOWN QUANTITY 

135. Solution of Equations, especially fractional equations, by 
means of the axioms. 



1. 



Solve and verify in the following : 
x-3 x-2 3ic-2l 



2 3 12 

Solution. L. c. d. =12. 
.•.Ua;-18-(4x-8)=3a:-21. 



(Mult. Ax. Equals, ^-=-^ - 
3a; -21 



3 a;-2 



and 



12 



2 3 

multiplied by the same 



.-. 6ac-18-4a;+8=3a:-21. 



number, 12, (the 1. c. d.), give the 
equals,(5a;— 18-(4x— 8)and3x-21.) 

(Removing parentheses, §.'>6.) 

.-. 6x— 4x— 3x= + 18— 8-21. (Sub. Ax. The same quantity, - 18 -f 

8 + 3 a:, subtracted from equals, (jx — 
18 — 4 a; + 8 and 3 a; — 21, leaves the 
equal8,6a;-4 x— 3/ and -f- 18— 8-21.) 

(Adding on each side, § 31.) 

(l)iv. Ax. Equals, — x and — 11, di- 
vided by the same quantity, — 1, 
give the equals, x and 11.) 



.*. — x= — 11. 
.*. «= 11. Ans. 



Verification. 



11 _ 3 n-2 3x11-21 



2 



3 



12 



-; or, 4-3=1. 



2. 



x—2 a; — 3 _ a; — 7 
5 4 " 10 ' 

11 - a; 26 - a? 



4. aj-f 



a; + 2 ajH-6 
3a;-8 3a;-7 

10. 1 = 23:^^^1. 
t 3t 4.t 



3. ?_2=?-f?-l. 
2 4 5 

6. _+7-« = -. 



7. 3 + ^=10-^. 

9. a;=:3aj — ^(4 — a;) + |. 



11. 



3nj_7^6n-2 
4 71 + 8 8 n — 6' 
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M M + 3 « — 1 x + 2 x + 3 ii?+5x+G 



14. ? = 



16. 



a;_12£-60 /'2a!, A 2a! + l ^2a! + l ., 
2 „ 3_ix+l^_l 3 



18. 



g_l 7 ' 4 as + f as + f * 

a; 

20. 3-1=^. 21. ^ - ^^Z- = i^(4=^. 
3 + 7 



»-l^l  y + 3 1-y 2,^ + 2y-3 



2+?+i 

22. \-^ = JJ-l. 

23. ^(s-3)--Ka-8)+Ks-5) = 0. 

24. (a;-l)3 4-a:' + (aJ4-l)^ = 3ic(a^--l). 

26. (x4-f)(x--^)-(ajH-5)(aj-3) + i = 0, 
26. (x-\'iy=\G-(l-x)lx-2. See §21, 2. 

2z^-^z-{-S 2g^H-3g~1 ^ 3-~62?-20g» 
32 + 2 32J-2 92^-4 



2(ar»-8) 6(aj-2) 3(aj2 + 2aj + 4) 

136. Special Processes of Solution. The regular method of sola- 
tioD is: (1) clear of fractions; (2) transpose; (3) collect; (4) 
divide through by the coefficient of x: but any method is per- 
missible which solves or loosens x from the other quantities, 
provided the several steps can be justified. We can therefore use 
this rule : Proceed in any manner that seems advantageous, by iise 
of the axiomsy to get x alone on one side, and only knoum quantities 
on the other side of the equation. 
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Such irregular processes of solution often possess a distinct 
advantage over the normal process. 

a; — 1 x — 5 x — S x — 7 



1. 



x — 2 x—6 35 — 4 a; — 8 



o x — 7 x — 6 X — 3 X— 1 /Q„K A^\ 

Solution. = ; • (Sub. Ax.) 

a;_8 x-0 x-4 x-2 ^ 

yi - 13x + 42 - (xg - 13x 4- 40) ^x^- 6x -f 6 - (yg- 5x 4- 4) /^^^j x 

x^-Ux-h^S r^-Ox + 8 '^ 

2 2 

or 



x"^-14x-»-48 x=^-0x + 8 

2x2 - 12x + 16 = 2x2 - 28x + 96. (Mult. Ax.) 

16x = 80. (Sub. Ax.) 

X = 6. (Div. Ax.) 

Observe that transposing came first and clearing of fractions 
near the last instead of at first. 

Q 1 1_ 1 1 SlTGCJESTION. 

x — 2 X — 4: x — 6 a; — 8 •A.dd on each side first. 

Suggestion. 

g 2 5 _ 2 5 ^ Transpose the two terms 

a; — 14 a; — 13 a; — 9 aj — 11 on either .side of =, and then 

add. in each member. 
4 9a; 4- 14 1^5 16-^ 21a ; 

12 7x 6a; 28 

Suggestion. Reduce fractions to mixed quantities first, and destroy J x. 

a; — 1 a; — 2 x — 5 a; — 6 Suggestion. 



5. 



x — 2 x — S x — 6 x—7 Use Suggestions to 4 and 2. 



g a;^ — 2a; + l 5a; — 5 _ (« — 1)^^ Suggestion. Divide by x- 1. 
12 24 12a; ' Then, x = 1 is a root, § 90. 

If denominators contain both monomial and other expressions, 
it is often best to dear of monomial denominators only at first, 
and then simplify before proceeding to clear of the remaining 
denominators. 

« 9a;-f 3 . Sx-6 2 . 3a;4-22 
27 205-5 3 9 
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Solution 

(Multiply through by 27, 
Mult. Ax.) 

(Sub. Ax.) 

(Div. Ax. Dividing by 81.) 

(Mult. Ax.) 

(Sub. and Mult. Ax.) 

Let the student solve this problem by the usual method and 
compare the lenj^th with the solution just given. 

9 18 "*"5aj-12 



9x 


+ 3 + «f-^ 
2x- 


162 __ 
-5 


18 + 


^x 


+ 66. 




81 X - 
2x- 


ir>2 

-5 


81. 








X - 
2x 


-2 

— 


1. 








X 


-2 = 


2x- 


-5. 








— X — 


-3, 


X - 


= 3. 



9. 



48x4-7 6a: 4-1 .t-16 



24 3 4(3ic-57) 

,^ 9(20! -3) , 11a; -1 9a; + 11 

'^' 14 ^■3^^='—r- 

5g — 6 g — 5 ^_o 
35 7^-112 7"" 

10 - g; 13 +- a; ^ 7a; - 17 17 + hx 
3 8 a; + 21 " 24 ' 

137. Exercise in constructing Functions. Express the answers 
to the following questions in algebraic language. To test the 
correctness of the answers, assign some value or values to the 
letter or letters in both the given problem and the answer found, 
and see if the resulting numerical values agree. (See § 130.) 

1. If a man earns $ a a month and spends $ a; a quarter, how 
much will he save in a year ? Anfi. 12 a — 4:X dollars. 

Check. If he ecirns $50 a month and spends $100 a quarter, he saves 
$200 ; also, 12 a - 4 a; = 200. 

2. How far can a man go in 10 hours if he travels a; — 1 rni. 
an hour ? 
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3. A has $c and B has $d. If B gives A $n, how much will 
each then have ? 

4. The width of a room is m — 3 ft. and its length 2 + m ft. 
more than its width. What is its perimeter, and what is its area? 

5. In X lb. of gunpowder the niter composed 10 lb. more than 
I of the total weight, the sulphur 3 lb. more than ^.j of it, and 
the charcoal the rest. How many pounds were there of each ? 

6. A man who had $6? bought r lb. of rice at c^ a pound, and 
s lb. of sugar at 6 ^ a pound. How many cents had he left ? 

7. A man sold a farm which had cost him $a to two parties, 
one taking b acres at $ m an acre, and the other c acres at $ n an 
acre. What was his gain per acre ? 

8. A fence is built across a rectangular field a rd. long and 
b rd. wide, dividing it into two parts of which one is a square. 
Find the number of acres in each part. 

9. If a man can walk b mi. in x hr., how many feet does he 
walk in a second ? 

10. A man bought b yd. of cloth at $ c a yard, and gained n % 
when he sold it. What did he sell it for ? 

11. What is the duty on n yd. of cloth worth $c a yard, taxed 
at r9& ad valorem plus a specific duty of s ^ a yard. 

12. The population of a town in 1900 was p and by 1910 it 
had fallen to q. What was the loss per cent? 

13. A wheelman rode h hr. at m mi. an hour and then 
decreasing his speed he rode A: hr. at 7i mi. an hour. He then 
returned in p hr. What was his rate back ? 

14. A cistern can be filled by one pipe in 20 min. and by a 
second pipe in 30 min. If the first pipe is open m min. and the 
second 4 min., what part of the cistern ful is left to fill ? 

15. A passenger train running p mi. an hour and a freight 
train running / mi. an hour, being d mi. apart, approach each 
other, the passenger starting an hour after the freight. How 
far from the first train's starting point will they meet ? 
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16. If n is an integer, express an even number ; an odd num- 
ber; three consecutive integers; three consecutive even integers; 
three consecutive odd integers. Ans, to 1st, 2 n ; to 2d, 2 n -f 1- 

17. Find the sum of ten consecutive integers of which the 
first is n. Apply your result to finding the sum of 237,130, 
237,131, 237,132, •••, to ten numbers in a short way. 

138. Exercise in expressing Sentences as Equations. Let x = 

the principal unknown involved in the problems. Solve and 
verify in the equations after they are found. The sentence is a 
description of two quantities which are said to be equal. 

1. If to 9 times a number 4 is added, the result is 1120. 

Solution. Ox +4 =1120, 

.•.a:= 124. 
Vkrification. 9 X 121 + 4 = 1120. 

2. The sum of two numbers, one 12 greater than the other, 
is 198. 

3. Two numbers, the second of which is 3 more than twice 
the first, being added give 48. 

4. The length of a rectangle is 7 ft. more than its width and 
its perimeter is 210 ft. 

5. A man having completed f of his journey finds that if he 
travels 30 mi. farther, only ^ of the journey will remain. 

6. In an election A received a majority of 6o votes over B 
and both received 943 votes. 

7. Fifteen coins, dollars and quarter dollars, amount to $7.50. 

8. A lawyer collects a debt for a client, takes 4 % for his 
fee, and remits $207.60. 

9. A fountain pen sold at $2.50 yields a profit of 85 %. 

10. A principal in 2 yr. 3 mo. 12 da. at 6% amounts to 

$1367.84. 
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11. A man walking 3 mi. an hour and then riding in an auto- 
mobile 15 mi. an hour goes 63 miles in all, spending f of the 
time walking. How long was he on the road ? 

12. The width of a field being J of its length, when the width 
is increased by 5 ft. and the length by 10 ft., the area is increased 
by 400 sq. ft. What was its length ? 

13. How many hours would it take an express train going 
48 mi. an hour and starting 3 hr. after an accomodation train 
going 30 mi. an hour to catch up with the latter ? 

14. A fruit dealer buying a certain number of oranges at 
20^ a dozen and twice as many at 25^ a dozen sold them all 
at 35^ a dozen, clearing $2.45. How many dozen did he buy 
at 20^ a dozen ? 

15. An officer, attempting to arrange his men in a solid square, 
found that with a certain number of men on a side he had 34 
men over, but with one man more on a side he needed 35 men to 
complete the square. How many men had he ? 

139. Exercise in translating Equations back into Sentences. 

1. 3(a?-2) = 2(2a;-13). 

Ans, There is a certain number such that three times the 
diiference between it and 2 is the same number as twice the differ- 
ence between twice tlie number and 13. 

a. 5 a;— 4 = 3(a? H- 4). 3. |a;-§ = Ja?. 

4. ^- = 6--. 6. — 2x + -^ = l. 

6. If B's money is $5 greater than A's, C's is $7 more than 
twice A's, and D's is $3 less than the sum of l>'s and C's, change 
the following equation into a sentence, making the conditions 
just given a part of the sentence : 

a?+ (x-j- 5) H- (2a;-f 7) -f (3a;4- 12- 3) = 168. 

7. Change 3/ -h (y -f- 2) -f- (y -f 4) -f (y -f 0) = 96 into a sentence. 
COL. 2d c. — 8 
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m. PROBLEMS CONTAINING ONE UNKNOWN QUANTITY 

140. Problems involving the Solution of Equations containing One 
Unknown Quantity. 

The solution of problems consists of two parts : 

(1) The translating of the problem into algebraic language, 
called the " statement " or " stating " of the problem. 

(2) The solution of the equation. 

Besides the solution there is always the verification. The 
verification of a problem is accomplished, not by substituting the 
answer in the equation found, but through testing it by the 
language of the problem, since the greatest danger of mistake 
here lies in the stating of the problem and not in the solution of 
the equation. 

1. What number is that whose half, third, and 100 more 
equals twice the number and 2 more ? 

2. What number is that whose half, third, and fourth parts 
together equal 65 ? 

Many of the types of problems now found in algebras have 
come down to us from remote antiquity. Some of them were 
given in arithmetics, and were called puzzles or enigmas because 
they were quite difficult to solve by arithmetic. Some authors 
called them amusing, or joke problems. The purpose in giving 
them was to sharpen the wits, to offer recreation, and to while 
away the time. We give a short list of such problems. 

3. A tower standing for \ of its length in the earth and \ in 
the water rises 100 feet in the air. What is its total height ? 

(From Bamberg Arithmetic, the first printed arithmetic, 1482.) 

4. A vinedresser hires a laborer with the understanding that 
for every day he worked he should receive 10 M., and for every 
day he was idle he should forfeit 12 M. After 40 da. the laborer 
quit, receiving no money. How many days did he work ? 

(Bamberg Arithmetic.') 
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6. Heap (the unknown), its f , its ^, its |, its whole, it makes 
33. What is the number? (Ahmes papyrus, 1700? b.c.) 

6. A barrel has three faucets, by the first of which it is emptied 
in 2 days, by the second in 3 days, and by the third in 4 days. 
In what time will the barrel be emptied if all are left open ? 

(Bamberg Arithmetic.) 

7. A hound pursues a hare which is 100 leaps ahead of the 
hound. If the hare makes 12 leaps while the hound makes 15, 
how many leaps will the hare make before the hound catches 
her, if the hound's leaps are the same length as those of the 
hare's ? (Bamberg Arithmetic.) 

8. At what time between 3 and 4 o'clock are the hands of a 
clock (1) together ; (2) at right angles ; (3) opposite. 

SoGGESTioN. — In solving clock problems use minute spaces as the vmit of 
measure, and note that in any specified time whatever the minute hand trav- 
erses exactly 12 times as many spaces as the hour hand. 

9. In an old Chinese arithmetic whose origin antedates 
1250 B.C., there is given this problem : In the middle of a square 
pond 12 units on a side there grows a reed which rises 1 unit 
above the water. If the reed be pulled over to the middle point 
of one of the edges, it just reaches the top of the water. What 
is the depth of the water in the center? 

10. A thief who stole a sum of gold was obliged to pass three 
doorkeepers on his way out. The first of these demanded the 
half of the stolen amount, but gave back to the thief 100 florins. 
The second demanded the half of the remainder, and then gave 
back 50 florins. The third demanded half of the last remaining 
sura, and gave back 25 florins to the thief, who now found he 
had left only one third of the sum stolen. How many florins did 
the thief steal ? (Jacob Koebel, 1470-1533 a.d.) 

11. A merchant adds annually J of his money diminished 
by £100 which he spends each year, and after three years is 
twice as rich as at first. Find the amount of his money at first. 
(From Newton's Universal Arithmetic, i.e. Algebra, 1707.) 
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12. A scheme for one person to tell to another the result of a 
series of operations performed on a number secretly selected by 
the latter. Example. Denote by x the number secretly selected. 
Tell the person to take any number he wishes, and multiply it 
by 6, say, add 4 to the result, then add 15, then subti'act 1, then 
divide the remainder by 3, then subtract twice the number he 
started with, then to square the result, subtract 6 from it, and 
divide the result by 5. Now t.ell him he has 6 for answer. Ex- 
plain how you know by algebra. 

13. Two parallel chords equally distant from the center of a 
circle intercept arcs whose sum is ^y of the remaining parts of 
the circumference. Find the number of degrees in each part of 
the circumference. 

14. Two lines intersect so that 2w — 1 degrees represents the 
size of one of the angles of the two pairs of vertical angles and 
3 n -+- 6 the number of degrees in one of the angles of the other 
pair. Find the number of degrees in each of the four angles. 

15. If two lines are cut by a transversal so that 2 n — 5 is the 
number of degrees in one of the interior angles and 10 n — 50 
the sum of all four interior angles, find the number of degrees in 
each of the eight angles formed by the transversal with the two 
parallel lines. 

16. The perimeter of a parallelogram is 360 rd. and the ratio 
of two adjacent sides is 2:5. How many rods are there in each 
side? 

17. Two adjacent angles of a parallelogram are 2 n -f 10 and 
3 n — 20 degrees. How many degrees are there in each angle ? 

18. An inscribed angle is subtended by 2 ?i — 10 degrees and 
the rest of the circumference is denoted by 5 w + 20 degrees. 
How many degrees are there in the angle ? 

19. The arcs intercepted between two vertical angles formed 
by two chords which intersect within a circle are denoted by 
3 2/ — 16 degrees and 2y + 7 degrees. The remaining arcs of 
the circumference together equal 7 y — 15 degrees. How many 
degrees are there in the angle between the chords ? 
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IV. SIMULTANSOUS EQUATIONS 

141. Simultaneous Equations are sets of equations whose un- 
known quantities have the same values in the diflFerent equations. 

Thus in |^„ i; ~" .' a; has the value 2 and y the value 5 in 
[13a;— 2y = 16, ^ 

both equations. Simultaneous equations are solved by a process 

called elimination. 

142. Elimination is the process of deriving from two or more 
equations containing two or more unknown quantities a single 
equation containing one unknown quantity. The two most im- 
poi-tant methods of elimination are: 

(1) By Substitution. (2) By Addition and Subtraction. . 

143. Elimination by Substitution is accomplished by finding the 
vahie of one unknown from one of the given equations and substi- 
tuting this value for the same unknown in the other equation. 

a. Since two equations are being handled, in order to refer to them con- 
veniently, they are numbered (1) and (2). Changed forms of these equa- 
tions will be marked (li), (2i;, (I2), etc. 

7 8 



1. Given 



Solution. 



I 



(1) 

(2) 



a;-3 
9 



y — 5' 
5 



(li) 
(li) 

(2i) 



2a!-l 3y + i' 
.7»-35 = 8x-24 

y^»x±n 

I 

27 y + 36 = 10 X — 5 

216X + 297 + 262 = 70x-35 
U6x = - 684 



to find values of x and y 
which satisfy both equa- 
tions. 



(Mult. Ax.) 
(Sub. Ax.) 

(Div. Ax.) 

(Mult. Ax.) 

(§ 143.) 

(§ 10.5, Mult. Ax.) 
(Sub. Ax.) 



5C = — 4. Ans. (Div. Ax.) 
(1,) y -■ 8X-44-II ^ _ 3 ^^^ (Substituting - 4 forre.) 

Verification (1) — -= — -; (2) — 



-4-3 -3-5 



_8- 1 -9+4 
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|(1) 9x + Sy=.57, 
; [(2) Gx + 7y = 48. 



3. 



(l)a: 



__4y__9_ 



11 



= 5, 



(2) ?_?jt^= -3y. 
^ ^ 2 3 ^ 



144. Elimination by Addition and Subtraction. 



1. Given 



(1) 1 + 1 = 5, 



to find values of x and y which 
satisfy both equations. 



Solution, (li) 6 a; 4- 4 y = 100 (2i) 2 x 4- 3 y = 6 4 (Mult. Ax.) 
(I2) 10 a; + 8 2/ = 200 (Multiplying (U) by 2, Mult Ax.) 
(22) 10 X + 15 y = 270 (Multiplying (2/) by 6, Mult. Ax.) 

7 y = 70 (Subtracting (l.) from (22), Sub. Ax.) 
y = 10. Ans. (Div. Ax.) 
(2i) 2 X + 3 X 10 = 54. (Substituting its value for ij.) 

X = 12. Ans. 

Verification (1) —4-^ = 5; (2) ?-4^ + 10=18. 

4 5 o . 

2. Rule. After reducing both equations to tlie form ax -}- by = c, 
each equation is midtiplied through by such a number that the coeffi- 
cients of X (or y if easier) are made the same in both new equatioiis. 
TheUf one of tJiese equations is subtracted from the other (or added 
when the like coefficients have opposite signs). 



3. 



(l)2a: + 3.v = 18, 
(2) 3a;-2y = l. 



4. 



(1) — ^ = aj — y, 

^ ^ 40 ^' 

/o\ 2 aj — ?/ o 1 

(2) -^^-22,=-. 



145. Elimination by Comparison is less important than the other 
methods. It is performed by finding the value of the same un- 
known from both equations and setting these values equal to 
each other. 

146. General Exercise in Elimination with Two Unknowns. Solve 

each problem by both substitution and addition and subtractioD 
and compare the methods. 
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2x + 7y = 3S, 
3a; + 4.v = 31. 
29 a; + 85 2^ = 31, 
13 a;-43 1^ = 95. 

5h-\-2k = -7, 

2h-hk-h^ ^ 2 
h^2k-3 7 

4 3 



2. 



4. 



6. 



+ 



m — 2 n-\-l 

Lm-2 » + l 

« + ^ = -l. 

X y 

X y 



= 1, 

9 

8 



8. 



17 a- 18 & = 62, 
5 a - 12 6 = 22. 
.5 a; -h y = 2.75, 
3.4 a; + .02 y = 1.75. 

a+_26 2ajf&^^ 
4 3 ' 

[Sa-h7b^l2. 
—^— + 3---^, 

g a;-2?/ ^a; y 
4 2'^3 



Suggestion. Solve without clearing of frac- 
, gince clearing introd 



tions for - and - , since clearing introduces term 



X 



xy. 



147. Special Methods of Elimination. Instead of eliminating 
immediately, it is often better to multiply each equation by such 
a multiplier that when the two resulting equations are added or 
subtracted a new equation results, which, though still containing 
both unknowns, has small coefficients. This new equation can 
now be combined with one of the old equations, or with another 
new equation obtained in the same way. Any pair of such 
equations are said to constitute a system^ since they suffice to find 
the values of the unknowns. 



1. Given 



Solution. 



[(1) 13a;-292/ = 97, , , , 
,^ ^ ^ ^ to find values of x and y, 

(2) 17 a? - 39 2/ = 129, ^ 

(1) 52 a;- 116?/ = 388 

(2) 51y-117 y = 887 

(3) X + "y = 1 
(3i) 13 a; 4- 13y = 13 
(1) 13 a;-- 20y = 97 

42 y = - 84 

y=— 2. Ans, 
(3) a; + (- 2) = 1 ; x = 3. Aiis. 



(Mult. Ax.) 
(Mult. Ax.) 
(Sub. Ax.) 
(Ax. ?) 

(Ax. ?) 
(Ax. ?) 
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Verification. (1) 13 x 3 - 29 x - 2 = 97 ; (2) 17 x 3 - 39 x - 2=129. 

(a) If the stadent will solve this problem by the regular process of solu- 
tion, that is by multiplying (1) through by 17 and (2) through by 13, he will 
find that the labor of solution is two or three times as great as that of the 
preceding solution. Evidently the plan is to multiply both members of each 
of the two equations by two small numbers so as to bring the corresponding 
coefficients close together in value instead of to make them equal. 

2. ll«-2l2/=:26; 21a;-40y = 50. 

3. 19x-\-S5y = 12T', 28 « -f 53 ^ = 190. 

4. 23a;-h29y = -l; 29a;-f23y = 53. 

Suggestion. Add and divide through by 52, getting (3) ; then subtract 
and divide through by 6, getting (4). Use (3) and (4) to finish solution. 

148. Systems of Equations. Equivalence. Two systems of 
equaLions (§ 147) are equivalent when one set can be derived from 
the other by axiomatic processes, and the values of the unknowns 
obtained from each set are the same. Thus, we saw in the last 
article that values of the unknowns derived from using a new 
third equation along with one of the given equations verified in 
both of the given equations; also in Ex. 4, that values of the 
unknowns obtained from the two new equations (3) and (4) veri- 
fied in the original equations. 

It may be said here that, in general, throughout simple equa- 
tions, values of the unknowns found from a set of derived equa- 
tions will verify in the original ones. Nevertheless the student 
should make it a rule to test all answers by substituting them in 
the original equations. 



1. Given 



149. Simultaneous Equations Containing Three or more Unknowns. 

(1) 2ajH-3y-2 = 21, to find values of a, y, z 

(2) 6x—7y-\-5z=:55, which will satisfy each 

(3) 9x+5y-2z = 71, oi these equations. 
Solution. Of the unknowns z is most easily eliminated. 

(li) 10 X + 15 y - 6 ^ = 105 (Mult. Ax.) 
(2) 6x- 7y-f5g= 55 

(4) 16x4- 8 y =160 (Ax.?) 

(4i) 2x+ y =20 (Ax.?) 
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(3) 


9a; + 


5V- 


-2z= 71 




(I2) 


4icH- 


0//- 


-2;?= 42 


(Ax.?) 


(5) 


Sic- 


y 




= 2t) 


(Ax.?) 


(4i) 


2a; 4- 


y 




= 20 






7x 






= 4J 


(Ax.?) 




» 






= 7. 


Ans. (Ax.?) 



(4i) 2x7-fy= 20. (Substituting its value 7 for a;;. 

y = 6. An8, 
(1) 2x7+3x6 — « = 21. (Substituting their values for x and y.) 

5J = 11. Ans. 
Verification (2) x 7 - 7 x 6 -f 5 x 11 = 66, 

(:) 9x7 + 5 x0-r2x 11=71. 



12 / 4- 5 m - 4 M = 29, 

13 Z - 2 m +- 5 n = 58, 
17 Z — m — n = 15. 



4a;-r3y-h;s = 9, 

2. 9a; + y — 52;=:16, 3. 
x — 4:y+3z = 2, 

4. Make a rule for solving sets of three simultaneous equations. 

w + 'y+-6i = G3, lix-'ly-\-\z = 3, 

5. ^v+.^_G-?( = -130, 6. hx-^y-tiz = ly 
3u-^v — t = 76. iia;— ^?/+--j2; = 5. 

"* ^ «5 g = o, Sugg KST ION. Eliminate g, using ( 1 ) 

7. \Sq~ 4:r=7, and (2), getting (4). Then take (3) 

4 r - 5p = 2., *"^ (^) together. 

ic 2^ ;j ' SooGESTiON. Do not clear of the 

n fy denominators, but solve directly for 

_ I «5 w n /\ 111 

°' 7~^~ ->-»-! 8.nd then get x, y, z. Solve 

"^ i' X y z 

114^ as in Ex. 7. 

-+---=0. 

a; 2; 3 

3iB+-6y+22f+-?/=2, Suggestion. Eliminate a; first. 

Combine (2) and (3), eliminating a;, 

X — y — 3z^4:U=3y getting (6). Then combine (1) and 

9. ^ (2), eliminating at, getting (6). Then 

x-\-2y — 2z — 2u = 0y combine (^) and (4), eliminating x, 

getting (7). Now solve (6), (6), and 

2 X ■}- y — z — 3 u=5. (7)asin preceding problems. 
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^150. Problems inTolying^ the Solution of Equations containing 
One or More Unknowns. The choice of the number of unknowns 
is left to the student. The same problem can often be solved 
equally well by using different numbers of unknowns. 

1. A gentleman divides 2 dollars among 12 children, giving to 
some ISff each, and to the others 14^ each. How many were of 
each class ? 

2. A grocer has two sorts of sugar, one worth 5^ and the other 
6^^ a pound. How many pounds of each sort must be taken to 
make a mixture of 100 lb. worth $5.60? 

3. Two sides of an equiangular triangle are 15 a; — 6 y and 
20 oj — 9 y, and the third side is 15. Find x and y, 

4. How many gallons each of cream containing 30% fat and 
milk containing 5 % fat shall be mixed so as to produce 10 gal. 
of mixture containing 25 % of fat ? 

5. If 6, 8, and 11 ft. respectively are the sides of a triangle, 
find the segments into which the bisector of the angle between 6 
and 8 sides divides the third side. What are the segments when 
an exterior angle is bisected ? (See § 51.) 

6. In an athletic meet the team from town A won the cham- 
pionship with a total of 36 points, taking five firsts, three seconds, 
and two thirds. The team from town B got four firsts, two sec- 
onds, and four thirds, with a total of 30 points, and the team from 
town C got two firsts, six seconds, and five thirds, and a total 
of 33 points. How many points did a first, second, and third 
respectively count ? 

7. Earth and Venus move around the sun in orbits approxi- 
mately circular, one moving around the sun in a shorter period 
than the other so that at one time they and the sun are in line 
with Venus between the other two, and at another time they are 
in line in a different place with the sun between the other two. 
When nearest together Earth and Venus are only 25.6 millions 
of miles from each other ; when farthest apart they are 160 mil- 
lions of miles distant from each other. Find the distance of each 
planet from the sun. 
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V. GRAPHICAL SOLITTIOn OF SIHITLTAITEOnS BQUATIOHS 

151. Value of the Graphical Uethod. Whether the algebraic or 
the graphical method will give the answer more quickly depends 

on the problem and the skill of the user, but the algebraic solu- 
tion is always accurate, while the graphic solution ia often only 
approximate. One of these methods can be used to check the 
answer obtained by the other, though verification ia also available 
for both. But for the student now the inafn value of the graph- 
ical solutions consists in the fact that they throw a strong light 
on the nature of simultaneous equations and on peculiarities that 
may occur in them. 

152. Graphical Solution of Pairs of Equations containing Tvo 

Unknowns. 1. Solve (1) --^ = ^, (2) f-5l = l, by the 

tt 6 ^ 5 10 2 

graphical method, aud check with an algebraic solution. 

Graph Solctiok. 
(10 2i-!, = 3 



(',?) 


l-T. 


(0, - 3) 
(1.5, 0) 
(3, S) 


6 


(2,) 2x-3 


= 5 


(it, V) 


l-T. 


(0 - 1.67) 
(2.5, 0) 
(:t, .3.^) 


m 
P 




The coordinates llmt satirfy both equations are thoBe of the point d, 
wheee the graphs cro»a. The coiirdinates of d are a^ = 1, ji = — 1. Anatoera. 
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Algebraic Solution. 



2. 



4. 



6. 



8. 



10. 



3a; + 4y = 10, 
4 a; -f y = 9. 
2x4-3^ = 43, 
10a;— y = 7. 
18»-102^ = 29, 
14»-.15y = 24. 
llcH-16« = 64, 
7d-12« = 13. 

fll»-3y = 321, 
5a;-16y = 585. 



3. < 



6. 



(li) 2x- y= 3 (li)2a:-(-l)=3. (§144.) 
(2i) 2x~3y= 6 x = l. Ans. 

2y=-2 
y = — 1. ^««. 

5a? + 6y = 17, 
6 a? -f- 5 y = 16. 
lla;-14y = 14, 
5a; + 7y = 41. 
7a;-9y = -22, 
x = -4. 
8 a; = 5 y, 
13a: = 8.v-fl. 
7a;4-22/=:76, 
2a;-3y=:ll. 



7. 



9. 



11. 



Suggestion to Ex. 10. Since the numbers are large, the centimeter can 
not be used as the unit of measure. The 2-millimeter unit can be employed 
in this case. 

153. Consistent Equations. The student may ask himself the 
question whether if three equations, eacjh containing two un- 
knowns, were taken at random, the values of x and y obtained 
by solving the system formed out of the lirst two equations would 
have the same values as those obtained by taking the system 
formed from the second and third equations, or by taking the 
system formed from the first and third equations. 

On the other hand, if the third equation was obtained by com- 
bining the first two in some way, would the values of x and y 
found by solving the system formed from the first two satisfy the 
third equation ? 

Example. (1) 11 a; - 10 2/ = 14 ' (2) 5a; -f7y = 41 
(20 10a; + 14y= 82 
(3) a:-24?/ = -68 

Construct now the graphs of equations (1) and (2) and (3) to 
the same axes. What do you learn ? 
Test problems of § 147 in tlie same way. 
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154. Inconsistent Equations. Construct the graphs for the fol- 
lowing equations on the same axes : 

(1) 4a;-2y = 7. (2) 4»-9y=-21. (3) 3x-4y = -8. 

Solve the system formed from (1) and -(2) algebraically and 
compare the answers with those on diagram obtained graphically. 
Do the same with the system (1) and (3), and with the system (2) 
and (3). 

Write sets of three equations at random and see whether their 
graphs intersect in three points or one point. 

155. Systems of Equations in which One of the Two Giren Equations 
can be derived from the Other. 

Construct the graphs for the system 

(1) 2a;-5y = ll; (2) ^Sl^^^y, 

in which (2) can be derived from (1) by first multiplying through 
by 4, then transposing, and then dividing through by 5. 

What do you learn about these graphs ? 

Test your answer by making and testing other similarly con- 
structed systems. Is then the system of marking equations, in 
which the equation marked (1) at the start is marked (1) with 
subscripts throughout, justified ? 

156. Systems of Equations which differ only in their Known Terms. 
Construct the graphs on the same axes for the system 

(1) 2aj-5y = 12, (2) 4aj = 10y-|-6, 

in which, obviously, (2) can be changed into 2 a? — 5 y = 3. 

What do you find true of these graphs ? 

Test your answer by constructing similar systems which differ 
only in their known terms. 

We learn then that whenever by transposing, and multiplying 
or dividing through, two equations can be made to differ in their 
known terms only, their graphs are parcUleL 

a. The graphs of three equations each having two unknowns may intersect 
in Of or i, or ^, or 3 points Qiot at infinity)^ or in every point. Explain^ 



[16 SIMPLE EQUATIONS 

157. Solution of Problems by Graphs. — Vei-ifj Iho results in 

ExB. 1-5, 8, 9, following, with algebraic solutions. 
1. Two men set out from two towns vl iLiid B, CO mi. apart, tlje 

me from ^1 walking 4 mi. an boui', ami the one from B riiliug in 
an automobile at the rate o£ 13 mi. 
an hour. How far from A will 
they meet, and in how many hours 
from the time they start ? 

SoLrTiOK. Take a verticnl uiaOein. 
loug to denote CO mi., )t.arking Its ex- 
tremitlea A and B, A below and B 
above. To the rlgbt of A let tbe centi- 
meters denote bours. Tben thinking of 
A OS origin, 1oca.t« point a as (1, 4) in 
which 1 is one liour and 4 is i of the 
GO mi. in the line AB. Again, tliinking 
of £ as origin, locate point b as 1 hr. 
to llie riglit cf B and 13 of Iho 00 mi. 
uniu below 2J. Now draw Ai aiul HI) 
and extei^il llicni nntil thej meet at c. 
The number of units from c down to 
the horJEOntal line throngh A gives tlie 
number of miles from A to where they 

meet. Also the abscissa of e gives the time wlien tliey meet. 

Notice that y = 4 1 is Ihe equation of Aa, and y = — 13 r that ot Bb as in 

S 122, but different unit len^MJis are used here for x and y. 

Vhrification bv an ALOEBBikiCAi. SouijTiDN. T^et z = nnmber of miles 



-j5::-::::--::±:::: 


:::::;s:::i::::-:::: 


. f , 


: :::::::'s :::::: 




:::::_:__::: s L ::::: : 


..:..:.::..:. \. .. -Z: 


:;::::^ .:::: us::::: 


r - --V---- 


a-m+ r ^ _ 




---■iir=^J!|-T 


. A : . 1 111- 



I.^ 



^, whence a; = 14iV i 
quite accurate, but glvt. 



from A lo where tbey meet. Then - = — 

Tills shows that tlie squared paper solution ii 
good approximation to the answer. 

2. Two trains start from New York and Washington at tlie 
same time, 8 a.m., the one from New York running 45 mi. an 
hour and the other 40 mi. an hour, and Washington and New 
York are 228 jni. apart. How far from New York will they 
meet, and at what hour of the day ? 

3. Two at«amorR leave New York and Queenstown, Ireland, 
the same day, Monday, the first at 3 p.m. and the other at 6 a.m., 
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both Greenwich time. The first makes 600 and the second 500 
geographical miles a day, and the two places are 2780 geograph- 
ical miles apart. How far from Queens town will they meet, and 
at what time ? 

Suggestion. Let the vertical line AB denote 2780 mi., A being New York. 
Then start the graph for the New York steamer 9 hr. to the right of ^ as 
origin, point A being at 6 a.m. 

4. A man made a trip to the country with an automobile, run- 
ning 18 mi. an hour. The machine broke down, and he had to 
return on a bicycle, making 10 mi. an hour. He was away from 
home 3^ hours in all ; how far did he go ? 

Suggestion. Let JOT represent a horizontal line which stands for 3} hr. 
Draw the graphs for the motion from the points M and N» 

5. The 20th Century Limited leaves New York (1911 schedule) 
at 4 P.M., traveling 53 mi. an hour, following the Day Express 
which leaves New York at 9.40 a.m., traveling 34 mi. an hour. 
How far from New York and at what time will the fast train 
catch the other ? 

Suggestion. Let MN represent the difference in time of starting. Draw 
both graphs northeast from M and N. 

6. Construct a graph for the movement of. a suburban train 
which runs on the following schedule : 



Sta. 


Mi. 


Abbivb 


Dbpabt 


A 







6 A.M. 


B 


7 


6.15 


6.18 


C 


12 


6.26 


6.27 


D 


18 


6.36 


0.40 


E 


26 


6.60 





Suggestion. Notice when the train is standing still the graph runs hori- 
zontally, so that the graph for a train stopping and starting is zigzag. 

7. We give next a " train chart " used by train dispatchers on 
railroads to make time schedules. On a large chart lines are 
drawn (or threads are stretched, held in position by pins), as in 
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accompanying diagram, which show where and when trains 
start, stop, and pass each other. The stops of the four passenger 
trains (Nos. 1, 10, 44, 46) are so short that they hardly show. 
The freight (Nos. 112, 113) stops are much longer. Any num- 
ber of trains can be put on the same diagram. 

8. A can do a 
job in 10 days and 
B the same in 13 
days. In what 
time can both do 
it? 



SuQOESTioN. Let 




Ckilumbusn 



any 

Ucal lenglh AB dc- 

one tiiupH tlie work. 
Mark Uie days %*> tlie 
rIgliC from both A 
and B. 1*1 u be 10 
days iJ[reclly east 
from B and b \Z 
days eatit ut A. Join 
A and a and B and 
6. Where thise 
graphs cross is the 



Night A.M. 



Might 



JUght. 



Three fau- 
cets fill a cistern, the first in 20 min., the second in 30 niin., and 
the third in 40 miu. In what time will all fill it? 

>, and then for this result 



VI. LITERAL EQUATIONS 
158. Solution of Applied Formulas for any Letter. The follow- 
ing formulas come from arithmetic, geometry, physics (including 
sound, light, heat, electricity), shop-work, trigonoinetry, engineer- 
ing, etc They are all solved by use of the axioms in much the 
same manner as the equations of % 135. 



LITERAL EQUATIONS 119 

Solve the following formulas for each letter in them (excepting 
known numbers like tt) not given directly : 

1. s = ba (area of a rectangle = base x altitude.) 
Solution. 6a = «. (Reversing members.) 

a=-' -4ns. (Div. Ax.). 6 = -. Ans. (Div. Ax.) 
b a 



2. 


b 


3. 


« = -• 

h 


4. 


'-ft- 


5. 


V 


6. 


w=zfd. 


7. 


c = 2)n. 


8. 


a = ^bh. 


9. 


A = irab. 


10. 


ST^st 


11. 


'-!• 


12. 


9 


13. 


"360 


14. 


PV FF' 
T T' 


16. 




16. 


^-^+6- 


17. 


PxPaXS,= 


Wx 


W. X 8.. 


18. 


6=1.155(/-0.2) 


19. 


72=0.3788 GT. 


20. 


P Or 

Mr O 7 o 


21. 


a = &(l+r). 



22. a=^(l + r<). 23. ■w = 4^(Z + r). 24. Mts = M't's'. 
26. d = d'+?. 26. ^ = ia(6+6'). 2T. H=^^. 



28. C= 



>S64-i2 



Solution for S, SCb + C5 = ^^. (Mult. Ax.) 

SCb — aS'^ = — 0-B. (Sub. Ax. Unknowns to left, 

knowns to right member.) 
S{E — 06) = Ci?. (Changing signs, Mult. Ax., and 

factoring.) 



S= ^^ ' Ans. (Div. Ax.) 



OiAer answers : 



„ SbC^BC T^_SE-ShC._8E-CR 



COL. 2d c. — 9 



120 SIMPLE EQUATIONS 

29. (7=-^. 30. c=J^^. 31. B=-^. 
b + RP Sb + RP g + s 

82. s = ^^^. 33. S=—^. 34. 4 = ^- 

r-1 W-W W 2irB 

35. i=U^r 36. S B 37. 2^=f . 

F D D^ Wi + Wj — Wg /i 2^) 

38. ^=^. 39. ; = '^+'^' + 2d 40. a = ?^-'^. 
2|) i* 2 n 

41. l=i+i+l. 42. m«(t-«J=»»'«'(«--0- 

Pupils should examine geometries, books on physics, and shop 
mathematics for similar formulas, and solve those found for any 
letter. But if in any formula the unknown appears to the second 
or higher powers, the method of solution is different from that 
here explained. It will be given later. 

159. Making and Using of Formulas in Arithmetic. 

1. If 6 represents base, r rate, and p percentage, make a 
formula giving the value of p. Solve this formula for h ; for r. 

a. The word rate means ratio^ that is, the ratio of the percentage to the 

base ; or, if r = rate, r = ^- In the solution of problems it is often preferable 

b 

to let r%, or — - = the rate, thus making r ordinarily an integral or mixed 

number, rather than a decimal. Then -^ = ^ • 
' 100 h 

Solve the following numerical problems by substituting in the 
appropriate formula : 

2. A trader having $ 1960 spent 15 % of it. What sum did 
he spend ? 

3. If I sell "I of a carload of wheat for what ^ of the whole 
carload cost, what is the gain per cent ? 

SuooESTioN. Find first what part of cost whole carload would be sold for, 
and then find gain. 
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4. 68| is 91 <Jo of what number ? 

6. If h represents base, r rate, a amount, or sum of base and 
percentage, and d " difiFerence," or base less percentage, write a 
formula for value of a ; also a formula for value of d. Solve the 
latter for 6. 

6. A has $3009, which is 18 % more than B has. How much 
has B ? Also A has 15 % less than C. How much has C ? 

7. If i> represents principal, r rate, t number of years princi- 
pal bore simple interest, and a amount, make a formula giving 
the value of a. 

a. This formula can be used to solve any problem in simple interest. 

8. Find the amount of $520 at 5 % for 4 yr. 4 mo. 24 da. 
by using formula. 

9. Find the rate when $1652.64 is amount, principal is $1320, 
and time is 3 yr. 7 mo. 6 da. Solve the formula for r first. 

10. Find the principal when the amount is $ 279.18, rate is 3 %, 
and time is 1 yr. 1 mo. 6 da. Solve the formula for p first. 

11. Find the time when the amount is $1148, the rate is 
4^%, and the principal is $1025. Solve the formula for t first. 

12. Potatoes whose value was j9 dollars were shipped to a com- 
mission merchant to sell, who charged r% for selling or buying. 
With proceeds from the sale of the potatoes he was instructed 
to buy salt. What is the value of the salt he should ship back ? 
Suppose p = 3198 and r = 2\, 

13. If goods that cost $c are sold for $9, what is the rate per 
cent r of gain ? Find rate r when c = 450, s = 531. 

14. Goods that cost c^ were marked to sell at m^, but r'% 
was thrown off from the marked price. What was the actual 
gain per cent r ? 

Given c = 8, m = 12, r' = 16f , to find r. 

15. Three discounts of r%, «%, «% were taken from a bill of 
% b. What was the net cost c ? 

Given b = 2250, r = 20, s = 15, « = 8, to find c. 
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16. Find the amount $a of a note of $p which drew simple 
interest at r % for n yr. m mo. d da., assuming 12 mo. of 30 da. 
each to a month. Then find a when p = 400, r = 6, w = 3, m =9, 
d = 13. 

17. Find B's tax $^ on $jp worth of property when the total 
assessed valuation is $^ and the tax to be raised is T. Find t 
when i> = 4000, ^ = 1,946,500, and r= 33090.50. 

18. Find the insurance premium $p to be paid on a house valued 
at $ ^ when insured for v % of its valuation at an r 9& rate. A 
carriage factory and stock worth $40,000 were insured for 90% 
of their value at 3^ % . Find p, 

19. What is the bank discount $d on a non-interest-bearing 
note for $a if discounted at r %, n days before it is due ? Find 
discount $d on a note for $300 discounted at 7 % 45 days before 
it was due. 

20. A railroad stock is quoted at n % above par and its annual 
dividends are r % ; what interest rate B is realized by an investor ? 
Suppose w = 28, r = 8, to find B, 

21. What is the duty on n yd. of cloth worth $c a yard, taxed 
at r% ad valorem, plus a specific duty of sjf s. yard? What 
would be the duty on 75 yd. of cloth worth $2 a yard, at 55% 
ad valorem, and 11^ a yard? 

22. The interest on $a; for t yr. and m mo. at a certain rate per 
cent was $i. What was the rate ? Find rate when ^ = 2, m = 3, 
i = 69.75, and x = 620. 

23. The population of a town in 1900 was p and in 1910 it was 
q. What was the gain per cent r ? Make the calculation for the 
following cities : 

P Q 

Cleveland, O., 381,768 560,663 

Atlanta, Ga., 89,872 164,839 

Seattle, Wash., 80,671 237,194 

Los Angeles, 102,479 319,198 

New York, 3,437,202 4,766,883 
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24. A draft on New York was bought at d% discount for $Jc. 
What was its face $/? Find / when k = 480 and d = ^. 

25. When a stock is quoted at ^ % below par and pays d % 
annual dividends, how much money $x must be invested to yield 
the purchaser an income of $ i annually ? 

Given h = S, d = 5, i = 4000. 

160. Solution of Literal Equations containing Two Unknown 
Quantities. 

1. Given (1) ax-{-by = C'j (2) a^x-\-Vy = c\ 

Solution 

(2i) aa'x + ah'y = ad (Ig) ah'x + hh'y = b'c (Ax. ?) 

(li) gg^a; + a^6jy = a^c (22) g^6a; + hh'y = 6c^ (Ax. ?) 

ah'y — a'by = ac' — a'c ah'x — o'6x = b'c — be' (Ax. ?) 

ab' — a'b ab' — a'b 

Verification (1) g . ^'^ " ^^' + 6 • "^^^ " "^'^ = c, 

a6' — a'6 a6' — a'h 

or, a6'c — abc' + a&C — g'6c = ab'c — g'6c. (Mult. Ax.) 

2. (1) aa;— ^2^ = 0; (2) x-[-yz=zc, 

3. (1) a; -I- ay = 6 ; (2) ax—by = c. 

4. (1) 3aa;-262/=-c; (2) a^o; + &^2/ = 5 6c. 

6. (1) J9 = a 4- (m — l)d ; (2) q=:za+ (n — l)d ; a and d being 
regarded as the unknowns. 

6. (1) ^_+_l_ = 2: (2) ax--by = ac-'bc. 

7. (1) -^ +— ?L.= 2a; (2) w-v = 4a5. 

161. Literal Equations containing more than Two Unknowns. 

1(1) ax + by = c, {ax-\-by-{-cz = a, 

(2) cx + az = b, (§149,7.) 2. \ax-by-cz = b, 

(3) bz-{-cy==a, [ax -{- cy + bz = c. 
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162. Problems involving the Solution of Literal Equations. 

1. A merchant has two kinds of sugar that he sells at a ^ and 
b i respectively. He desires to make a mixture of c lb. that will 
sell for d^ a pound. How many pounds of each kind shall he 
take? 

2. A man distributed a^ among n persons, some receiving 6 ^ 
each, and others c ^ each. How many received h ^ each, and how 
many c ^ ? 

3. A was m times as old as B a years ago, and will be n times 
as old as B in & years. Find the age of each at present. 

4. A and B can do a piece of work in a days, or if A works 
m days alone, B can finish the work by working n days. In how 
many days can each do the work ? (See § 146, 9.) 

5. A man invested jj dollars, part at r%, a^d the remainder at 
s%. His annual income from both investments was % dollars. 
What was the amount of each investment ? 

6. Two trains are scheduled to leave A and B, d miles apart, 
at the same time and to meet in h hours. If the train that leaves 
B is 6 hours late, and runs at its usual rate, it will meet the other 
train in U hours. What is the rate of each train ? 

7. The average age of A, B, and C is r^, years. The average 
age of A and B is w years, and of B and C is p years. What are 
their ages ? 



CHAPTER VI 

INVOLUTION AND EVOLUTION 
I. INVOLUTION 

163. Inyolution is the operation of raising quantities to powers. 

164. Law for Raising Quantities to Powers. Let it be required 
to show that (jr*)" = jr*"", m and n being integers. 

(jr")» = (jTjrjr ••• to m factors) x (xxx ••• to m factors) x ••• to n 
times. 
= XX XX •••to mn times. 



Hence, to raise a quantity with any integral exponent to any integral 
power, multiply the exponent of the quantity by the index of the power 
for the exponent of the quantity in the result. 

165. Raising Monomials to Powers. 

Type form : ('Y)" = x*V*- 

1. Square: 3m'; —5a', —Ba'"; fa^; — 3a%*. 

2. Cube: —6xy] Sabc] —2mhf\ ^a^hc\ — Sa^ft*. 

3. Simplify: (3 aft)*; (2x3«x5)»; (3x2a/; (-|6c")«; (2«x6y; 
(a-)'"; (a-6'c«/; (2«x38x5)"; (4^ x 6" X 7)». 

4. Simplify : 3 (2 xf (see § 21) ; 5 (2 x 3 a)*(3 by ; \ (J a)*(4 6)^ 
6(- 36y(- 2c)»; 2(3 x 4)^(2 X 5)«; 2(2a)»(26)-. 

166. Raising Binomials to Powers. Newton's Theorem. By a 
theorem, or by actual multiplication, show that : 

(a-A/=a«-2aA + A'. 

(a - A)« = fl«- 3fl«A + 3aA«- A8. 

(a-A)* = a*-4fl3A + 6fl2A»-4fli&8-hA*. 

(a - A)* = a* - 5 fl*i& + 10 fl'A^ - 10 fl*A« 4- 5 flifr* - i&*. 

125 
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Examining the right members of these equations, we see ; 

(1) That the signs are cUtemcUely -f- and — . 

(2) That the eocponent of a in the first term in ea^h case is the 
same as the exponent of (a — b) in the left member, and that the 
exponents of a decrease by 1 from term to term ; also that b appears 
first in each case in the second term, and its exponents increase by 1 
from term to term, 

(3) Tliat the first coefficient in the right Toember in each case is 1 
(understood), and the second coefficient is the same as the exponent of 
(a — b) in the left member ; also that each succeeding coefficient can 
be obtained by multiplying the coefficient of the preceding term by the 
exponent of the leading letter a, and dividing the product by the 
exponent of the other letter increased by 1, 

1. Raise (a — b) to the 8th power. 

Solution. (a - 6)8 = a^ - 8 a?h + 28 a^h'^ - 66 a^b^ + 70 a*6* 

- 56 a%^ + 28 a%^ - 8 aW ^- h^. 

2. (a-6)«>. 3. (m + w)«. 4. {H -- K)\ 

5. Raise 2 a* — 3 6 to the fifth power. 

Solution, {x— yY — ofi — 6x*y + 10 x^y^ — 10 x^ + 5 icy* — y^. 
Then, (2a^-Sby = (2a2)6- 5(2 a^y(Sb) + 10(2 a2)8(3 6)2 

- 10(2 a2)2(3 5)8 4. 5(2 a^) (3 6)* - (3 6)6 
(See § 21, 1.) = 32 aiO-240 a^b + 720 a«62-1080a*68 + 810 a26* 

- 243 66. 

6. (Sm^-5ny. 7. (2mV-l)«. 8. (4m"-^p«)*. 

9. (10-1)*. 10. (14^)3= (14 +i)8. 11. (12^)8 

In cases of raising a sum or difference of two quantities of 
which one is small as compared with the other) Newton's theorem 
furnishes a quickly and easily obtained approximate result, since 
after the first or second terms, the numerical values of the suc- 
ceeding terms diminish rapidly and some or all of the latter 
terms can be neglected. Thus, 

(122^)3= 1228 + ,^ X 1222 X ^ + 3 X 122 X - + 4 

p 9 2/ 

= 1222(122 + 1) + 41 nearly, or 1,830,773. 
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12. (100-^)'. 13. (18J)«. 14. (2yV)*. 

15. (5H)' = (6 - ^V)' 16. (1H)« 17. 999^ 

167. Raising Polynomials to Powers. This is accomplished by 
changing the given polynomial into a binomial by the use of 
parenthesis, and applying Newton's theorem. 

1. .Cube 2 a + 3 6 - c. 

Solution. (2 a + 3 6 - c)8 = [(2 a + 3 6) - c]8 

= (2 a + 3 6)8 - 3 (2 a + 3 b^c + 3(2 a -f 3 b)c^ - c«. 
The solution is continued by expanding each term of this result, then mul- 
tiplying and combining terms when this can be done. 

2. (m^ — Smn+4:ny. 3. (a" + a" — 2 c^)8. 

4. Indicate the expansion of (2 a; — 3 y -f- 4 « — 5 w)* without ex- 
panding the several terms. 

n. EVOLUTION 

168. Evolution is the process of extracting roots, that is, of 
finding equal factors of quantities. 

169. Law for Extracting Roots. 

Let it be required to show that -Vs^ = af . 

We have, a^ = (xpy. (By § 164.) 

Then, ^(xp)^ = xP, (Since the qth root of the qth. power of a quan- 
tity equals that quantity, by the definitions 
of power and root, §§ 12, 13.) 

Hence, to extract a root of a quantity, divide the exponent of the 
qtuintity by the index (§ 13) of the root for the exponent of the 
quantity in the answer. 

170. Extraction of the Roots of Monomials. 

Type form ; Vfl"*"6"^ = a"*A^ 
Even roots of positive quantities can have for sign either + or 
— and are marked ± (see § 44, 17). Even roots of negative 
quantities cannot be real quantities. Thus, V— 4 0,*^ is not 2x, 
since (2ic)*= -f 4'a^; neither is it — 2 x, since (— 2xf also equals 
-\- AiQ^, and not — 4 cc^. Even roots of negative quantities have 
been called imaginaries. 
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1. V36a^ 2. V-64aW 3. V52^. 

4. Va2-6**c*-. 6. V8 X 38 X 6. 6. ^-2«x5«x7«. 






32x2« 



22 X 5^ X 3* 



171. Square Root of Polynomials. 

Let it be required to derive a process for the extraction of 
the square root of a polynomial from a study of the formula 

Solution. a^-{-2ab + b^ [o + 6 
a2 



2a + 6 



2 a6 + 6^ 
2ab + h^ 



How is a, the first term of the root, found ? How is 2 a, the trial divisor, 
found from the first term of the root ? How is 6, the second term of the 
root, found ? In what two places is h written when found ? How la the 
operation concluded ? 

1. Extract square root of 4: ai^ — 12 a^ -{- 5 a^ -{- 6 x -\-l. 
Solution. 4x* -12x8+ 5x2 4-6x4- 1 | 2x2-3x- 1 Ans. 
4x* 



4x^-Sx 



(4x2-6x)-l 



- 12 x8 + 6 x2 

- 12 x8 + 9 x2 



-4x2+6x+l 

-4x2 + 6x4-1 



Remark. After two terms of the root are found, to find the next trial 
divisor, the two terms are regarded as one quantity or as a monomial and 
are doubled, giving 4 x2 — 6 x. 

2. 81 aj* - 432 «8 4- 864 aj2 _ 768 a; 4- 256. 

3. 1-224-222-28 4--. 

4 

4. Extract fourth root, i.e, square root twice, of a* 4- 8 a^b 4- 
24 aV 4- 32 ab^ 4- 16 b\ 

5. Make a rule for the extraction of the square root of alge- 
braical quantities, mentioning first the matter of arrangement of 
terms before beginning. 
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6. ai« + 25aj*4-10aj*-4ar'-20ic» + 16-24aj. 

7. y/x(x + l)(aj + 2)(a; + 3) 4- 1 = ? 

Solve the two following mentally by getting the first and last 
terms, and then the middle one. Test the answer carefully, pay- 
ing special attention to the sign of the last term. 

8. V«*-2aj8-f3iB2_2a; + l = ? 

9. V9a^-12ar' + 16a^-8a; + 4 = ? 

172. Extraction of the Square Root of Arithmetical Numbers. 

1. Extract the square root of 1156. 

Solution. Since 1166 lies between 900 and 1600, its square root lies be- 
tween 30 and 40, i,e. between 3 tens and 4 tens. 

In general counting from the unit's order, each pair of figures, or ** period,'* 
in the number gives one figure in the root, except that the left-hand period 
may have only one figure. Thus, the square root of 1'49 is 12+. The 
periods are usually marked by little lines above and between the figures. 

For guidance in the solution the following formula is used : 

(« + M)2 = «2 + 2 «tt + m2 = ^ 4-(2 1 + u)u. 

Notice in the last expression that 2 t is the trial divisor, and 2 1 + ti is the 
complete divisor. The. process at the right below is just like that at the left. 
That at the left was explained in the last article. 

t +M 

^2+ 2«w + M*|J_±J* 11^56 I 30 + 4 

^2 «2_ 900 



2t-\-u 



2tu^-u^ Trial divisor = 2 « = 60 

2tu-\-u^ M = 4 



256 
2 66 



Complete divisor = 2 ^ + w = 64 

2. Extract the square root of 43,347.24 and prove answer. 

Solution. 4'33'47'.24 | 208.2 
4 



408 



8347 
32 64 



4162 83 24 

83 24 (208.2)2 = 43347.24 by actual multiplication. 

Explanation. In the solution to Ex. 1, the ciphers were retained to 
make the process clear. In this solution no cipher is written that is not 
essential to the solution. 
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When the first figure of the root is doubled for trial divisor it is under- 
stood to be 40, though no zero is wiitten after 4 at first. Now 40 is not con- 
tained in the period 33 brought down, so is written in the root and after 
4, and a new period, 47, is brought down. Next, 40 is understood to be 40 
tens or 400. This 400 is contained in 3347 eight times. When the decimal 
period is brought down, the decimal point is inserted in the root. 

3. 14,356,521. 4. 33,790,969. 5. 16,803.9369. 

Solve the following, getting three decimal places in the root, 
and prove answers by squaring the root and adding in remainder 
thus getting given number. 

6. 2.5. 7. jV 8. .008. 9. .1. 

a. Every sequence of figures has two square roots due to the position of 
the decimal point. Thus V25 = 5 ; \/2.5 = 1.6-. This shows importance of 
pointing off number into periods correctly, commencing at decimal point. 
Notice Vi6 must be written V.SO to get results correct. It is important to 
check the square root of decimals by multiplication, especially when first be- 
ginning the subject. 

10. Make a rule for extracting square root of arithmetical num- 
bers, explaining carefully exceptional cases. 

11. 2. 12. .056. 13. f 14. .00003. 
Solve following mentally, getting one decimal place in root : 
15. 2. 16. 3. 17. .5. 18. 209. 

^173. Extraction of Cube Root of Algebraic Quantities. To derive 
a process for the extraction of the cube root of polynomials from 
the formula : 

(a + 6)« = a* + 3 a^b -h 3 ab^ + b^ = a^ -\- (S a^ + S ab -{- b^)b. 

Solution 

a8 + 3 a^ft + 3 ab^ + b^ |q + 6 
a3 



3 a2 + 3 a6 + 62 



3a25-f 3a62+58 
8 a26 + 3 ab^ -f b^ 



How is first term of root found ? How is trial divisor 3 a^ found from 
first term of root ? How is second term of root found ? What two terms 

*This subject is often omitted. It is not required for college entrance. 
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are added (annexed) to the trial divisor to make complete divisor ? Explain 
precisely how they are obtained. How is process completed? Is it im- 
portant that the terms be arranged before beginning ? 

1. 8;r\-f 66a;*-63ar^ + 33aj2-9a; + l-36ic«. 

Solution 

8x6 - 36x6 + 66x* - 63x8 + 33x«-9x + ll2x^ZL§«±l. 
8x6 



12x«- 18x8+ 9x2 



- 36 x6 + 66 X*- 68 x« 

- 36x6 + 64 X*- 27x8 



12 X* — 36x8 + 27x2 

6x2 — 9x 

+ 1 



12x* — 36x« + 33x2-9x + l 



12x*-36x8 + 33x2-9x + l 



12x*-36y« + 33x2-0x + l 



Explanation. 1st trial divisor = 3(2x2)2. 

2d trial divisor = 3(2 x2 - 3 x)2. 
3(2x2 -3x) X l=6x2-9x. 
12 = 1. 

2. aj8 _ 24 0^2 ^ 192 aj - 512. 

3. a:«-3a^2^+-6a?V-7ar8y8 + 6a^-3a^ + y». 

4. 8a:"+-48caj*+-60c*a;«-80c8ar»-90cV + 108c«a;-27c« 

5. Make a rule for finding the cube root of algebraical quantities. 

6. 39a^-99aj3-9a:* + a;« + 64-144aj+-156aj2. 

7. Find the first three terms of the cube root of 1 — x, Prove 
by cubing root (§ 167) and adding remainder. 

^174. Extraction of the Cube Root of Arithmetically Expressed 
Kumbers. 

1. Extract cube root of 405,224. 

Solution. Since 405,224 lies between 343,000, which is the cube of 70, 
and 512,000, which is the cube of 80, the cube root of 405,224 lies between 
7 tens and 8 tens. In general, counting from unit's order, each set of three 
figures or *' period" in the number gives one figure in the root, except that 
the left-hand period may have three or two figures or only one figure. Thus, 
the cube root of 1 728 is 12. 

 This subject is often omitted. It is not required for college entrance. 
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Solution with Explanation 

«+ u 
405'224 170 + 4 
f» = 343 000 
3 «» = 14700 



Rboular form op Solution 
405'224 I 74 



343 






840 
16 



15556 



62 224 



62 224 



8 X 702 = 14700 
8x70x4= 840 

42 = 16 

15556 



62 224 



62 224 



2. Extract the cube root of 232435.510 to one decimal place 
and prove answer. 



Solution. 232'435. ^510 1 61.4 
216 



10800 

180 

1 

10981 


16 435 
10 981 


111630 

732 

1 

112363 




6 
>6 


5454.510 
4494.544 



Explanation 

8 «2 = 3 X 603 = 10800, 

3«M = 3x60xl = 180, 
u2 = 12 = 1, 

3f^=3 X 6102 = 1116300, 
Stu = Sx 610 X 4 = 7320, 
m2 = 42 = 16. 



959.966 Check. (61.4)« + 959.966 = 232435.510. 

• The answer to the nearest tenth is 61.5, since the next figure of the root 
after 4 would be more than 5. 

3. 12,167. 4. 12,812.904. 5. 167.284151. 

In the following get 2 places in the root and verify : 

6. o» 7. U.^. o. ' 2 y^ * 

9. Write out a rule for cube root, including peculiarities. 

In following get answer to nearest tenth mentally : 
10. 10. 11. 37. 12. 150. 

175. Symmetry in Algebra. A quantity is symmetrical if the 

letters in it can change places without changing its value. 

Thus, a^ -f 4 a^6 + 6 a'^ft* + 4 a6' + 6* is symmetrical, as is the 
sum of a and & raised to any integral power, since a and b can 
interchange without altering the value of the expression. 

Similarly, x^ -^ f, t:^ ± xy -{- f, ^]'^^ , etc., are all symmetrical. 

2ao 
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m. ABRID6SD MULTIPLICATIONS AND DIVISIONS 

*176. Abridged Multiplication. Every one who has used the 
regular process of multiplication of decimals has felt at times 
that a portion of the work was wasted. 

In the Arabic language, as in the Hebrew, the writing extends 
from right to left. This accounts for calculations in the Arabic 
notation proceeding from right to left instead of from left to right 
as in our reading. But there is no reason why we cannot begin 
multiplying by the highest order instead of by the lowest. t 

1. Multiply 172.181 by 163.56, getting the product correct to 
one decimal place. 

Solution Explanation. The multiplier is set under the multipli- 

172 18 1 ®*^^ ^^^ ®"® decimal point under the other. We multiply 
163 56 ^^ ^y ■^' which is here 100. This moves the decimal point 

17218 1 ^^ ^® product two places to the right of where it now is 

10330 86 ^" multiplicand, bringing the right-hand figure of the product 
516 54 ^^ tenths' place. Next we multiply by 6 (60), starting this 
oQfyQ product pne place to the right of the product just set down. 
10*33 Now, to get tenths in the answer correct, hundredths 

28161 9 should be kept. But, multiplying by 3, one gets thousandths, 

which figure need not be written down. We therefore insert 
a little mark before the last figure in the multiplicand, and say, 3 x vl = .3, 
giving nothing to carry. Then, 3 x 8 = 24 ; the 4 is set down under 6, and 
from there on it is ordinary multiplication. When we multiply by the 
next figure, 5, another figure is cut off in the multiplicand, and we say, 
6 X ^8 = 4.0, giving 4 to carry ; 6 x 1 = 5 ; 5 and 4 to carry are 9. This 9 is 
set down under 4 in hundredths' order ; and so on. 

In adding we do not write the hundredths in the answer, but merely find 
the number to the nearest ten to carry from the last column. 

2. Kule for abridged multiplication. 

(1) Set the muUiplier under the multiplicand as if for addition, 

*ThiB subject is treated here because it is not found in many arithmetics. 
Papils should accustom themselves to performing multiplication of decimals as 
here explained, because time is saved and the process is more rational than the 
usual one. 

t In the '* EncyclopsBdia Britannica " (11th Edition) under the title Arithmetic^ 
will be found a discussion of this question of the order in multiplication. 
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(2) Multiply first by the left-hand figure of the multiplier. 
If the first multiplier figure is units, set the right-hand figure of the 
paHial product directly under the rigJU-hand figure of the multi- 
plicand. If the first figure is not units, move the product to the 
left or right as mxiny plo/ces as the figure is to the left or right of units, 
and proceed in the same way with the other multiplier figures. 

(3) One more decimal place in the product should he kept than 
is asked for in the answer. As soon as a multiplier figure gives 
an order lower than the lowest to he kept, the right-hand figure of the 
multiplicand is cut off hy a little mark, and when this figure is 
multiplied hy the multiplier figure, the product is not set down, hut 
the tens, to the nearest unit, are carried, and added with the product 
of the next figure of the multiplicand hy this multiplier figure. 

In the next partial multiplication, another figure is cut off at the 
right of the multiplicand, and the miUtiplication proceeds in the 
same way ; and so on, 

(4) In adding, the sum in the right-hand column is not set down, 
hut the nearest numher of tens is carried, 

3. Multiply 6.7421 by 4.7825, getting tenths correct. Check 
by ordinary multiplication. 

4. Multiply 6.9321 by 4.7825, getting hundredths correct. 
Check. 

5. Multiply 65.324 by 63.412, getting tenths correct. Check. 

6. Multiply 264.72 by 34.621, getting tenths correct. Check. 

7. If the pupil will now compare the usual solutions with the 
abridged solutions, he will see that he can draw a vertical 
line through the usual solution cutting off one part and having 
left the abridged solution, but with its right column somewhat 
changed by carrying. 

8. Pind the compound interest, correct to the nearest cent, on 
$729.38 for four years at 6% if the interest on $1 as given in 
a table is $ .262477. 

9. Find the compound interest amount on $867.93 for 7 yr. 
6 mo. if the rate is 5 % and the interest is compounded semi- 
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annually, if the compound interest table gives $1.448298 as the 
amount on $ 1 for the given time at the given rate. 

10. Find the cost correct to cents of 41,654 ft. of lumber at 
$18.75 per M. 

11. Find the cost of 6347 lb. of coal at $7.25 a ton. 

177. Abridged Division. 1. A stock that pays 7.5% annual 
dividends, that is, $7.50 per share of $100, costs, including 
brokerage, $164,375. Find the rate of interest realized correct 
to four decimal places. 

Solution Explanation. The decimal point is moved three 

Qj^ places to the right in both divisor and dividend, which 
l&.4^3v75 ^7500 UO — ^ equivalent to multiplying each by 1000, thus leaving 
6575 ^^^ quotient imaltered. This makes the divisor a 

"02^ whole number, places the decimal point in the quotient 

goo immediately over that in the dividend, and the first 

Tqo significant figure of the quotient over the last figure 

98 of the dividend used to get it when all figures of the 

divisor are used. 
The order of the first significant figure in the quotient is thus hundredths. 
This leaves two figures of the quotient still to be found. If we wish 2 figures 
only to appear in the divisor at the end of the division, and one figure is cut 
off from the divisor each time as we get the two remaining figures of the 
quotient, then four figures will be all we shall need in the divisor when 
we begin the division. Consequently 75 is cut off, thus, J5, before be- 
ginning to divide. 

The operation of dividing proceeds as follows : 4 x .7 = 2.8, giving 3 to 
the nearest unit to carry ; then 4 x 3 + 3 = 15, the 6 being set down and 1 
carried ; then the operation continues as usual. In this way we get 6575. 

To get the next figure of the quotient, the 3 in the divisor is now cut off 
by a mark. Then we say 5 x .3 = 1.5, giving 2 to carry ; 5 x 4 + 2 = 22, 2 
being set down and 2 carried ; in this way we get 822. In the last opera- 
tion, 4 is cut off, and we begin by saying 6 x .4 = 2.4, which gives 2 to carry ; 
then 6x6 + 2 =38, or 8 down and 3 to carry ; 6 x 1 + 3 = 9. 

2. Rule for Abridged Division. (1) Make the divisor a whole 
number without zeros at its right, by moving the decimal poir^t. 
Move the decimal point in the dividend the same number of places 
and in the same direction as in the divisor. 

COL. 2d c* — 10 
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(2) Place the decimal point in the quotient immediately over that 
in the dividend, and the first significant figure in the quotient over 
the last figure of tlie dividend used to get it if all the figures of the 
divisor were used. 

(3) To the number of figures in the quotient yet to be found 
add 2. This gives the number of figures needed in the divisor. 
Cut off with mark any excess over this at the right of the divisor. 
If there is no such excess at the beginning of the operation, test for 
such excess as you proceed, using the rule just given, 

(4) Each time multiply the left-hand figure of those cut off by the 
figure of the quotient and carry the tens of the product to the nearest 
unit, but do not set down the units. In each successive division 
thereafter cut off a new figure at the right of the divisor. 

3. Divide 163.27 by 48.613, getting three decimal places in the 
quotient. 

4. Divide 267.46 by 23,740, getting three decimal places in 
quotient. 

5. Find the present worth of $ 258.19 due in 9 mo. and 14 da. 
at G %, that is, divide 258.19 by 1.04733 +, getting answer correct 
to cents. 

6. A man bought a stock of goods for $ 12,674.29 and sold it 
for $ 14,695.18. What per cent, to the nearest tenth, did he gain ? 

7. How many bushels, to the nearest hundredth, are there in 
66,374 cu. in., if 1 bu. contains 2150.42 cu. in. ? 

8. What principal, to the nearest cent, will amount to $ 756.25 
in 2 yr. 8 mo. 17 da., at 6 % ? 

9. What is the diameter of a circle, to the nearest tenth, whose 
circumference is 65.8 in., if w is taken equal to 3.14 ? If 65.8324 
is circumference, and w is taken equal to 3.1416 ? 

10. What is the width of a rectangle whose length is 16.8 rd., 
and whose area is 818.19 sq. yd., getting answer to nearest tenth 
of a yard ? 
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IV. PRACTICAL APPLICATION OF INVOLUTION, EVOLUTION, AND 
ABRIDGED MULTIPLICATION AND DIVISION 

178. Solution of Problems by the Use of Inyolution, Eyolution, 
Multiplication, and Division. Formulas. 

1. Calculate in the quickest way 2^ x 3^ + 2 x 3^ + 2« x 3« 
+ 2x3* by taking out the common factor. 

2. Calculate 18^ -h 15^ + 6' -f- 9^ -f- 36^ by changing each quan- 
tity into the product of its prime factors with exponents and then 
taking out the common factor. Thus, 18^ = (2 x 3^)2 = 2* x 3* ; etc. 

3. Write as the product of their prime factors raised to 
powers, each of the following : 54^; 125*; 24*; 108^; 36'. 

4. (a + 6 + c)" + (a-6-c)* = ? See § 68. 

6. {x-{-y-zy-{x-y-\-zy = '^ 6. (a - 6)«(6 - a)' = ? 

7. Find the area of a square whose side is 6.05 ft., correct to 
tenths. See § 63. 

8. Find the volume of a cube whose edge is 8^ in., correct to 
two decimal places. § 166, 11. 

9. Find the area, correct to tenths, of a circle whose radius is 
11^ in. from the formula a = 7rr*, using «• = 3.1416. (See § 88 
for square of number + J.) 

10. Find the volume, correct to hundredths, of a sphere whose 
diameter is 4.02 from the formula v = \Trd?. 

11. Find the surface, correct to hundredths, of a sphere whose 
radius is 3^ m., from the formula s = 4 Trr*. 

12. Find the volume correct to hundredths of a cylinder whose 
altitude is 3.875 ft. and radius of base 2.268 ft., from the formula 
V = irT^h, in which r is the number of feet in the radius of base and 
h the number of feet in the altitude. 

13. Find the volume correct to hundredths of a cone whose 
altitude a is 20.5 cm. and radius of its base 144 cm., from the 
formula v = \ irar^. 
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14. Find the area correct to hundredths of the triangle whose 
three sides a, b, c are respectively 8, 9, 13 in. from the formula 



A = V<« - d)(s - b)(s - c), (See § 89.) 
in which 

SoLUTiow. » = J(8+9 + 13) = 16; s — a = 7 ; » — 6=6; « — c = 2. 
Then A = V16 x 7 x 6 x 2 = >/l260 =85.6-. Ans. 

Check. 85.63 = 1260.25. 

15. Find the areas correct to hundredths of the following 
triangles in same way : a = 10, 6 = 12, c = 14 ; a = 1.6, b = 1.9, 
c = 2.1; a = 346, 6 = 679, c = 722; a = .06, 6 = .053, c = .019. 

16. Find the hypotenuse correct to hundredths of a right tri- 
angle whose two legs are 6.21 ft. and 9.42 ft. from the formula 

^ = Va2 + 6«. 

17. Find one leg of a right triangle whose hypotenuse is 7^ 
in. and other leg is 4J in. from the formula a = VA^ — 6^. 

18. Find the time of falling correct to tenths of a second from 

— , knowing the distance to be 168.2 ft. and 
9 
g = 32.2 ft. 

19. Find the surface correct to two decimal places of a cube 
whose volume is 168.2 cu. ft. 

20. Find the surface of a sphere whose volume v is 19 cu. ft. 
from the formula s = V36 irv^. 

21. The volume v of a spherical segment or part of sphere in- 
cluded between two circles in parallel planes whose radii are r 
and ?•' and whose altitude h is the perpendicular distance between 
the parallel planes is given by the formula 

« = I (^ + ^'^ + !|!. 
Find V when r = 6.1, r' = 8.2, and h = 1.08. (See § 166, 11.) 
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22. Find the length of a perpendicular from the right angle to 
the hypotenuse of a right triangle if it divides the hypotenuse 
which is 10 ft. long into segments one of which is .6 ft. longer 
than the other. 

SuooEBTiON. Solve fii8t for X and y, the segments of the hypotenuse. 
See § 51. 

23. By measurement the distances on a line drawn from a 
point outside a circle to it are 12.7 ft. to the nearest point of the 
circumference and 19.6 ft. to the farther point on the circumfer- 
ence. What is the length on the tangent to the circle from the 
given point measured from the point of tangency to the given 
point ? 

24. If AB is the chord of a circle whose radius is E, and AD 
is the chord of half the arc AB, then, by geometry, 

AD=yl2B- B^AB^^AB'. 

If the radius of a circle is 8 ft. and the chord AB is 2 ft., find AD, 

26. If AB of preceding Exercise is one side of a regular hexa- 
gon inscribed in a circle whose radius is 1 ft., then AD is one side 
of a regular inscribed 12-agon. Calculate the perimeter of the 
regular 12-agon after first calculating one of its sides by means of 
the formula in Ex. 24. (See § 61, 21.) 

26. Using the value of AD found in Ex. 25 calculate one side 
of a regular 24:-agon inscribed in a circle whose radius is 1 ft., and 
then find its perimeter. 

27. Explain, now, how the formula of Ex. 24 can be used to 
find an approximate value of tt, ^ 



CHAPTER VII 

FRACTIONAL EXPONENT QUANTITIES AND RADICALS.^ 
I. FRACTIONAL EXPONENT EXPRESSIONS 

179. Formulas Giving the Laws for Integral Exponents. 

1. Addition and subtraction formulas : 

ajr* + Ajr"* = (a -h A)^"* ; fl^" — bx"^ = (« — *)'"*• (§ 35.) 

2. Multiplication formula: jr"* X jr* = jr"*"*"*. (§ 42.) 

3. Division formula : jr"* -f- jr" = jr*~* : — = jr"*"*. (§ 48.) 

4. Power formulas : (jr"*)" = jr"*" ; (x/z)"^ = jr"y*z"*. (§ 164.) 
6. Root formulas : VJr* = jr«} •Vxy = xnyn, (§169.) 



180. Meaning of Fractional Exponents. Integral exponents were 
defined in § 11. We are now to determine a meaning for frac- 
tional exponents. Such definition will naturally have to agree 
with the definition and formulas for integral exponents, since in- 
tegral exponents are merely special cases of fractional exponents 
having the denominator 1. 

If we let the laws of § 164 and § 41 hold true for fractional ex- 
ponents, we have : 

(x^y = x^=^x] x^ XX^ = X^'^^ = 3l^ = X. 

Thus, x^ is the square root of cc, since it is one of two equal fac- 
tors whose product is x. (See § 13.) 

Again, {x^y = x^ = x) x^ xx^ xx^ = x^^^^^ =i^ = x. 

• Throughout this chapter many prohlems can he solved mentally and should 
he so solved. 

140 
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Thus, aj» IS the cube root of x, since it is one of three equal fac- 
tors whose product is x. 



mn 



In general, (jr**)** = jr" =jr"*; 



M . M . fn , . fun 

I — +ton terms 



jr" X jr" X X** X ••• to w factors rngr""" =x"=jr 



m 



Thus, jr" is the nth root of jr"*, since it is one of n equal factors 
whose product is x". 

We are therefore led to attach the following meaning to a frac- 
tional exponent : 

The numerator of a fractional exponent denotes the power to which 
the quantity of which it is the exponent is to be raised, and the 
denominator denotes the root to be taken of this result. 

The student will see this more clearly from the following ex- 
amples; -y/a* = a^ = 0.^; •v^=a;'=a^; ■\/b^ = b* =b^', then 
■y/d^ = a*, and a» means the cube root of the 7th power of a. 

181. Exercise dealing with Quantities having Fractional Ex- 
ponents. 

1. Calculate 8*. 

Solution. 82 = 64 ; \/64=4. Ans. Or, \^ = 2 ; 2^ = 4. Ans. 
Evidently it is easier to extract the root^r«^ 

Another Solution. 8* = (28)* = 2^ = 4. Ans. 

Here the number is first expressed as the power of a prime. 

a. To extract the root of a fraction extract the root of each term. 

Thus, Ji = ?. f«V = ^- 

2. Calculate: 4*; 16*; 27*; 4^; 9^; (|)*; (-^jV)*; (ifr)*; 
i_ 1 

(a")"; (af^y, 

3. Calculate: 16*; 16*; 49*; (36)*; (\)i. 

4. (9m*-30m2n+25n2)i=? 

6. (a«-6a26 + 12a62_86^* = ? 
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6. Express with fractional exponents: V5* (Ans. x^); Vo^j 

7. Express with radical signs: a?*; a*; p^; Sz^, 

8. Calculate 243? ; 36*; 9*; 81*. 

182. Principles underl3ring Operations with Quantities containing 
Fractional Exponents. 

We know that (abcy = d?V(:?\ (ahcf = a?¥(?\ etc. The question 
arises, is it likewise true that 

(ahc)^ = a^h^c^ ; {ahc)^ = a^h^c^ ; etc. ? 

Or, stated generally, is it true that 

1 111 
(1) (a6c...)" = a"6"c»...? 

Now we can test the truth of this equation by raising both 

sides to the nth power by the power axiom (§ 57). We have 

1 

[(^abc ••• )"]" = oibc ••• . (By the definitions of 

root and power.) 

Ill 111 

and (aH'''c^ ... )» = (a»)"(6•)"(c•)*... 

=a6c•••. (By the definitions of 

root and power.) 

Thus, we see that raising the two members of equation (1) to 

the same power gives equals. This, however, does not prove that 

1 111 
(a6c •••)"= a*6"c" •••, since in algebra unequals raised to the 

same power may give equals. For example, (—2)*= 4-4, and 

(4-2)^= 4-4; but this does not prove that —2 equals 4-2, for 

they are not equal. 

If, however, we limit the roots considered to arithmetical values, 
that is, to positive numbers, then it is always true that if two 
numbers raised to the same power give equals, they are equal. 

Hence, with the limitation in meaning stated, we have 

1111 
{abc •..)** =:a''h''c'' .... 

Changing this formula into a principle, we obtain; 
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1. Fandamental Principle. The arithmetical root of a product is 
equal to the product of the same arithmetical roots of the several 
factors, and conversely. 

By means of this principle any factor within a sign denoting a 
root may be removed outside the sign provided the desired root 
of the factor can be extracted. 

For example, 12* = (4 x 3)1 = 4* x 3* = 2(3)i. 
By means of this principle also like roots of quantities can be 
multiplied together. Thus, ^i x ^^ = 30*. 

2. If both terms of a fractional exponent are multiplied by the 
same number, the value of the quantity is not changed. 

This principle holds, likewise, only for arithmetical roots. 

For, while 9^ = 9, 9* may equal either -f- 9 or — 9, since the 
square root (denoted by the denominator 2 of the exponent) may 
be either positive or negative. 

3. A quantity with a fractional exponent may have its value cal- 
culated either by raising to the power first and extracting the root 
afterwards, or vice versa. See Ex. 1, § 181. 

This principle also holds true only for arithmetical roots. 
Thus, 2bi = (625) i = ± 25, while (251)^ = (± 5)^ = + 25 only. 

183. Proofs based on principles of § 182 to show that same laws 
govern the use of fractional exponents as goyemed integral ones. 

1. Proof that in multiplication the exponents of like factors are 
added, 

Lict aj" and afl be any two quantities with fractional exponents, 
x being any quantity, and m, n, p, q being integral numbers. 

m p mq np 

Then, oj" x oj* = «"« x a?'*« (§ 182, 2.) 

= (xT'f^ X (a;"^)"« (§ 182, 3.) 

\_ 

= {af^ X »**'')"« (§ 182, 1.) 

2_ 
= (a;'^+np)«« (§ 42.) 

mq-\-np 

= x~^. (§ 182, 3.) 
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But M±M is the sum of the exponents - and £• 
nq n q 

Hence the rule to add the exponents of the same letter in the fac- 
tors for the exponent of this letter in the product holds for fractional 
as well as for integral exponents, 

2. Derive the corresponding rule for division. (See § 48.) 

3. Proof that in raising a qitantity to a power the exponent, of the 
quantity is multiplied by the index of the power for the exponent of 
the quantity in the result. 

s p 

Let a" be the given quantity and - be the exponent, a being any 
quantity and m, n, p, q being integral numbers. 

Then (a^)«=([(a«')"]^/ (By § 182, 3.) 

^, , - ^ (Since the gth root of the 
^"^ ^ -i nth root means the nqth 

root by the definition of 
root, § 13, the nqth root 
being one of q equal 
factors of one of the n 
equal factors of a".) 

^l(aryy^ (By§182,3.) 

_i 
= (oT^) «« (Since the pth power of 

the mth power is the 

mpth power, § 164.) 

mp 

= a"«. (By §182, 3.) 

But — £ is the product of the exponent of the quantity and 
the exponent of the power. 

Hence the rule to multiply the exponent of the quantity by the ex- 
ponent of the power holds for fractional as well as integral exponents. 
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184. Exercise in performing Operations involving Quantities having 
Fractional Exponents. 

Work mentally the first ten and as many more as possible. 

1. Simplify 3 a^ x — 5 a*. Ans. — 15 a^i 

2. 9 a^ 6 X 3 a^K 3. 3 m^n^ X 6 rrrn^p. 4. aHM X a^bcK 

5. a"Xa«Xa*. 6. 12 x^yH^ -i- —2 xhjK 7. 6a;* -5---2a^. 
1 Remark. Notice that just as (ahy = a^&^, so here 

^ ^ (3 a^)8 = 38 X (a*)8. (See § 182;. 

9. (9a*)i; (8 a*)*. 10. (a*)*; (-4a*)*; (-27a*)i 

11. (oji - aji + 2 a* + 3) (aj* - 2). (§ 39, III.) 

12. (x — y)-i-{x^ — y^)l (a* + a* + 1) (a* — 1). 

13. (xi - 6 y* ) (»t 4- 6 y*). (§ 66.) 

14. (a;* + 2/*)'; (a*-5 6*)»; (3m*-2ri*)*. 

15. From the sum of 5 ax^ — (a; 4- y)^ + (a — &)* and — 7 a:>; 
f 2(aj4-.y)*-3(a-6)*take3aa;*-h4(a; + y)*-5(a-6)*. 

16. Calculate 36^^ + 4^* - lOO^-* - Sl^^. 

17. Find the product of (^^J, (^^^\ and (^,)*. 

1 8. Divide a;* -f a^fys -f yT by x^ + .x^y « + yi 

19. (ai + b^+ciy = ? (aJ^b^)^(a^-{-I^, 

20. V(l +4 a;* - 2 aj*- 4 a; + 26 a?*- 24 »* + 16 a:^ = ? 

21. Factor a* - 1 (§ 70) ; a^-{.ab + b^ (§ 80, 16). 

22. (aj*-9a; + 33a;*-63ar^ + 66a;*-36aj*+ 8)i = ? 

23. Expand (a;* — 4)(aj^ -f- 5). 

24. Expand (x^ + 4 y^)(a:* — 4 1/*). 

25. Expand (a;^ — 2 y * )*. 

26. Expand (a;i - 2 yi - 3 2;1)« 
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185. Meaning of Zero and Negative Exponents. 

1. Zero exponents arise naturally in division when a letter 
has the same exponent in both divisor and dividend. 

Thus, a* -^ af = of'-'" = QiP, (§ 48.) 

But af*-^ar = l. 

Hence, if the rule for subtracting exponents is to continue to 
hold, we must take a^ = 1. (§57, 8.) We have then this impor- 
tant result : 

2. Theorem concerning Exponent. Any finite quantity with ex- 
ponent is equal to 1. 

The meaning of this theorem is understood better if we think 
of aP as being associated with other factors. 

For example, — r-^- = — ^ = — ^ • 

aruv uv uv 

The exponent shows that x is used no times as a factor of 
the product, or has dropped out and so does not affect the prod- 
uct of the other factors. aP cannot have the value 0, for that 
would make the whole expression 0, and it is not 0. 

3. The meaning to attach to negative exponents can be ob- 
tained from that for zero exponent. We have 

«" X a?""* = a:"'"'"^""*^ = a;° = 1. (As just shown). 
Or »"* X «"*" = 1. (Things equal to same thing 

are equal to each other.) 

Then a?"** = — (Division Axiom). 

Thus, we are led to take a quantity with a negative exponent to 
mean the reciprocal of the same quantity with a positive exponent. 

If 6~2 = — , and c~^ = --, as just laid down, 

U Ci 



(§ 106.) 
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Here we see b~^ in the numerator of the first fraction become 
V in the denominator of the last, and c~® in the denominator of 
the first fraction become c^ in the numerator of the last. In this 
way we get the following theorem : 

4. Theorem concerning Negative Exponents. Any factor can be 
transferred from the numerator to the denominator or from the de- 
nominator to the numerator of a fraction provided the sign of its 
exponent is changed, 

186. Exercise in Using Zero and Negative Exponents. 

Write the values of the following : 

1. 10°. 2. 1000°. 3. a'b^c. 4. i^. 

afy 

Express the following with positive exponents : 

5. 2a-'^b. 6. m-^n-K 7. Bah"^. 8. 10a"^6*. 
Write the following fractions without denominators : 

9. 2 . 10. -4-.. 11. S^. 12. 6 



(a) When no denominator is written, 1, of course, is understood. When 
all the factors of a numerator are transferred to the denominator (as in Ex. 
6), the factor 1 is understood to remain in the numerator 

187. Rules giving the Laws for Exponents whether Integral, Frac- 
tional, or Negative. 

1. In addition, add the coefficients of similar quantities. The ex- 
ponents in the literal part remain unchanged, 

2. In multiplication^ add the exponents of the same quantity in 
the factors for the eoq?onent of this quantity in the product, 

3. In division, subtract the exponent of a factor in the divisor 
{denominator) from the exponent of the same factor in the dividend 
(numerator) for the exponent of this quantity in the quotient. 

4. In raising to powers, mtdtiply the exponent of a factor quantity 
by the index of the power to which it is to be raised for the exponent 
of this qiiantity in the ansiver. 
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6. In extracting roots, divide the exponent of a factor quantity hy 
the index of the root for the exponent of this quantity in the answer. 

6. Any finite quantity with exponent is equal to 1. 

7. Any factor of the numerator or denominator of a fraction can 
be transferred to the other term of the division hy changing the sign 
of its exponent. 

188. General Exercise in the Simplification of Quantities involving 
Fractional and Negative Exponents. Answers are to have only 
positive exponents. Solve as many as possible mentally. 

In solving numerical exercises write quantities as powers of prime factors, 
and then, after simplifying, change all negative exponents to positive ones. 

Thus, 8-*= (28)-* = 2-2 = 1 = 1. 

1. 16* 2. Sli. 3. 100"^. 

4. 625^-^*- 6. x^ X aj"i. 6. m* x m*. 

7. (a^i 8. 16-i. 9. a X a"i 

10. (a*6-*)*. 11. 100"*. 12. 4a*-^•2a■^. 

13. (32V «0"*- 14- (tV?)"*- 15. a* X a^ X a^. 

16. ((a-^^* 17. {xyy-^^^Qdf'f. 18. {(^ — ay. 

19. (a -6)-^ (a* -6*). 20. (a?* + 2 a?"* + 1)^ 

23. (a»-V+y- 24. 8 * -5- 256 *. 

25. ^"; ~ ^ , X m-l 26. Square a* + ft* - ci 

m"'* — wm~^ 

27. 12<> + 4i-9-i + (-64)-*4-27i 

28. (»"* + 2a;"i + 4a?"i + 8)(a;-i-2). 

The table at the top of the next page will be found convenient 
for reference in simplifying and evaluating radical quantities, 
and evaluating the roots of quadratic equations. 
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TABLE OF POWERS AND SQUARE ROOTS 



X 

1 


X2 


iXfi 


a^ 


a^ 


afi 


xi 


1 


1 


1 


1 


1 


1.000 


2 


4 


8 


16 


32 


64 


1.414 


3 


9 


27 


81 


243 


729 


1.732 


4 


16 


64 


256 


1024 


4096 


2.000 


5 


25 


125 


625 


3125 




2.236 


6 


36 


216 


1296 


7776 




2.449 


7 


49 


343 


2401 






2.646 


8 


64 


512 


4096 






2.828 


9 


81 


729 


6561 






3.000 



X 

10 


xi 


3.162 


11 


3.317 


12 


3.464 


13 


3.606 


14 


3.742 


15 


3.873 


16 


4.000 


17 


4.123 


18 


4.243 



X 

19 


xi 


4.359 


20 


4.472 


21 


4.583 


22 


4.690 


23 


4.796 


24 


4.899 


25 


5.000 


26 


5.099 


27 


5.196 



II. RADICAL EXPRESSIONS 

189. Radical Quantities. An indicated root of a quantity is 
called a radical quantity, or a radical. Thus, V5, 2* are radical 
quantities. In 4^5 a, or 4 (5 a)% 4 is the coefficient of the radical, 
3 is the index of the root, and 5 a is the radicand. 

Kadical quantities may be either rational, as V25, VJ, or 
irraticmaly as V7. A rational quantity is the ratio of two integral 
numbers. An irrational (or surd) quantity cannot be the ratio of 
two integral numbers. 

Rational quantities, as ^, ^, ■^■^, give rise, when the numerator 
is divided by the denominator, to either integers, finite decimals, 
or repeating decimals, that is, to decimals that repeat certain sets 
of figures. Thus, -^^ = .135135135 • • • ; f = .428571'428571 .... 
When dividing by 7, after ciphers begin to be annexed to the 
dividend, the possible remainders are 1, 2, 3, 4, 5, 6. When such 
remainders are all exhausted, the figures of the quotient must 
repeat in the same order. 

Irrational quantities, on the other hand, never give rise to deci- 
mals like the preceding classes, but to decimals which do not end 
and which do not repeat the figures in regular order. An irra- 
tional number and unity have no common divisor, that is, are 
incom'fnensurable. 
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In particular, it can be shown by the continued division process 
(§ 94) of finding the greatest common divisor that the diagonal of 

a square and its side, whose ratio equals V2 : 1, 
are incommensurable. By the process of § 172, 
we have V2 = 1.4142+. 

The student can get a fairly good idea of the 
different kinds of numbers, — positive, negative, 
1 integral, rational, and irrational from the follow- 

ing diagraju, on which the length V2, from to the point indi- 
cated by the arrow, is found from the length 1 on this scale by 
obtaining it as the diagonal of a square whose side is 1. 
The diagram shows negative numbers as extending 
downwards from 0, and positive numbers upwards from 
; it shows also the integral numbers 1 and 2. The 
decimal division numbers also are examples of rationals, 
and V2 is an example of an irrational number. 

To see the difference between rational and irrational 
numbers, we observe that V2 gives rise to a never end- 
ing series of decimal figures. As indicated on the dia- y^ 
gram, we thus learn, first, that V2 lies between 1 and 2 . 
next that it lies between 1.4 and 1.5. Now, if we sub- 
divided the line from 1.4 to 1.5 into ten equal divisions, 
V2 would lie between 1.41 and 1.42; and if we sub- 
divided the line from 1.41 to 1.42 into ten equal di- 
visions, V2 would lie between 1.414 and 1.415; and if 
we subdivided the line from 1.414 to 1.415 into ten 
equal parts, it would lie between 1.4142 and 1.4143 ; 
and so on indefinitely. Thus, no matter into how 
many equal decimal divisions the line from 1.4 to 1.5 
is divided, V2 will always lie between two such di- -|- o 
visions. It can be shown that the same thing would 
hold true if the line were divided into any other equal 
divisions than tenths. The distance from to a point 
on any one of the divisions described would be denoted by a 
rational quantity. Thus, an irrational number always locates 
a point different from one located by any rational number. 



♦2.1 
— +2 

+1.9 
-1-1.8 
-1.1.7 
1.6 
I-+1.5 
1.4 
♦1.3 
+1.2 
+ 1.1 
-+>+l 
-•k9 
.8 
I- +.7 
6 

.♦J8 

-+a 



-a 
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190. The Duplicate Notation for Radicals. As we have seen, 
both radical signs and fractional exponents are used to denote 
roots. 

For example : 

The reason for the existence and use of both notations is 
easily explained. The radical sign -y/ came into use a century 
before Newton and Wallis found out that fractional exponents 
were naturally adapted to denote roots. The use of the radical 
sign in the meantime had become too firmly intrenched to admit 
of its displacement. The radical sign notation, it may be re- 
marked, is often shorter than the other. Thus, (a -\- b)i is more 
troublesome to write than Va -f b, because both numerator and 
denominator of the fractional exponent are not written in the 
radical sign notation. 

The use of this double notation, however, is oftentimes quite 
confusing to the student, and it makes the subject much more 
difficult than it would otherwise be. 

191. Simplification of Radical Quantities. There are four kinds 
of reductions in radicals which we now proceed to investigate. 

A radical is not in its simplest form: 

1. If some required root of it can be extracted. 

Thus, (36 a^) i = 6 a; ; 16^ = 2 ; (27 m^n^ i = (3 mn^)i. 

a. By § 13 we see that taking the square root of the cube root gives the 
sixth root ; the square root of the square root gives tlie 4th root ; the square 
root of the fourth root gives the 8th root, etc. Thus, 

(16 6*)* = [(16 64)i]i = (2 6) I ; (mV)^ = [(mW)*]* = (mw^)^ 

Type form : (a"*)"*" = a". 

2. If any factor of the radicand can have the desired root taken 
of it 

(18)i = (9 X 2)i = 3(2)1. (§ 182, l.) 

5(16 ^)^ = 5(8 ic3 X 2 x")^ = 10 x(2 a;^)* 

COL. 2d c. — 11 
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If the required root of any factor of the radicand can be tdken, 
that factor may he removed from the radicand, and its root used as 
a factor of the coefficient of the radical, 

b. In searching for square factors, test first for 4, then for 9, then for 25, etc. 

Thus, (262)i = (4 x 9 x 7)* = 6(7)* ; 460* = (9 x 26 x 2)* = 16(2)*. 

Testing for cube factors, look first for 8, then for 27, etc. 

1 1 

Type form : (a*6)" = a{b)\ 

3. If the radicand is fractional. 

To simplify, we multiply both terms of the radicand by a 
factor such that we can extract the desired root of the resulting 
denominator. 

(f )* = (I X i)* (§ 98) = (^ X 16)i = K15)l. (§ 182, l.) 



1 

Type form : (^ = i {abr-^f. 



To simplify a quantity whose radicand is fractional, muUiply both 
terms of the radicand by such a quantity as will make tlie denomina- 
tor a perfect power of which the required root can be taken, EoctroAA 
this root and write the result as a factor of the denominator of the 
coefficient. If possible, simplify the numerator as in 2 above, 

4. If there is an irrational quantity in its denominator,, 
Simplifying such a quantity is called " rationalizing its denom- 
inator." 

Thus, i- = i- X ^ = ^. (Since 6* x 6* = 6*+* = 6.) 

6i 6i 6i 6 

5L = 5Lx^* = ^. (Since5}x6i = 6Hi = 6.) 

6* 6* b^ b 



24-3i 24-3i 2-3* 4-3 
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Verify this last result by calculating and the answer 

4(2 — 3i) each to three decimal places. Notice by this simpli- 
fication a long division is saved. 

To rationalize a quantity with a monomial denominator , multiply 
both terms by a monomial which will make the denominator rational. 

To rationalize a quantity with a binomial denominator, multiply 
both terms by the ^^ conjugate surd^' to the denominator*, that is, the 
denominator with the sign between its terms changed. 

Notice that multiplying by the conjugate surd always makes 
the radical signs disappear. Why ? 

192. Exercise in Simplifying Radical Quantities. All problems 
given in the radical sign notation should be immediately changed 
into the fractional exponent notation, then solved, and last of all 
changed back. Before changing back into the radical sign notation, 
separate quantities with fractional exponents into two factors, one 
with integral exponents, and the other with proper fraction exponents. 

Thus, 5 aibi = 5 a% x aibi = 5 a*6 Vab. 

Solve as many as possible of the following mentally : 
1. (25a«6)l. 2. (27a*6V)i. 3. (108 a«6)*. 

4. (a^^^^l. 5. (1000)*. 6. (l||)i. 

7. \/aVy- 8. 7V396^. 9. 5V726. 



11 ^ 12. \/— • 



16. 



96 
3 



10. V\. 

fcr^\ ^ j^ Va^fe^ 4- a'c". 18. ^o^^ 



16 



19. ^/729a^ 20. ■v/64 a^V. 21. V(a^-l)(l+a). 
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22. </|. 23. — ^. 24. "^ . 

3* 4-5' V5 - V2 



28. Find the numerical value of V4a*6 when a=3.51, 5=16.81. 

a. Notice the result can be had very much more quickly by first simplifying 
the radical. Check result by calculating radical in original form, noting the 
difference in the labor of calculation. 

29. Calculate VlJFm when L = 25.7, F= 14, m = 4^. 

30. Calculate area of triangle whose sides are 8, 10, and 14 
(§ 89),being given from a table (p. 149) that V6 = 2.449. 

31. Calculate the diagonal of a rectangular box from one lower 
corner to opposite upper corner if dimensions are 3, 4, 5 ft. 
and if it is known from a table (p. 149) that V2 = 1.414. 

32. Find tt from formula w= Vv^-f 2/s whenv=3, /=31f, 
s = 3. 

33. Find one side of a square equal to the sum of two squares 
whose sides are respectively 13 m. and 9 m., using the table of 
square roots. 

34. Calculate V8^ X 6^ x 72, using table of square roots. 

Suggestion. First write : S^ = (28)8 = 2* ; 68 = r2 x 3)3 = 2« x 3« ; 
72 = 28 X 32. 

35. Calculate yj^^^KE^^ ^ using table. 

193. Insertion of Coefficients under the Root Sign. 

1. 5(3 a)i. 

Soi UTION. 5(3 a)i = 25i x (3 a)i = (76 a)i. (§ 182, i). 

2. 9(2m)i 3. 3x{5x)K ^ws. (135 a?*)*. 
4. 2y(7f)K 6. 3a^V5^. 6. |^4. 

7. -^^\F^- 8- ^x(25ic4. 9. a-^^'2^tr^. 
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194. Addition and Subtraction of Radicals. To add radical quan- 
tities they are first simplified or reduced to similar radicals. 

1. Add 18^ 2f~\\ 5(64)*, and -5.. 

Solution Chbckino 

18i = 3(2;i (§191,2.) Vl8= 4.24+ 

2(J)i = 2^ (§191,8.) 2V:60= 1.41+ 

5(8)i = 10(2)i (§ 191, l, 2.) bVS = 14.14+ 

4 = !(2)* (§191,4.) 4,= 1.06- 

8* ^ V8 



Sum = 14.75(2)* = 20.86". 20.86+ 

a. By this radical simplification, which is easily and quickly performed, 
four root extractions and one long division are changed into one root extrac- 
tion and one multiplication. 

Change quantities written in the radical sign notation to the 
other before solving. Check some of the solutions, assigning 
values to the letters partly to test answers and partly for drill 
in root extraction. Solve as many as possible mentally. 

2. 8(125)i + 2(80)i. 3. ^/Wa^ - bVfBa. 

4. 2(i)* + 8^. 6. 4Vi28-6Vi62"+16Vf. 

6. 3Vf5^-2 a'byj^- 7. SVlSQ-Sv^STS - 7-J^. 



2,3 1 



10. 2V3-Vl2+</9. 11. </Y^2</l6 -^ ^32. 



12. V|+V| + Vi. 13. 2V|-hV60-Vl5+Vf. 

14. 3V|-hV40-hV|-^- 15. ^^,^+^^^^iAiW, 

16. ■V2ax'-4:ax + 2a-V2ax' + 4.ax-\-2a. (§ ^1; 10) 

(.1 
a±x\ ^ 
a — xj 
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18. (54 a-'+^fr')* - (16 a— 8&«)1 4. (2 a^+»)i + (2 d'a'*)^ . 
Suggestion. (64 a»+«6*) ^ = (27 cfib^ x 2 a*) ^ ; etc. 

19. The areas of three lots in the form of squares lying side 
by side along a road are 6, 24, and 51 sq. rd., respectively. What 
is their total frontage on the road? Use table of square roots, 
page 149. 

20. The areas of three squares are 32, 8, and 18- acres respec5- 
tively. Find the number of rods of fence needed to inclose all of 
them. 

21. One square lot has an area of 75 sq. rd. and another an 
area of 12 sq. rd. How much more fence will one need than the 
other ? 

195. Multiplication and Division of Radicals Having a Common 
Index. Use the fractional exponent notation in solving. 

Type form : a" X 6** = (a6)*. (See § 182, 1). 

1. Multiply 4 Vl5 by 3 V35. 

Solution. 4(6x3)* x 3(5x7) * =12(52 x 21)* =60(21) *=:60\/21. ^^ 
Check. 15.49+ x 17.75+ = 274.9+ = 275-». 

2. 2(15)ix3;5)*. 3. 8Vi2x3V24. 

4. 3(8a2)ix(6a^i. 6. ^/^^y2 X ^/^^^-2. 

6. 4Vi2T«-f-2V3a. 7. 70-v^-5-7\/i8. 

10. (6i-h3*)(6i-h5i). 11. (9(2)* - 7)(9(2)i -h 7). 

12. (7 4-3V7)(2V7-7). 13. (2V6- Vl2-3V24)x3V2. 

14. {2a-\-S-\/x)(Sa-2Vx). 15. (2>/8-Vl2-5Vi8)^3V2. 

16. fV|XiV^. 17. ^V^-^^^/^. 

18. (m4-n-V^)(Vm-f V^). 19. (9\/2-6^6-3a/8)--3a^. 

20. (4^4-3^/^)(2^/6 + ^9). 21. (V2-3V3/. 

22. (5V8-f 6V12-2V20)(7V2-3V3 + 4V5). 
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Rationalize the denominators of the following, evaluating the 
first two (see § 191, 4) : 



t 

5* + 3* *" 15-2V3 



23. 4^. 24. 15 + 14V3 



6-3V12 1 

26. -— ;= ==. 26. 



27. 



2V6+Vi2 ' Va-fV6 Va-V6 

SuooBSTioN. Make a binomial out of 

± , denominator and rationalize (§191, 4). 

-\/10 — -^2 — V3 Then rationalize the new denominator ia 

a second operation. 



^^ V2-V3 4- yg OQ V^T^'+V?^^ 

v/2-fV3-V5 Va^ + a^-Va^-a* 

30. If ^ = 2 V Y^, and e' = 2 irJ- show that i: «' = V^: W. 

In the following. exercises the results are to be reduced to their 
simplest form whenever they can be simplified. See § 191. 

31. Find the surface of a cube whose volume is 60; whose 
volume is v. 

32. Find the volume of a cube whose surface is 20; whose 
surface is 8. 

33. Eatio of area of one square to a second is ^. Find ratio of 
side of first to side of second. (N. B. The areas of similar figures 
are proportional to the squares of the corresponding sides,) 

34. One side of an equilateral triangle is 3. Calculate its alti- 
tude, and then find ratio of one half of one side to the altitude. 
Find same ratio when one side is a. Why are ratios the same ? 

36. Find the ratio of a side to the diagonal of a square. Let 
side = a. 

36. One leg of a right triangle is one half the hypotenuse R. 
Find the other leg, and then the area. 

37. The ratio of one leg of a right triangle to another is 2. 
Find the ratio of each leg to the hypotenuse. 
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38. Tbe ratio of one leg of a right triangle to the hypotenuse 
is ^. Find the ratio of the given leg to the other. 

39. Find the area of an equilateral triangle one side of which 
is 6. 

40. Find a side and the area of a square whose diagonal is d. 

41. If a regular decagon is inscribed in a circle whose radius is 

Ef one side of the decagon is > — ^^—^. Find the ratio of the 
radius to one side. 

42. One leg of an isosceles triangle is 6, and the base is VS. 
Find the altitude and area. 

^43. If an equilateral A is inscribed in a circle whose radius is 
i?, the perpendicular distance from the center to one side is ^ i?. 
Find ratio of a side of the triangle to the radius. 

196. Multiplication and Division of Radicals which do not have 
a Common Index. To perform the multiplication, such quantities 
must be reduced to a common index. Change quantities written 
in radical sign notation to fractional exponent notation. 

1. Multiply IsHy ei. 
Solution. 

isl X ei = (2 X 82) i X (2 X 3) J = (22 x 3*)i(28 x 38)i. (§ 182, 2, 8.) 
= (22 X 8* X 28 X 38)i = (26 x 37)i . (§ 182, i.) 
= (8«x26x3)J = 3(26x3)J=:3(96)i. Ans. (§191,2.) 

2. \^xV2. 3. 18* X 6*. 4. >/64--2. 

B. y/2x</S. 6.^10x^2. 7. V^^V^. 

8. ^6 X \/i -f- V8. 9. a VS xbVy, 10. 16^ x 2* x 32*. 

11. 2^6- 6 V2. 12. \^| X^-h^. 13. ^ X ^ X ^. 

14. (2 V3 - ^)(2 - V6). 15. ( V2 - •^2)». 

16. Arrange in order of magnitude V|, ^|, -v^. 
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197. Powers and Roots of Radicals. Change quantities to frac- 
tional exponent notation. 

1. [3(a6)i]^ Arts. 27 ab(ab)i. 

2. (9^y. 3. (3.3^/. 4. (Vo^^ 

5. (2Vi)^ 6. VV^- 7. ^V32 X 10*. 

8. (^/3^\ 9. (V^)"+^ 10. (V3-V2)\ 

U. Simplify (^3 J + 3(V^yi. 

12. Simplify 2(L=^)^ - 7("i^) + 4. 

13. Verify that a; = 3 -f V2 is a root of equation a:* — 6a?-f7 = 0. 

14. Verify that |(3 ± 2 V6) are roots of 4 a^ - 12 a; = 15. 

15. Verify that "" ^^^ '^^ are roots of 5 y* -h H y + 5 = 0. 

198. The Square Root of Binomial Surds. 

We have, (V2 ± VS)^ = 2 ± 2 V6 -f 3 = 5 ± 2V6. 

To extract the square root of the last expression by the method 
of § 171, the rational term, 5, must be separated into two parts 
such that the product of their square roots is V6. This can 
usually be done by inspection when the coefficients are small. 

Extract the square root of the following by inspection : 

1. 4 4-2V3. 

Solution. Vs + 2 \/3 + 1 = VS + 1. (§ 171 ; § 184.) 

2. 6-2V5. 3. 9-2V7. 4. 23-8V7. 
6. 10-V96. 6. m-V72. 7. 28-5V12. 

When the coefficients are large, mathematicians have recourse 
to a formula to solve these problems. Evidently the square root 
of any binomial surd will have the form VS ± Vy. It is clear, 

also, that if the square of -Vx -\- -Vy gives the sum, a -\- Vft, the 
square of Va? — Vy will give the difference, a — y/h. 
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8. Let a -\- -y/b or a — V6 denote any binomial surd, and 
Vi» + Vy the square root of the first and Va? — Vythe square 
root of the second. 



Then, (1) -y/x -f- ■\/y=^a -f V6. 
(2) ■Vx-Vy = ^a--\/b 



whence, 



and 



x — y = Va^ — b 



x-\-y = a 



.". 2aj=a+Va*— b, 
2y=a — Va* — 6. 



whence 



Vi=V- 



-hVa*-6 



■v^ 



__^/a--\/a^ 



But 



(Mult. Ax., multiplying 

(1) by (2).) 

(By squaring eq. (1) and 
squaring eq. (2), adding, 
and dividing through 
by 2.) 

(Add. Ax.) 

(Sub. Ax.) 

(Div. and Sq. Root Axs.) 

(Div. and Sq. Root Axs.) 
(By hypothesis.) 



Va± V6 = Va;± Vy. 



2 "" ^ 2 

9. Extract the square root of 37 — 20V3, using the formula 
just found. 

Solution. 37 - 20\/3 = 37 - vl200. (§ 103.) 

Then, a = 37, b = 1200, 



giving 



V37-V12OO ^^ 37 + VHT^ - 1200 ^ 37 - V37'^ - 1200 ^ 

2 ^ 



=^p±Ii_^E 



-13 



2 ^2 

= 6-Vi2 = 6-2>/3. 

Proof. (5 - 2V3)2 = 26 - 20^3 + 4 x 3 = 37 - 20V5. 

10. 17 4-V288. 11. 56 + 24V5. 12. 87-12V42. 

13. 47-4V99. 14. 56-f32V3. 15. l + fV2. 

16. X — 2 Voj — 1. 17. 4^ — tV3. 18. x + xy — 2xVy. 
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m. IMAGmARIES 

199. Imaginary Quantitiea. We have seen that such an expres- 
sion as V— 4 equals neither -f 2 nor — 2, since the square of 
each of these is -|- 4. The same thing is true of the square root 
of any negative number. Because such roots are neither positive 
nor negative ordinary numbers, they have been called imaginaries, 
though this term is some^what misleading. 

A pure imaginary is an even root of a negative number, as 
V— 9, (— 6)i. The sum of a real quantity and a pure imaginary, 
as 2 + 5V— 1, is called a complex number. 

The unit for ordinary positive numbers is -f- 1 ; that for nega- 
tive numbers is — 1 ; and that for pure imaginaries is V— 1, or 
(— l)i. The V— 1 unit is often denoted by the letter L 

1. By the definitions of root and power (§§ 12, 13), we have: 

(V— 1)* = — 1, (Since V— 1 means a number which 

or, ([— 1]^)* =— 1- multiplied by itself gives — 1.) 

(V^' = {V^^y(V^l) = -1 V^l, 

(V^T)* = (V^*(V^^)* = -.lx-l = l. 

Thus, (V^ri)2 = _i; (v^» = -V^ri; (V^^ = + i, 

or, i' = — 1; {3 = — t; i* = -|-l. 

The student is advised to solve some of the following problems 
as they stand, and then with i substituted for V— 1, until he gets 
accustomed to associating the two notations. 



2. Add4 + 3V^^and7 4-5\/^^. Ans. 11 +8 V^^. 



3. (3 + 2V^^)4-(4-5V^^). 

4. (_6-llV^^)-(5-3V^=n;). 

5. V^^4-V^=T9-2V^^-3V^=^25. Ans. -12V^=T. 



6. V^=9a* + 5V-16a*. (§191.) 7. 3 V^=^ - V^^ST. 

8. 3(-20)l-(-80)i + 6(-45)i. Ans. 20(-5)*. 

9. 6(-16)i-[-5-(-36)J]. 10. (-a^-f 2a6- 6^i. 
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11. Multiply6-f2V^^by3-4V-5. 

Solution. In all multiplications, divisions, and raising to powers of 
imaginary and complex numbers the safe plan is to replace V— 1 by i. The 
reason is that following the ordinary rule for multiplication may mislead. 

Thus, ( V^)2 = V^ X V^^ = VTT = - 1 only. 

For, by definition of power and root (V— 1)2 =— 1. 
To change 2 V— 5 into the i notation we write 2 V6 V— 1 = 2 y/b i. 
Then, in the answer 18 V6 i is changed back to 18 V— 6. 
For the value of i^ see 1 of this article. 

6+ 2\/6i 

18+ 6\/5t 

-24V5t-8(\/6)2i2 



18 - 18 V5 1 - 8 X 5 X - 1 = 68 - 18 V- 5. Ans. 

12. (6+V^(7 + 4V:=^). 13. (3-hV^(2-V^~6). 

14. (4+(-5)i)(-6-(-8)i). 15. (6-2V^^y. 

16. V^^TM X V^=^X 5. 17. 3(-6)ix2(-4)4x(-7)*- 

18. (_3-fV^=^/. 19. 6(-3)i-J-2(-5)i 

Ans, 1(15)*. 

20. 2V^^^V^2. 21. 2(-32)i-5-2(-2)i. 

22 t±:>0. (See §191, 4.) 23. ^^^^ 



24. Form the product of aj-j-a, x—a, aj+aV— 1, and a— aV— 1. 

25. Form the product of y — 3, y — 7, i/ 4- 2 + V— 7, and 2/-h 2 



26. Verify that both 0? = — 4 + V — 2 and a? = — 4 — V— 2 sat- 
isfy the equation ar' + 8 a; + 18 = 0. 

27. Verify that a? = 6 a ± 2 a V^^ satisfy a* - 12 oa? -f 40 a* = 0. 

200. Theorems concerning Equations containing Irrationals and 
Imaginaries. 

1. One irrational quantity cannot equal the sum of a rational 
quantity and another irrational quantity. 
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Let Vm and Vn denote two different irrationals, m, n, and a 
being rational quantities, and suppose Vm = a -f Vn. 

Then, m = a^ -f 2 a Vn + n, (Squaring Axiom.) 

whence — 2 a Vn = a^ -|- n — m, (Sub. Ax.) 

or Vn = • (Div. Ax.) 

2 a 



Thus, the irrational Vn equals the rational quantity 



m — n — a^ 



2a ' 
which is contrary to § 189. Hence an irrational quantity cannot 

equal the sum of a rational quantity and another irrational 

quantity. 

2. In any equation containing rationals and irrationals, the 
rational part on one side equals the rational part on the other, and 
the ii'raiional part on one side equals the irrational part on the 
other. 

Given a -f Vft = c 4- V5, in which V& and Vd are irrationals. 

To PROVE a = c, and Vft = Vd. 

Proof. Vft = c — a-\- V5. (Sub. Ax.) 

But this equation cannot exist, by 1 above, so long as c — a is 
different from 0. Thus, c — a must equal 0, whence c^a, and 
then V6 = V5. q.e.d. 

The above theorems hold true for real and imaginary quantities 
as well as for rationals and irrationals. 

201. Geometrical Interpretation of Imaginaries or Orthotomic 
Numbers. Aigand's Diagram. If the word imaginary is used to 
describe the quantities of the preceding article with the idea that 
no real interpretation of them is possible, it is a misnomer. 

It was shown in § 40 that — 1 is a multiplier or operator which 
reverses the direction of the multiplicand. Now V — 1 X V — 1 
= — 1. Thus V — 1 used as a factor twice accomplishes as much 
as — 1 used once. Accordingly it appears that V— 1 can be 
regarded as a multiplier which turns a multiplicand number 
through an angle of 90°. Arbitrarily choosing as the positive 
direction for angles that opposite to the motion of the hands of 
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a clock, we get the accompanying Argand diagram, in which 1, 2y 
3, etc., multiplied by V— 1 give V— 1, 2V— 1, 3v — 1, etc., 
respectively; V— 1, 2V— 1, 3V— 1, etc., multiplied by V— 1 
give — 1, — 2, — 3, etc. ; — 1, — 2, —3, etc., multiplied by V— 1 



2r' 



etc. -lb,-0r-8, -7, -6. -5, - 1 -i. -i, -1, 



etc. 

-»-7vqr 
+ >r=r 

+ t, *2, +3, i-i, *5,  ^. *1, +8, ♦«? + 10, etc 

I 
I 
I 



8' 



-1 

-5V=F- 

-8V=T 
etc. 



give 



-Vj^, - 2^/'^, - SV^y etc. ; and - V^^, - 2V^IT, 
— 3V— 1, etc., multiplied by V— 1 give 1, 2, 3, etc., again. The 
series written vertically containing V— 1 have been called ortho- 
tomic numbers instead of imaginaries, because they cut at right 
angles the original algebraic series. 

Any ordinary, orthotomic, or complex number (§ 199) repre- 
sents some point in the plane of the first two. Thus, — 3 repre- 
sents the point three units to the left of the origin ;'3V— 1, the 
point three units directly above the origin; 4 -f 5 V— 1 represents 
the point marked 1 on the diagram, whose abscissa is +4 and 
ordinate -|- 5 ; — 4 — 4 i, the point marked 3, whose abscissa is — 4 
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and ordinate —4; and so for any number. Evidently the sign 
conventions are the same as on the graph diagram. 

In § 199 complex numbers were added, subtracted, multiplied, 
divided, and raised to powers. These operations and their results 
can all be given a meaning on the diagram. 

IV. EQUATIONS CONTAHflNG RADICALS 

SS02. Solution of Equations involving Radicals. Equations in- 
volving radicals are solved in a manner different from the solving 
of ordinary equations. The difference appears in the first part of 
the solution in which the radicals are eliminated. 

1. Solve 2 a;^ = 64, and verify. 
Solution. q^ = 82. (Ax. ?.) 

X* = 2. (Extracting the fifth root of equals.) 
05 = 4. (Squaring equals, Power Axiom § 67.) 

Verification. 2(4)^ = 2 x 82 = 64. 

2. 32^* = 24. 3. 2Vi=16. 4. 6y* = 80. 

6. a;"* = f 6. 2 2* =-486. 7. 2x'^ = ^, 

8. Solve Va5* — 1 — a; = — 1, and verify. 

Solution, (x^ — 1)* = x — 1. (Sub. Ax. The radical alone on 

one side of equation.) 
x* - 1 = x2 - 2 X + 1. (Squaring Ax. See § 64.) 
2x = 2. (Ax. ?.) 

x= 1. (Ax. ?.) 

Vbripication. VI — 1 — 1 = — 1, orO — 1 = — 1. 

a. The plan is to get the radical containing x by itself on one side of the 
equation. Then, by squaring both sides, the radical sign is made to disappear. 
From thence on the solution is like those with which we are now familiar. 

9. Vl6 + a^-iB-2 = 0. 10. {ax-{-2db)^ -a^h. 
11. V4a^-6aj-6 = 2aj + 4. 12. 1 + 2V» = 7-VS. 
13. (irs_9aj2)i + 3 = aj. 14. 2^—x=^x-^-/x. 
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16. Vl2a:-5-V3a;-l= V27a;-2. 



Solution 



12x-6-2V36x^-27x + 5 + 8a;-l = 27a;-2. (Power Ax. §64.) 

y/S6 x-^ — 27 X + 6 = 6 x + 2. (Transposing, and Div. 

Ax.) 
36x2 - 27 X + 5 = 36x2 -f 24x + 4. (Squaring Ax.) 

Vbbification. 9V— j^ — 4 V— 1*7 = 5V— ^. 

a. The plan in solving such equations is to place one radical quantity 
(preferably the least simple) by itself on one side of the equation, and then to 
square, thus removing the root sign. Then the remaining radical quantity 
is placed by itself on one side, and both members are again squared. The 
most frequent error in such solutions consists in failure to apply theorems I and 
1 1 in squaring. Notice Vl2x — 5 — V3x — 1 is a binomial, and must be 
squared as such. 

16. V4a;-f 5— V^ = Va; + 3. 



17. Va;-h3-h Va: + 8- V4a; + 21 = 0. 

18. Va? + V a — Vaa; + ic* = Va. 



19. x + a = Va2 -f xVb^ -f ar^. 

20. Solve V = \/- for d; also for e. 

'a 

21. Solve V = 332.4 Vr+T).003665« for t 

22. Solve t:f = -y/l: VP for I ; also for l\ 



23. Solve s = V2 — V4 — q for q. 

24. Solve t=^—^^^ — — for s ; also for v. 



9 



25. V6'4+V-8a; = 



26. VVa; -|- 3 - V Vi- 3 = V2v'a. 

27. Ji-^rI- = l + V3J-l. 
V3"i» -1-1 2 



CHAPTER VIII 

QUADRATIC EQUATIONS* 

203. A quadratic equation is one which, when reduced to integral 
form, contains the second but no lijgher power of the unknown 
quantity; or, a quadratic equation is an equation of the second 
degree. (See § 90.) 

204. Classification of Quadratics. Determinate t quadratic equa- 
tions may be classified into two kinds : 

(1) Those which contain but one unknown quantity ; 

(2) Simultaneous quadratics. 

Quadratic equations containing but one unknown are either 
complete or incomplete. A complete quadratic contains both the 
second and first powers of the unknown : as, ax^ -\- bx -\- c = 0. 
An incomplete (sometimes called pure) quadratic contains only the 
second power of the unknown : as, a^ + c = 0. 

In the earlier sections of this chapter we shall take up the more 
common types of quadratics, and in the last section the more un- 
usual and difficult ones. 

I. INCOMPLETE QUADRATICS 

205. Solution of Incomplete Quadratics. Incomplete quadratic 
equations are solved in much the same way as simple equations. 

OS OS o 

1. Given H = -, to find its root and verify. 

* The study of the chapter on logarithms. Chapter X, can be taken up here if 
desired. It foUows naturally the chapter on exponents, since logarithms are 
exponents. 

t For indeterminate equations, see §297; also, under Diophantus, in § 234. 
COL. 2d c — 12 167 
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Solution. Sx^ — 3x + 8aj8-f8a; = 8a;2-8. (Mult. Ax.) 

6x«-8x«= -8. (Sub. Ax.) 

— 2 x^ = — 8. (Simplifying left member.) 

x2 = 4. (Ax. ?) 

X = ± 2. (Root Ax. See § 57.) 

2,2_8 -2, -2 _8 

Veeification. _- + ^--^ = -. __ + __ = -. 

a. Nothing is gained by writing ± x = ± 2, since this equation can give 
only X = + 2, or X = — 2. 

b. Notice that the degree of a» equation given in the fractional form can- 
not be told until after it is cleared of fractions. Some equations, apparently 
like the one just solved, give rise, when cleared, to simple equations, others to 
incomplete quadratics, others still to complete quadratics. 

Solve and verify in the following : 

4a? + 5 ^ x + 2 x + 2 a;~2 ^ 26 

7a;-l 5iB-3* * x--2^ x-\-2^ a^-^' 

^ 5 13 2^ ^ 1+x x-^25 
4. -— = — -a?. 5. -— ^ — = —  • 

4iB8aj 3 1-x x-25 

6. ao^ + 6 = fear* -f a. 7. aV-ft^^ €^a?= (§ 158, 28). 

8. V4a^-l = 6a:-4V4iB2-l. 

9. Solve 2 a« -f 2 6* = 4 m* + c^ for m. 

Solve as many as possible of the following mentally, Exs. 10-13 
for Xf and 14-19 for the letter named : 

10. 13 3c^ --19 = 7 x^-{- 5, 11. (3aj-7)(3a: + 7) = 32. 
12. ar^-3 = ^^ + ^^ > 13. mo^ = a« - waj*. 

y 



14. a^=b^-{-(^ — 2 cp for b. 15. d = Va* + &* + c^ for c. 

16. .4 = 7r(i2* - r^ f or r. 17. « = |gf«2for^ 

18. r=7rr*aforr. 19. H^EH/RiovE. 

206. Problems involving the Solution of Incomplete Quadratics. 

1. Find the area correct to one decimal place of a circle whose 
area is 243 sq. in., from the formula a = 7rr*, using 3.1416 for ir. 
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2. Find correct to two decimal places one side of a square 
whose diagonal is 72 m. 

3. Find the altitude of an equilateral triangle one side of 
which is 6 ft. 

4. Find the radius of a sphere whose surface is 600 sq. in.^ from 
the formula « = 4 wr*. 

6. Find to two decimal places the radius of the base of a 
cylinder whose volume is 231 cu. in. and whose altitude is 6 in., 
from the formula v = irar*. 

6. Find to two decimal places the radius of the base of a cone 
whose volume is 261 cu. cm. and whose altitude a is 22 cm., from 
the formula v = J irar*. 

7. The area of a sector of a circle is 26 sq. ft. and its angle at 

Off 

the center is 20**. Find the radius from the formula a = -—— ttt*. 

360^ 

n. COMPLETE QUADRATICS 

207. Solution of Complete Quadratic Equations. There are three 
distinct methods of solving complete quadratics with which the 
student is asked to familiarize himself, viz.: (1) By factoring; 
(2) By completing the square ; (3) By use of a formula. 

Of these the factoring method is not practical when irrationals 
appear in the roots; otherwise, it generally gives the quickest 
and easiest solution. Review § 80, 1-4. 

206. Solution of Complete Quadratics by Factoring. (See § 90.) 

1. Solve and verify in the equation a?* — 13 a? = 48. 

Solution. «a - 13 a; — 48 = 0. (Ax. ? Right member made 0.) 

(x - 16) (a; + 8) = 0. (Factoring. ) 

.-. x - 16 = 0, whence a; = 16 Ans. 1 (Setting each factor equal to 0.) 

X -f 8 = 0, whence a; = — 3 Ans. ) 
Verification. 16a - 13 x 16 ^ 48 ; (- 3)2 _ 13(-. 3) = 48. 

2. a^-llx = 42. 3. a?*- 12aj + 35 = 0. 

4..a^-15aj = 0. 5. 2 x^ -11 x + 12 = 0. 
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6. 6a5'-fl5=sl5. 7. 4ar' + 7a:-f3 = 0. 

8. ^ + 360-12aj = 0. 9. 96a:« = 4a + 15. 

10 



10. a^-(a'{-b)x-^db = 0, 11. V4'y -f- 17 = 4 — Vv + 1. 

12. Separate the number 266 into two factors whose difPerence 
is 5. 

13. Find three consecutive numbers whose sum is equal to the 
product of the first two. 

14. A man traveled 60 mi., and if he had traveled 3 mi. more 
per hour, he would have required 1 hr. less to perform the 
journey. At what rate did he travel ? 

a. Algebra is a formal science, built up without reference to particular 
problems. When it is used to solve problems which by their nature do 
not admit of negative answers, such answers are discarded. Thus, — 15 in 
Ex. 14 is ignored. Only in problems which admit of negatives are negative 
answers retained. 

15. The perimeter of a field is 360 rd. and its area is 50 acres; 
find its length and breadth. 

16. A and B start at the same time from the same place. 
After 2^ hr., A, who covers 1 km. in 3 min. less time than B, has 
traveled 2.6 km. more than B. How many minutes does each 
need to travel a kilometer ? 

209. Construction of Equations, their Roots being given. Converse 
operation to that of preceding article. 

1. Construct the equation whose roots are 4 and — 2. 

Solution. [x-4][x-(- 2)] = [a;- 4][x + 2] = a;a-2x-8 = 0. 
Hence x2_2a5— 8=0is the equation sought. 

Proof, ac^ - 2 x - 8 = (a; — 4) (sc + 2) = 0. (Factoring.) 

Then, § 208, x — 4 = 0, whence x = 4 ; and x + 2 = 0, whence x = — 2. 

Form the equations whose roots are as follows: 

2. 2,-1. 3. 3,7. 4. -2,6. 6. -3, -8. 6. a and 6. 
7. V2 and - V2. 8. 25 and - 70. 9. - 20 a and 30 a. 

10. Make a rule to construct an equation, being given its -roots. 
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11. Construct the equation whose roots are 2 -f V3 and 2 — V3. 

Solution 

[x-'(2+ V3)][x- (2- V3)] = [x-2- V3][a;-2 + VS] = 0, 
or, x2 — 4 X + 1 = 0. Am. (See § 196.) 

12. Construct the equation whose roots are — 3 — V7 and 

210. Solution of Quadratic Equations by ^'Completing the Square.'^ 

(See § 91.) To solve an equation by this method, it is first 
reduced to the form aV-f 6x = c, if it is not already in this form. 

The second step consists in completing the square in the left 
member. We regard the two terms of the equation which con- 
tain a^ and x as corresponding to a* -f 2 aft in a^ -h 2 a6 + W. The 
problem is to find b^ from the other two terms and add it to them. 

The third term is found from formula as follows : 

(2ab^2y/ay=h\ or f ?^^^?I5? ^T. 

\_2 X square root of 1st termj 

Solve the following equations by completing the square, and 
verify : 

1. 3aj*-10a; + 8 = 0. 

Solution 

3 oc^ — 10 a; = — 8. (Sub. Ax. Known term to right member.) 

.'. 9 x3 — 30 as = — 24. (Mult. Ax. Coefficient of x^ made a positive 

r - 30 a; 12 perfect square.) 

I — -j=. — 25« (The second term is divided by twice the 

L J square root of the first term, and the 

quotient is squared.) 

... 9 jc2 _ 80 ac -}- 25 = 1. (Add. Ax. Result just found, 25, is added 

to both members ; 26 — 24 = 1.) 

.•. 3 x *- 5 = ± 1. (Root Ax. The square roots of equals are 

equal. See § 205, a.) 

.•.8a; = 5 + l = 6,or5-l=4. (Sub. Ax.) 
/. x= 2, or |. Ans, (Div. Ax.) 

Verification. 8 x 2^ - 10 x 2 + 8 = 0. 3(f )« - 10 x f + 8 = 0. 
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2. a!«-10aj-.56 = 0. 3. a»-6aj==136. 

4. aj*-28a?=s60. 6. a^-lSx-eS^O. 

6. a?*- 0.4 a; = 23. 7. aj*- 0.04 a? =1.254. 

8. aj»-lla; = -28. 

a. Fractions can always he avaided by first multiplying the equation 
through by four times the coefficient of x\ merely indicating the muUiplica- 
tions in the left member. 

This is called the Hindu Bule for solving quadratics. Notice that the 
quantity squared and added to complete the square by this rule is always 
the coefficient of x in the given equation. It is not always necessary to 
multiply by so large a multiplier, or, often, any multiplier at all, to avoid 
fractions. Thus, this was not necessary in Exs. 2-7 above. 

b. A simple rule which will solve any quadratic directs us first to divide 
the equation through by the coefficient of %\ Then the quantity added to 
complete the square is always the square of half the coefficient ofx. Explain 
why. 

An objection to this rule is that it often gives rise to large fractions, and 
gives the student no chance to exercise his judgment, before he begins, as to 
what is the wisest thing to do, whether to multiply or divide through, and by 
what quantity, so as to shorten most the subsequent calculations, and avoid 
error. What is best to do in any given problem la learned from experience. 

In the next four problems, following the Hindu Rule is the best that can 
be done, if fractions are to be avoided. Solve them by the niles in a and 6, 
and compare the solutions. 

9. 2aj2-h3aj = 27. 10. 3 aj*-13a; = -10. 

11. 5a'-7aj = -2. 12. 2aj2-6aj = 42. 

13. 7a^-f2a: = 32. 14. 8 aj* - 22 a? = 21. 

15. 84a^+45 = 129a?. 16. 3 a; -f 4 = 39 a;-^ 

17. J^a;=Jgi— aj». is. a; + 22__4^9a?-6^ 

3 a; 2 

19 m + 3 24^ g 2^-4^-3 ^ f»-4<-f 2 

m-2 m * ' 2t^-2t-i-3 j«-3«-2' 

21. V5n-f ll = V3n-hl + 2. 22. V2«+2V2;?-h5=2V6«+4. 

For the verification in the following eight problems see § 197, 
Ex. 13, and § 199, Ex. 27. 

23. ar^-4aj + 2 = 0. 24. m*-f 6w + 6 = 0. 
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25. (a; - l)(aj - 2) = 1. 





. 1 


4 


27. 


aj + - = 






X 


V3 




1 




29. 


X 


:1. 



26. 8aj*-20a: = 21. 
28. a^-6a;-fl0 = 0. 



30 



a; 



31. a^-2aaj-3a2=:0. 

33. aaj* + 6a; -f c = 0. 

Solution. 4 a^^ + 4 afea: = — 4 ac. 
4a3a;2 ^- 4 a6x+ 6^ =6* -4ac. 

2 ax + 6 = ± V62 _ 4 ac 



32. 3^-463^-552 = 0. 



X = =*= 

2a 



(Hindu Rule, § 210, a.) 
(Completing the square.) 
(Sq. root Axiom.) 

(Sub. and Div. Axs.) 



Vbrification. 



+ 6^— 2&V6'^-4ac + 6^-4ac . ^ b^ + bVb^ -4tac , ^ ^ 
4a 2a 

C26a-26V62-4ac-4ac) + (-2624.26V6-^-4ac) + 4ac = 0. 

34. moi^—2nx-\-p=zO. 35. a*— (a + 6)aj + a6 = 0. 

36. a^ + (n-{-l)x + n = 0. 37. 3^-(4a + 10)y + 40a = 0. 

38. 9a*6V-6aW2 = 6^ 39. (m — n) oc^ - nx = m. 

40. 6«*— aa?-f a+c«*=6— caj. 

SnooBSTioN. In all such problems the terms containing x^ must be com- 
bined into one term by factoring, and also the terms containing x, and the 
known terms are to be transposed to the right member, so as to reduce the 
equation to the form mx^ + nx = p. 

41. f + Sbt=:5ct-^15bc. 42. «*-36a; = 2aa;-6a6. 

1 44. -M- + m = ^^y+^^)> 

a — y m-\-n 



43. 



1 + 1 



x-\-a x-\- b a — b 

46. Make a rule for the solution of quadratic equations by 
completing the square covering all the different steps. Include 
literal equations. 

46. «+VF=^ = 1.2. 47. 2«-Vr^^=.25. 



48. < + i = 24. 



49. 2c + VrT? = 17. 
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In Ex. 50 solve for s and in Ex. 61 for c. 



60. 2«4-Vs*~l=m. 51. c-hVl — c*=p. 

62. The diagonals of a rectangle are 2 ic* -f a? and jr* -f 13 «— 35. 
Find both values of x and the diagonals. 

63. If a train had traveled 5 mi. an hour faster, it would have 
needed one hour less to cover 150 mi. Find the rate of the train. 

54. The perimeters of two similar polygons are expressed by 
2aj*+3aj and 3aj4-5 and the two corresponding sides by 3 and 5. 
Find values of x first and then find the perimeters. 

55. Two launches race over a course of 12 mi. The first 
goes 7^ mi. an hour. The other, having a start of 10 min., passes 
over the first half of the course with a certain speed, but increases 
its speed over the second half by 2 mi. per hour, winning the race 
by 1 min. What is the speed of the second launch in the first 
half of the course ? 

211. Solution of Quadratic Equations by Means of a Formula. 

Solve the quadratic aic^ + 6a? + c = 0, regarding it as a type of all 
quadratics, getting (§ 210, Ex. 33) 

— b± yy — 4 oc 
2a 

To solve any particular quadratic, we reduce it to the form 
aa^ 4- fejc + c = 0, if not already in this form, and then substitute 
the values of a, b, and c from the given problem in the formula 
just found. 

The pupil should solve the equation aa^ +bx -\-c = repeatedly, 
until he becomes familiar with the process and remembers the 
answer, and can solve the equation mentally, writing down the 
answer formula. 

1. Solve 3 ar* — 7 05 = 6 and verify. 

SoLUTioif. Writing the given equation underneath the type form we have 

aic2 + 6a; + c = 0, 
3xa-7x-6 = 0. 
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We see now that in this particular problem a = 3, 6 = — 7, c = — 6. 
Substituting these values for a, b, and c in 



^ — 6 ± V62 — 4 ac 

05= == . 

2a 



or 7:fc>/i9T72 _7±ll ^^_.2 

or Z-. ^ - ^ _3, or ^. 

Verification. 3(3)2-7x3=6. 3(- J)2 - 7 x(- J)=6. 

2. 9ar^ + 18a;+8. 3. 7r* + 20r + 12 = 0. 

4. 12aj2-lla;-h2 = 0. 5. 6a^ + 17a; = 3. 

6. ic2-f(n + l)aj + n = 0. 7. 5ar'-h9ic+ 12 = 4a^ + .r. 

8. 12-51aj = 36-f6aj*. 9. 10 + 15 !r+ 2^ = 26 T. 

10. (m — n)aj^ — noj = m. 11. 2/^ — 1 = 4 ay — a'^. 

(B-l X 9(a!-l) 6 

14. 5 + ? = ?. 16. VS+i-V2^=^^- 

a X a Va-faj 

16. Find two consecutive numbers the sum of whose recipro- 
cals is ^. 

17. A rectangular park 56 rods long and 16 rods wide was 
surrounded by a street of uniform width containing 4 acres. 
What was the width of the street? 

18. The perimeter of a field is a rods and it contains b acres. 
What are its dimensions ? 

19. A merchant sold a coat for $11, and gained a number of 
per cent equal to the number of dollars the coat cost him. What 
was his per cent of gain ? 

20. A boatman rowed 8 miles up a stream and back in 3 hours. 
If the velocity of the current was 2 miles an hour, what was his 
rate of rowing in still water ? 
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ni. HI6H£R EQUATIONS CONTAHflNG ONE UNKNOWN AND 

QUADRATICS 

212. Higher Eqaations solved as Quadratics. By higher equations 
are meant equations of a degree higher than the second. (See 
§ 203.) 

1. Solve a?* — 5 aj* =s — 4. 

Solution. 4 a:* - 20 a^ = — 16. (Hindu Rule.) 

4 »* - 20 xa -f- 26 = 9. (Completing Square, Ax. ?) 

2a;a-6=±3. (Ax.?) 

«« = 4, or 1. (Ax. ?) 

a; = ± 2 or ± 1. (Ax. ?) 

Vbrificatiow. (±2)*-5(±2)a = -4. (± l)4-6(± l)2 = -.4. 

2. a?*-13aj* + 36. 3. a;* - 18 aj* + 32 = 0. 
4. 2f*-42;« = 45. 6. 9m*-|-5w« = 4. 

6. «^-24<« = 81. 7. 7y* + y*=360. 

8. aJ«-7a:' = 8. 

Suggestion. Solve first for as* by completing the square, and then for 
z, getting two values for x. 

9. 2/« + 37 2/8 = 1728. 10. m«-19m8=216. 

13. 16^0^ + 1^=267. 14. aj«^4 + -^ = 21. 

15. aJ» + f^ = a«4-&'. 16. (a?+2)«+ 198=29 (aj«+2). 

213. Construction of Higher Equations. 

In § 208 we saw how to solve quadratics by the factoring 
method, and in § 209 how to construct an equation when its roots 
are given. Equations of higher degree are solved and constructed 
in a similar manner. 

1. Construct the equation whose roots are 3, 4, and — 5. 
Solution, [x - 3][ar - 4][x -(- 5)] = «8- 2x2- 23 a; + 60 = 0. Ans. 
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Form the equations whose roots are as follows : 
2. 2,1,-3. 3. 1,2,4. 4. -6,4,0. 6. -6,-7,1. 

6. 1, 2, 3, 2. 7. 1, i, ^, 2. 8. a, &, c. 9. a, — 5, c, — d 

10. Make a rule to construct an equation of any degree when 
its roots are given. 

11. 1, -1, 2, -2, 3. 12. i, i, -i, 0. 

13. 2±V3,l,-3. 14. 1, -3,3±V^^. 

15. 2±V^=^, 1±V^. 16. ±V3, 2±V^r3, 0. 

214. Number of Roots in an Equation. The preceding article 
makes it clear that the number of roots in an equation equals 
the degree of the equation, but some of the roots are very often 
imaginary. 

215. Solution of Equations of Higher Degrees by Factoring. Ee- 
verse operation. Before beginning this article the pupil should 
review §§ 83-85 and 203. 

1. Solve a^ = a* and verify- 

Solution, o^ - a« = (a- a) («« + ox + a^) = 0. (§ 79.) 

X — a = OyX = a. Ans, 1 (Setting each factor equal 

aj2 + ax + a2 = 0, J to 0.) 

4 aJ2 + 4 ax = - 4 a^, (Hindu rule.) 

4 a? + 4 ax + a^ = — 3 a^. (Completing square, Ax. ?) 

2« + a= ±flV^^. (Ax.?) 

Vbripication. a^=:a^; I ""^^^ — ^— j = a*. 

The solution shows that there are three cube roots of a^ Instead of one. 

Find all tbe roots of the following by factoring method, set- 
ting each prime factor equal to zero, and solving prime factors of 
the second degree equal to zero by the method of § 210 : 

2. ir'=8. 3. aj' + 64 = 0. 4. a!^=a\ 

6. aj«-l = 0. 6. 216 -h 125 aj» = 0. 7. iB«-64 = 0. 
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8. Gar* 4-17 aj*-fl2a; = 0. 9. iB» + a^-h« + l =0. (§81,1.) 

10. «»-f4aj*-4aj-16 = 0. 11. a?* - 2 iB» + 32 a? == 16 ic*. 

12. a?*-13a^ + 40 = 0. 13. f + Sf -\-Sy + 1 = 0, 

14. aj*-16 = 0. 15. aj'-19a;-30 = 0. (§80,20.) 

16. aj»-7a: + 6 = 0. 17. 12 a^ - 28 a:^ _^ 17 a?- 3 = 0. 

18. 2aj*-3«»-4a^4-3a: + 2 = 0. 

19. 4aj'-12a5*-f9a;-l = 0. 

20. 6a^-f25a:' + 5aj*-60fl5-36 = 0. 

91 /J-* _L * — Suggestion. Factor as in § 79, II, and treat ^/2 as 

"" * if it were a rational quantity, solving by § 210. 

22. a^-f64 = 0. 23. 4a?* + 81 = 0. 24. 42/* + 625 = 0. 

From § 213 it is clear that if we have any means of knowing 
any of the roots of an equation, we can remove these roots from 
the equation by dividing its left member (right member having 
been made 0) by the binomial differences between x and such 
roots. 

25. «» + 4a^+6aj-ll = 0. 

Solution. If this equation has a rational root it is either 1 or 11. Sub- 
stituting OS = 1 in the equation we see it is satisfied. Hence a; — 1 is a factor 
of the left member by the divisibility theorem, § 69. 

Dividing «« + 4 ac^ + 6 x — 11 by a; — 1 we get ac^ ^ 5 a; 4. H. 

Thus, a;^ + 5x + ll = is the equation containing the remaining roots. 
Solve this equation. 

26. 0*4-2 a^-aj = 30. 27. a^ - 6 ar' -h 27 a: = 10. 

ly. SIMULTANBOUS QUADRATICS 

216. Simultaneous Quadratics. Degree of Simultaneous Equations. 
The degree of an integral equation is the greatest exponent, or sum 
of exponents, of the unknown or unknowns in any one term. 

Notice that xy = 5 is a quadratic, as well as a^-\-y^ = 16. We 
may think of a^, xy, y^ as denoting areas, while x and y terms 
denote lengths only. 
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217. Classes of Simultaneous Quadratics. The variety of prob- 
lems and solutions in simultaneous quadratics is large. We shall 
next study examples of three or four of the most common cases 
in simultaneous quadratic equations^ and then in the last section 
of this chapter examples of the more difficult kinds of problems. 

218. Simultaneous Equations, one of which is Quadratic and the 
other Simple^ can always be solved by substitution method (§ 143). 

(I)3a^-f2/-y = 48, 

1(2) 2aj-2/ + 3 = 0. 

(2i) 2a; = y-8; (2^) x = ^- 



1. Given 



to find X and y. 



Solution. 

(1) 



4 



(Axs. ?) 
(§ 143.) 



8ya-18y+27+8y2-4y = 192. 
11 y2 __ 22 y - 165 = 0. 
y2-2y- 16 = 0. 
(2/-5)(y + 3)=0. 
/. y = 5. ^n«., Or y = — 3. Ans, 

(20 x=^-^ 



(Ax. ?) 
(Ax. ?) 
(Ax. ?) 
(§ 208.) 



2 



= 1. Ans, 



(22)a;=:^5-=l5 = -3. Am. 



VbHification. (1) 



8 X 12 + 2 X 52-5=48. 
3(- 8)2 + 2(- 3)2 - (- 3) =48. 



2. 



4. 



6. 



\x + y = 7. 
f 3 a? - 2/ = 11, 
l3a^-y* = 47. 

2a;-y = 21. 



3. 



5. 



7. 



8. 




9. 



10. 



. cx^ 4- dy^ = q. 



11. 



aj + 4y = 23, 
aj* -f 3 icy = 54. 
3aj(y + l)=12, 
3a: = 2y. 
2m«-3m7i + n2=14, 

2 m — 71 = 7. 

, 1 2u-\-v 
t* + — =  — • 

^3 3 ' 

u-\-v __^ ^u — v 
~u 2~' 

8=ut-higf^, USJldt 
.v=:u-^gt. unknowns. 
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219. Simttltaneotts Quadratic Equations solved by Squaring, Adding 
or Subtracting, and Extracting the Square Root. — This method is 
applicable only for certain combinations of the given coefficients. 

f(l) 9aj» + 4w« = 394, . ^ , , 

1. Given jJ^J 3a.-2y = 2, ' ^ ^^^ a. and y. 



Solution 
+ 4j^= 4 



(1) 9a;« 

(2i) 9g« -12xy 

(3) 12 xy 

(1) 9a^ 

(4) 9x2 ^I2xy +4y2 = 784 
(4i) Sx +2y =±28 

(2) 3 X — 2y =2 



= 390 
+ 4y2 = 394 



(Ax. ?) 
(Ax. ?) 

(Ax. ?) 
(Ax. ?) 



6x " = 30, or - 26 (Ax. ?) 

X = 5, or — J^. Ana, (Ax. ?) 

4y =26, or -80. (Ax.?) 

y = 6i, or — 7^. -4ns. (Ax. ?) 

Verification. (1) 9(6)«+4(6.5)a = 394, or (2) 9(-J|f)2+4(- y^)2 = 394. 
a. The general plan of this method is to calculate the value of the sum, 
or difference, or both of two quantities by processes like that just given. 
Thus, in the preceding problem we had given the value of 3 x — 2 y, and we 
proceeded to calculate the value of 3 x + 2 y. From these two it was easy to 
calculate x and y themselves. In Ex. 2, calculate the value of x - y. 



2. 



5. 



8. 



9. 



11. 



3. 



6. 



raj« + 2/« = 178, 

* 

. a; + y = 16. 
ja^+i/8 = 243, 

|.x8_y8 = 152, 

\x—y = 2, 

fi»* + aj2y2 + 2^ = 21, 



I 



ic2 + ^ = 89, 
ojy = 40. 

2a; + y = 7, 
4a^ + y' = 25. 



4. 



7. 



xy = 518, 

a; -f 2/ = 61. 

2a4- 5y = 19, 
40^+252/^=241. 



Suggestion. Begin by dividing Eq. (1) 
by (2), getting (3). Then use (3) and (2). 



10, 



12. 



0^ + 2^ = 37, 

aj2 __ ajy -I- 2^2 = 37. 

a^^xy = 77, 
xy + f=s4A 
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220. Problems invotnng the Solution of Simultaneous Quadratica. 

1. Find two numbers whicU multiplied give 576 and divided 
the one by the other give 2\. 

2. The di^^nal of a rectangular box is 125 in., the area of the 
lid is 4500 sq. in., and the sum of three conterminous edges ia 
215 in. Find the lengths of the edges. 

3. The floor of a certain room has 270 sq. ft,, each of the two 
side walls 153 sq. ft., and each of the two end walls 127^ sq. ft. 
Find the dimensions of the room. 

4. The front wheel of a carriage makes 6 revolutions more 
tlian the rear wheel in running 36 yd. ; if the circumference of 
each wheel were 1 yd. more, the front wheel would make only 3 
revolutions more than the rear wheel in running the same dis- 
tance. Find the circumference of each wheel. 

fiuooBSTioN. BUminate xy between (1) and (2). Then follow 3218. 
V. 6EAFHS AUD GRAPHICAL SOLHTIOnS OF QUADRATICS* 

221. The Tarions Graphs of Equations of the Second Degree. 
1. Construct the graph of the equation a? + j/*s= 4. 

SOLDTION 



^+f 


= 4 


i'.t) 


Points 


(±2,0) 

(0, ±2) 

(± .6, ± l.«) 

(±l.±1.7) 

(±1.6,±1.S) 


5u8. 

Cl, Cj, CB, Ci 

d,, d^ d>, d. 
ei, Pa, e,, e. 



a. Tbe stodent may not see 
bow (0, ± 2) gives tu>o pointe, 
or how (± 1, ± 1.7) gives four 
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poiiit& He flhonld obeerve that (0, ± 2) to really tbe two points, (0, 2) and 
(0, -2); al80tlial(±l, ± 1.7) denoWa lour pointa, viz. (1, 1.7), (1, -1.7), 
(— 1, 1.7), (- 1, — 1.7). Notice that the cooidJDatea of each of these sii 
points satiBf y the equation 3? ■i-y' = i. 

Construct now the graph of (1) a^ + y' = 9. 

From these exampUa we readily see that the graph of an equation 
of the form a!* + j* = r" is a circle whose radius is r. 

Hence, graph of an equation of the form a;* +y' = r* can be 
immediately constructed by using ras radius and origin as center. 
Construct the graphs for the following equations : 
(2) ^ + i/* = 16. (3)a? + y' = 12. {i)x'+y'=l. 

8. Construct the graph of 
the equation a^ + 2y' = i. 



xH-li 


= 4 


(«,») 


Points 


(±2.0) 

CO, ± 1.1) 

(± .6, ± 1.4 -) 

(±1, ±1.!) 

(±1.6.±.0*) 


01, OS 

61, bi 

ll ■h, d,'. d, 
ei, e,, e„ <, 



±1 

6. Heanlng of InugliMrjr Valoes for jr and / in findins Coordinates for 
Graphs, Suppose we assign the vatae x = 3 in the equaljon just used, x^ + 
2 y* ^ 4. Making this substitution, wb get 1/ = V— 2.5. Thus, for a; = 3, y 
is imaginarr. This means that there are no points of the curve as far from 
the origin as x=+ 3 ora;= — 3. The curve stops, in fact, with the value 
x~ + 2 at the right, and with a; =— 2 at the left. Similarly, if we put 
y = ±2, we get x = V— 4. We see from tlia diagram that there are no 
points of the curve above j =+ 1.4, and none below j =— 1.4. 

Construct the graphs of the following equations: 

(1) x>+i}f = 5. (2) Sx' + if = 8. (3) 10 a!* 4- 1/* = 10. 

e. These graphs, or curves, are called ellipses. They occur as the graphs 
of all equations of the forni ax^ + by'' = c, that is, of all equations in which 
the ooeflioients of a^ and sfl are unequal, and the sign between the terms in 
the left member to +. 
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If Uie coefficienta of 7? and ^ are close together In value, to what curve 
does the ellipse approxiinate ? What happens U Che; are quite unequal ? 

Tlie earth moves round the sun in an elliptical orbit, nearly circular, 
Hallej's comet, on the other band, moves in a very long ellipse. 

(4) ^■\-°if=\%. (5) 103!»+12/=24. (6) 9a!» + 12j/*=l. 

8. Construct the graph of the equation x' — 2 y* = 4. 

SOLUTIOK ^- 1 



-2»' = 



(^,y) 


POINTO 


(± 3, 0) 
(;>, imag.) 
(±1, imafi.) 
(±3, ±1.6) 
( ± 4, ± 2.5-) 
(±5, ±3.2+) 


hi, h, l>,, b, 
Cl, d, Cj, Ct 

du <k, *,, rt, 



I is called an hyperbola. 
of the valm s in the table, 
noting from the equation how they will 
continue to increase in definitely, shows 
that one branch of the curve will continne 
out indefinitely to the northeast (to follow 
the customary map rules for directions), 
another to the soutlicnst, another to tlie 
northwest, and a fourth to the soutliwest. 
The imnginary values of y show that 
no points of the curve lie inside of the 
region inclosed by the lines x = ± 2, and 



|^.| ||||||jl||- l-IWJYll 1 ||||||[||[[|j,|-|-j 


^i^-- . ±- -- ■--' --+■ -/t  - 


^^JJ-T- "--^--t-,/-" --i-j- 


::;:;:::::^r: ' ' T: -^k 


J — ji    /. ---i ----f 




^'T ' ' --t 11 " ^ ^" \  




bV^i+-*- -^^ r1t \^ ; -■■-■■- 


;;;;;;;^i.--:-; -: ! ---i-K ■- - ' 1 "' - - - J frfl 


--■ > i ' : . . --,, * -l|k"::: 


3f1'^ ; :, .■ ! -.;■ . -L-r-; + E::i. 



Notice that the equation used is identically the same as that of Ei. 2 except 
that + in tlie ellipse equation is replaced by — in that of the hyperbola. 

The hyperbola is the orbit of comets which come into the solar system, 
go round Che sun, and then go out again never to return. 



. 2d. c. 
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Construct tlie grapba of the following equations: 

(1) a?_4y' = 4. (2) 4x'-/ = lC. (3) 2^-33? = 

(l)a^-y' = 9. (0)1^-^ = 9. (G)x'-10y' = 

4. Construct the graph of the equation x^ = !■ 



(".») 


I'lfl. 


(.5, a) 


„ 


0.1) 


b 


(2. ■«) 


e 


(S, .S*) 


d 


(-.6, - 2) 


e 


(-1,-1) 


r 


(- 2. -«) 


a 


(- 3, — S») 


h 







Construct the graphs of the following equations: 

(V) xy=\<i. (2) aiy = l. (3) ay = -2. (4) a^ = 50. 

e. These graphs are hyperbolas, though coming from equations quite dif- 
ferent from thOBti in 3. Tliey differ from tlie hyperbolaa we have just been 
constructing in having their " axes " extend diagonally instead of east and 
west, or north and soulli. This is the graph for inverse proportiau (see 
§ 243). Evidently x increases as y diminishes, and vice versa. 

Tlie graphs just constructed can be used to read oS corresponding valaea 
for quantities which are tnnersely proportiotial just as yre read off correspond- 
ing values for quantities which were directly proportional in § 122. Thus, if 
a matt is paid 810 for doing a jiil) of worit, k is the number of days he works, 
and g Is the wages per day, 'Jien the graph for a-y = 10 (see eq. (1) above) 
will give a value for x correnponding to any assigned value of y, or a value 
for y corresponding' to any assigned value of x. 
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S. Construct the gi-aph of the equation ^ = 3x + S. 

SOLUTIOH 



(<',vy 


Pm. 


(- 1. 0) 


a 


(0, ± 1.7) 


b,,h 


(1, ± 2.6-) 


Cl, Cj 


(2, ± 3) 


rfi, * 


(fl. ± 4,6-) 


e„ «s 




/. This graph is called a. parabola. It 
has apparently something like the same 
shape, aa the hyperbola, but it has only 
one branch. If i is put equal to — 1.1 or 
any numerically larger negative muuber, 
y is Imaginary. The parabola is the path 
of projectiles like bullets and is the curve of headli^it reflectors. 

Construct the graphs of the following equafciona : 
(1) i/»=2ie + 4. (2]y* = 2x-i. (3) y* = ir. 

(4) a^ = 2y + 4. (5) a?=12y-3 (6) x' = y. 

6. Construotthegraphof the equation (a;— y+2)(a;+2i/—l)=0, 

Presumably this is the equation of the two straight lines, 
x — y + 2 = 0, and x + 2y — l = 0, since values that satisfy either 
of them satisfy the given equation. 
] (See § 116, 5.) 

SoLcnOM 
a;» + ay - 2j(- + X + fljf - 2 = 















































































































































































































































































































































k 


y 














-l- 


/:  








r- 


x 


£ 


•fti-l 


li li . 


"JlUH 




^ 



C*,!/) 


PT9. 


(1 or - 2, 0) 
(0, ,5or2) 
(.4, .3 or 2,4 ) 


C„Ci 
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T 


- -f-j-l ,  r! (^ ^ - 


1 1 <- -'/it - 




;;::4j:tj^' j::-::: 


•^ /I T 




- - -^7 T "  - ^ 











x^y+2= 


HOLUTIOM 

z + 2y- 


= 


C-2,0) 

(0,S) 

(.4. 2.4) 


l 

n 




(1,0) 
(0, -5) 
(-4, .3) 


P 

9 



, We »ea from the diagrainii that a,. 



I. 6-i, '.. < 



«allo 



le/nor lim 



pq, TUlH rule would holt) 1[ any num- 
ber of points were obtained. 
The pupil m&jr have some trouble in seeinj; Imnr tlie coiJrdinatrs of oi, as, 
6i, 6i, c,, Pj, were found. Notice if i/=0, llie equation reduces to a^ + i— 2=0, 
whose roola by factoring are 1 and —2. Anain, if a: = 0, the equation reduces 
to2j^ — rijf-l-2 = 0, whose roots are 2 and .6. If x = .4, the equation reduces 
to ^ — 2Jg + .12 = 0, whose roots are 2.4 and .3. If a = 2, the equation 
reduces to2^ — Ty — 4 = 0, whose roots are 4 and ~- .5. As a rule in such 
cases, the factoring method cannot be used, and we resort to that of j 210. 

222. Effect of Change of Origin on Equations. Reverting to the 
figure accompanying Ex, 1, § 221, we see that if 0' is taken as the 
origin instead of 0, every abscissa will then be increased by 2 
over what it was, and every ordinate by 1. The equation of the 
circle now becomes 

(x-2y+(y-iy^i, 

or 3? + f~4x~2y + l = 0. 

Thus we see that an e(iuation of this form, whose coefficients of a^ 
and y* are equal, gives a circular graph, but one in which origin is 
not at its center. 

A similar change could be made in the equations of the other 
graphs without changing the graphs themselves, 

223. Graphical Solution of a Quadratic Equation containing One 
Unlcnown Quantity. To construct a grajih two unknowns are 
necessary. In the present problem one of these has to be 
introduced. 

1. Given 3ii^ + 4a;=20, to find values of x by graph method. 
Solution. Let {I) g = x^ ; Uien substituting j/ = i* In tlie given equation, 
we have (2) 3 j( + 1 x =.- ZO. (Solution continued on page 188.) 
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a. A piece of fine black thread can be laid bo as to pass through the 
several points locatfd on the squared paper. The posiiion tlie Uiread takes 
when it passes tiuvu^h the points locates the graph very clOHuly, 
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(>. V) 


Points 


(0,0) 





(il.l) 


a, e 


(±2,4) 


hf 


(±3,9) 


c, g 


(±3.5, 12.26) 


d, h 


(etc., etc.) 


etc. 



(O.W 


Ptr. 

n 


(0, «.7) 


(5,0) 


(-3, 10.7) 


P 



(1) y = OE^. (2) 3 y + 4 x = 20. We must now constract 

the graphs for equations (1) 
and (2). Values are assigned 
to y and the corresponding 
values of x are calculated as 
in Chapter IV. 

Locating the several points 
for equation (1) on the 
squared paper with refer- 
ence to two axes, marking them with their letters, 
and joining them by a running line, we have the 
figure as shown in the diagram, p. 187. Joining 
the points located by equation (2) there results 
the straight line mnp, Tliese two graphs cro88 at h and ib, or at x = 2, 
and X = — 3.4~, which are the roots sought. 

Check. Solving 3 x^ + ^ x = 20 by completing the square as in § 210, we 
have a: = 2, and x=- 3.33+. 

5. The graph of y = a:'^ is (§ 221, /) a parabola. The unfinished ends are 
known to extend on indefinitely. Have students practice making this graph. 

c. Observe that the curve y = x^, once constructed, can be used in the 
solution of any quadratic containing one unknown. It only remains in each 
particular problem to locate the straight line by means of its £q. (2). 
Where this straight line crosses the parabola are found the values of x sought. 

Construct the parabola with ink and the straight line with lead pencil 
Then the lead pencil mark can be erased when one begins a new problem. 

Solve tbe following equations by the graph method, and check 
by completing the square method : 

2. aj*-2a?-3 = 0. 3. 3aj*-2 = 5aj. 

5. 8 a;*- 17 0? = 115. 6. 7aj*-39 = 8iB. 

3a^-2a; = 7. 9. 7 ar* + 14 a? = 21. 



8. 



4. 12aj*+aj=6. 

7. 10+16iB = -6«*. 

10. 5aj*-20=0. 

11. 7a^ + 5a; = 31. 12. 3ar* + 4a; = 4. 13. Sar*— 7aj=l. 

14. Solve by the diagram a^ = 7, i.e. extract square root of 7. 
Solution. Corresponding to y = 7 is x = 2.6+. Ans, 

15. Find by the diagram VS; Vi^; V7; Vi2; ViO; VS^. 

16. The diagram can also be used to square numbers. Thus 
corresponding to a; = 1.4 is y = 2~, which is the square of 1.4. 

17. Find by the diagram 1.8^; 2.b^'y 75* (or .75*); 3.4*. 
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234. SolatiOD of SUnulUneous Eqiutlona by HeanB of Qraplu. 
by the graph method. 



,. so™ («"+'■-; 

(1) x' + j(' = 9 (2) x+y = 2 



< ± », 0) 


«„o. 


(±2, ±2.y 


i„ i„ s=. k 


(±1, ±2.E) 


fl. ei. Ca, ct 


(0. ±8) 


ii,a. 



O,'--) 


P 


(2,0) 


(3. - 1) 



Locating the seTenl points 
and joining then, we have tlia 
graph OS Tepreaented in the 
Hgiire. Evidently the graph 
of t* + y* = B 18 the circum- 
ference of a circle whose radina 
ia V9, or3. 



---T--±t-- h--± 1 j T -]---- 


" " ^  _ ^ : : "J ^ " "' ji J " 


|:-]S:;'^'^^l{^]^-^ 








¥r--f' "" ' *! -- • ^1 !;, -4 


^ 3^-Tlr i--^'^--' -■!^;::: 










[ntHitttiHtf--| !-i-t|#r^iiM-ffl--fttH 



The graphs croat at k and A, wboae co<Itdinat«s are 
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To check these answens, the problem is solved by the method of § 219, 



whence is found 



r X = 2.87+, 
|y = -.87+, 



and 



fx = - .87+, 
y = 2.87+. 



Solve the following by the graph method, and check by a purely 
algebraic solution. The graphs of equations like Qi^-j-y^ = 9 can 
be constructed very quickly with a compass. How is the radius 
found in each case ? 



2. 



r *> 



[x-i-y = S. 



3. 



' a^-|-y2-40=0, r a^ + if = 37, 

4. ' * 

.3x — y = 6. [x — y = o. 



r .-0 



5. 



8. 



x^ + 2^« = 25, 
4a: + 3y = 20. 



6. 



' ar2 -h 2/^ = 169, 
.3a; + 9 = 2y. 



7. 



5 a: + y = 46. 



Suggestion. The graph of x* + 2 3^2 _ 34^ ^g 
explained in § 221, 2, is an oval^ or an ellipse 
in shape. The method of solution is precisely the 
same as in Ex. 1. 



13. 



^ |4^^ + / = 25, 
2x-^y = l. 



^^ r3aj2 + 4y* = 43, 
120;— v = 4. 



2aj2-icy4-2/' = 7, 



r 2 af — icy 4- 2/ 
l4aj-3?/ = 5. 



10. [9a^ + 42^ = 72, 
. 6 ic — 3 2/ = 1. 



12. 



r2a^ + 2/' = 33, 
la;-32^ = l. 



140?— 5v = 7. 



3aj2 4-2a;y + 2y2 = 35, 
2/ 



f (1) cc^ — 2 y^ = 1, Solution. The graph for equation (1) is 

^^' ' /cy\ ,.p __q (§ 221, d) different from the preceding ones, 

V{Z) aj + b y — J. owing to the minns sign hefore 2 y2. The 

method of solution, however, is precisely the same as before. Note that 
(±2, ±1.2) gives four points. 
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(2) n-0y = 8 

Conatmctlng the 

graphs through the 

located points, we 

have the accompaay- 

ing diasram. The 

fuur uiil'miahed enda 

of tlie curved graph estenU out indefl- 

iiil«ly. The curve, it Is cli^ar, conBista of 

two parts. It is an hyperbola. 

The straight line graph o( equation (2) crosses tlie rigliUhand branch of 

the hyperbola at x = 1.1, jr = .3''', and tlie left-hand branch at x = — 1.5", 

jl = .T*. Checking the answer by a purely algebraic aolutioa (j 218), we get 

the same results. 



(!)«•- 


Sy-sl 


(± 1. «) 




(±2, ±1=) 


fit, 6„ h, b. 


(±S. ±2) 


e,, ej, e„ e, 


(±4, ±2-7) 


dt, d,, (t, d. 


(etc., etc.,) 


ite. 



(3,0) 


m 


0, -6) 


!> 


(-4,1.:) 




((I) 3^4-7/' = 16, SoLDTioM. Thep'aphoE (l)iB,ofcoure8, 

,„. t; a circle whose radius is i. The graph ot 
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(2)»r=« 




(-1, -s) 


bt 


(1. S) 


'■i 


(-2, -2.6) 


6. 


(J, 2.6) 


•. 


(-S, -1.7) 


6i 


(S, 1.7) 


<U 


(-(, -1.26) 


6i 


(4, 1.20) 


at 


eW., nia. 


«t«. 



eqiu^on (2) Is Em hjper- 
boU, but tumed through 
an ftDgle of 46°, as com- 
pared with that of Ex. 15. 
Solve by algebra as well 
as by graph, being careful 
to get four yaloes for x 
and four for jf. 



mm- 

X- - i  ^^- - 


i.x^:--::--: 

, 1 1 1 '-Ml _|_i_ 


s;;:h 

n tfTi 

: ::::::z::;: :: 
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17. P^-y" = 47, ^^ (x + 2y=^9, 



21. 



r23^-a^ = -23, 22 r3«^-4// = ll, 

U-2y = 3. ' l4aj-y = 10. 



la?y = 2. loa?y = l. tajy = 4. 

{/j^\ 2^ w = 7 Suggestion. The graph of (1) has the shape 

^ ^ of that of §223, but is pushed down so that 

(2) 3 a; — 3^ = 9. ^^ ^^^^ crosses the axis of X 

[;b — y = 3. la? — 3y = 6. la?y=:3. 



27 



a- An equation of the form ax^ + ay^ = & has a circle for its graph. 
An equation of the form ax^ + by^ = c lias an elliiMse for its graph. 
An equation of the form ax^ ^by^ = c has an hyperbola for its graph. 
An equation of the form xy = a has an hyperbola for it8 graph. 

An equation of the form ax^ -\-by = c has a parabola for its graph. 
An equation of the form ax -}-b^ = c has a parabola for its graph. 

225. Graphical Significance of Imag;inaries (§ 199) in the Solution 
of Equations. Whenever upon solving two simultaneous equations 
the roots come out imaginary, it will be found that the graphs of 
the two equations do not intersect at all. See § 221^ 6. 

^ f«« + ?/2 = 4, 



I 



aJ + 2/ = 3. 
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::: 




^■^wm\W\ 


-- 


' 


-<^;:::;:::::: 


: :*" 


"^3;;;^::: 


:t 


/  




: : 


■^ ^ - - - 


:-: 


vM,x 


1, ^^^: 


: ; 


- ^fl 




- l- 


+■ i^ - 


-H ill ^J -^--- 






— 


--.- JP^ ^-- 


: ;: 


P \A 


:±gEi±;;;;;:: 



Conatructing the graphs, we have the figure as represented, the 
graphs not ititersecting. Soiviug by a purely algebraic method, 
we get, 

__3±V3 „_SjrVEl. 



Construct the graphs in t 
and verifying: 

^ f:E' + y» = 36, 
la)-2y = 14. 



i following, solving 



f 16a^-9y'' = 144, 



> by algebra 






226. Cubic Equations, or Equations of the Third Degree, containing 
One Unknown, solved by tbe Orapta Method of § 223. 



1, a!' + 43!-4 = 0. 

Let, (1) y = x* i than, un subsUbiling, (2) y -f 4 x = 4. 
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(0,0) 


a, 
6. 


;i. 1) 


(-1,-1) 


(i.») 


(-2,-8) 


6i 


(3, 27) 


ei 


(-3,-27) 


Cj 



(1,0) 


» 


(0,4) 



Constmclliig the tvo grapba 
from the tabulated data, we see 
that they InWreeol at a: = .8+, 

2. 3ie"+4a;-7=0. 

3. 5a^+12a!=16. 

4. 43^-19ai+42=0. 

5. The graph of thia article 
can be used to extract the 
cube root and to cube num- 
bers. See I 223, 14-17. 

227. EqoatioDS of any De- 
gree In One or Two Unknowna 
can be Bolved by the graph 
method. However, the com- 
plexity of the shape of the 
graph rapidly increases when 
the degree of the equation 

goes above the second degree, with resulting difftcuity in the 

construction. 

Light is thrown on the solution of systems ot equations by the 
use of graphs. We shall now consider an example of such graph- 
ical explanation, showing how the various graphs in a system in- 
tersect one another. 
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228. ComparlMn of the Algebraic and Graphical Solntions of tbe 



jtiil 


- \"%^'-"/  \- 




t--t-*|:^^jJLL_^/_ffl|i; 


;::=^^^^^^_^-m';: 


/':..,, ■--'-■ r-f--i''li-"i+ ""^::: 



(3) «■+ ,^+f=^ 




[(l)+(2)Dir.Ai.] 


(1,) «'-2«j, + j/' = l 




(Ax, ?) 


(4) 3«i, =6 




(As. ?) 


(4.) xs =2 




(Ai. ?) 


(3) .x>+ ij + y-T 






(5) a? + 2m/+j' = 9 




(Ax. ?) 


(5,) i + .,= ±3 




(Ax. ?) 


(2) »,-„= 1 






»!= 2, or 


-1 


(Ax. ?) 


;,= 1,01- 


-2 


(Ax. ?) 



In the diagram above notioe that the graph of x" — j/" = 7 is the 
curve resembling tliat tif § 22C. Tlie equation jt" + a;,v + y* = 7 
gives the ellipse. The equation i«y= 2 gives the hyperbola. I'he 



HARDER QUADRATICS 197 

equation a? — y = 1 gives, of course, the straight line. The equation 
(x — y)^ = l represents two straight lines (§ 221, 6). All these 
curves intersect in (aj = 2, y = 1), (x = — 1, 3/ = — 2). The ellipse 
and hyperbola intersect also in (x = 1, y = 2), (x = — 2, y = — 1). 
The first pair of values of x aud y satisfy all the equations. 

If one pair of equations have the same points of intersection as 
another pair, the two systems of equations (§ 148) are said to be 
equivalent. The diagram shows quickly to the eye which systems 
of the preceding sets of equations are equivalent. 

VI. HARDER QUADRATICS* 

229. Solutions of Harder Quadratics. The variety of forms taken 
by quadratic equations, or equations quadratic in character, espe- 
cially simultaneous quadratics, is large. To become expert in the 
solution of such equations requires considerable experience, and 
this necessitates time to acquire it. The practical value of such 
skill is not very great, since there is little call in the applica- 
tions of mathematics for the solution of such equations. If the 
student desires to prepare himself as quickly as possible for solv- 
ing such problems, his best plan is to try to get a grasp of the 
various types of problems, methods of solutions, and special devices 
tliat are commonly met with in textbooks. For these reasons, 
in what follows solutions and suggestions are offered freely, but 
the number of exercises given is small. 

230. Solutions of Quadratics containing one Unknown Quantity. 
Classes of Problems. 

T. Equations qxiadraiic in character containing fraclional expo- 
nents, 

1. Solve ai ^ 4 aj* = 21, and verify. 

Solution. — Notice that x^ =(x*)2. Thus, this equation contains a cer- 
tain unknown in one term, and the square of this unknown in another term. 

If we put X* = 2, then x^ = z\ Making these substitutions, the given 

* This section can be abridged as much as desired. Little that follows depends 
cm it. 
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equation becomes z^ -\- 4 z =r 21. Thus, we see that this equation can easily 
be solved by any of the methods of solving a quadratic. 
Solving the equation by factoring (§ 208), we get 

(x^-|-7)(xi-3) = 0. 

.•. x^^ = — 7, and x^ = 3. (Ax.?) 

.-. X = 2401, and x = 81. (Ax.?) 

Verificatio:*. (2401)^ + 4(2401)*:5fc21 ; (81)* + 4(81 )* = 21. 
llius, X = 2401 is not a root of this equation if positive square roots are 
taken, while 81 is a root. 

2. aj-|-4a;i = 5. 3. aj^ — 5ici= — 6. 4. a^ — 2-ixi = Sl. 

5. 7^/¥-\-\/z=S50. 6. 12 «-* - a;-'^ = yV 7. ox^ • -f- 6a;» = c. 
8. x~^ — 6 a;^ = 1. 9. a;* — 4 a? = o x^. Suggestion. Divide 

tlu'ough by x^. 
II. EqufUions soloed first for functiotut of tlie unkivown. 



1. Solve ar* = 9 -h Var' — 3, and verify. 

Solution. In such problems the radical quantity is taken as the un- 
known at first. By adding to botli members just the right quantity the equa- 
tion can be put in the quadratic form. Thus, we can write here 



x2 _ 3 _ Vx2 _ 3 = 6. (Sub. Ax.) 

To see more clearly that this is quadratic in cliaracter, put Vx'-* — 3 = ^. 
Then x'^— 3 = z'^, and the equation becomes 2- — 2? = 6. 

Then (z - 3) (2 4- 2) = 0. (Factoring.) 

Whence z = 3, and 2 = — 2. 

Now, we have Vx^ — 3 = 3, or — 2, 

whence x- = 12, or 7, 

and X = 2 V3, or V7. Ans. 



Verification. (2\/3)2 = 0+ V(2\/3)2-3; (V7)2^9+ V(V7)2-3. 

Thus, we see the root V7 does not verify in the original equa- 
tion with the sign of the radical taken positive. 

2. a^-6 = 2V?-f9. 3. .1^ = Va?^^"7 + 13. 

4. aj2-7a;-h Vic2"-7ar+T8=24. 5. x" -x- Vx'-~x^ =zS. 



6. 2Va;-3a;-Ml=a;2_3a;-|-8. 7. VS^iTy ^. _|_3| ^ (^_4j2^ 5 
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Solution. a;2 4.x-4+- + -l=:0, (Div. Ax.) 

X x^ 

or, (x^ ■^^^ + U-^-\''4=0, (Arranging.) 

Then, (x^ +2 + -\ + (x -^ -\ - Q =0, (Adding 2 in one term and 

\ x^J \ x) subtracting it in another 

1 to make first quantity a 

Nowput0 = x + -. Then, we have perfect square). 

X 

Whence ar = + 2 or — 3. 

We now have a: + - = 2, and a: + - = — 3. 

X X 

Solving these equations gives the four vahies of x sought, 

9. 16/ + 1 = 28. 10. fa;+-Y + aJ = 42-? 

f \ x) X 

112 

11. = =±4 . Suggestion. Put = (2 z — 4)«. 

(2aj-4)2 8 (2a;-4)* ^ 

12. ^4.-^ = 2. 13. ^-1^ = |. 

3.2 I 1 
Suggestion to Ex. 13. Put z = — ^!— . 

X— I 

14. aj*-2a^-2iK2-f-3a;- 108 = 0. 

Solution. To find a function that can be used we extract the square root 
of the left member (§ 171). This gives x'-^ — x for the root, and — 3 x'^ 4- 3x 
— 108 for the remainder. Hence the given equation can be written 

(x2 _ xy - 3(a:2 _ a:) - 108 = 0, 

which equation can now be solved for x'^ — x first, and then for x. 

15. a^-ea5»-i-&:B*+12a;-60=O. 16. 'ia^-^- = 4oc^-\-1^. 

III. Tartaglia^s solution of the aibic b^ means of a quadratic 
equation. 

1. Given a;^— 6aj — 9 = 0, to find x. 

Solution, (y + z)^ — 6(j^ + 2) — 9 = 0. (?/ + z put for x.) 
y» 4. jj* + 3 y0 (y + «) — 6(?^ + ^) — 9 = 0. (^ -f 2 cubed and arranged.) 
(y» + «*) + (3 j^« — 6) (y 4- «) - 9 = 0. (Factoring middle terms, § 77. ) 
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Since there are now two unknowns, and there was only one, x, at first, 
we may choose a relation between y and z expressed in an equation. Now, 
we see if we put 3 y« — 6 = 0, we greatly simplify the last equation, all of the 
terms except y* + ^"^ — 9 dropping out. Then we have 

(1) 3y2 - 6 = 0, or = ? and (2) y^ + «*^ - 9 = 0. 

2 
Substituting « = - in (2), this equation gives (using factoring method), 

y 

y3 = 8, or 1, whence y = 2, or 1. 

Then, a: = 1 , or 2, and x = y 4- « = 3. Ans. 

The equation containing the other two roots can be found by dividing 
x' — .6x — 9 by z — 3 and setting the quotient equal to 0. (§ 315, 25). 

2. aj8~ 18a; -35=0. 3. o^ - 10 a; + 24 = 0. 

a. A curious fact about Tartaglia's sc^lution is that it gives a usable re- 
sult only when one of the roots of the given equation is real and the other 
two are imaginary. When all the roots are real, resort may be had to the 
divisibility theorem (§ 69) to find the first of the three roots. 

231. Solution of Harder Simultaneous Quadratics. Besides the 
two most common cases, or kinds of problems, in simultaneous 
quadratics described in §§ 218, 219, a number of others are also 
usually given. The number of devices used in solving these equa- 
tions one time and another is very large. 

I. When each equation is of the form ujir + by^ = c. 

1. (1) 9a^-\-25y^ = 225', (2) x^-\-7f = d, 

2. (1) 4«2-92j2=36; (2) x' + z^ = lo}j. 

II. When all the terms containing unknowns in both equations are 
of the second degree, often called the homogeneous case. 

(1) A:X^ — xy — y^=— 16, 

(2) 3a:2/H- 2/^ = 28. 

Solution. To solve these equations we follow the very unusual course of 
eliminating the known terms. The process may seem a little more natural if 
we insert ^^ as the literal part in the right members and then eliminate k^. 
Notice this would make all the terms in the equations homogeneous. 



1. 
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(li) 28a;2- 7ary- 7 y« =- n2«a (Eq. (1) x 7.) 
(2i) 12 xy + 4 y'i = WiH^ (Eq. (2) x 4.) 

(3) 28x'^+ 6xy-3y2^ (Ax.?) 

(4 X — y ) (7 a; + 3 y) = 0. (Factoring. ) 

4 sc — y = 0, whence y = 4 ac ; 
7 X -I- 3 y = 0, whence y = — J x. 
(2) 3 X (4 x) + (4x)2 = 28. (Putting 4 x for y.) 

. •. X = ± 1, 1 (Since 28 x^ = 28.) 

y = 4 X ±1= ±4 M»«. (Since y = 4x.) 
(2) 3 X ( - }x) + ( - Jx)2 = 28. (Putting y = - Jx. ) 



Then, 
and, 
Now, 

and 
Also, 

.-. X = ± V-\9> = ± 3 V^^2, 1 (Sine 
and y =- } X ± 3>/^^ = T 7\/^^ Hn«. (Since y =- Jx.) 

a. In the verification notice the upper signs go together and the lower signs 
together. Thus, x = + 3 V^^ goes with y = — TV- 



2. 



2. 



2^-0^ = 16. 



3. 






III. WJien each eqimticni contains only one second degree power 

or product (as o^, jf, or ocy) lohich is the same in all of the equations. 

To solve such problems eliminate the second degree term and 

then proceed as in § 218. 

^_1 



1. 



y + 3aj-4y = 26. 



2. 



X — = a, 

y 
1 1 

a; a 



IV. When the two eqvxitions are symmetrical (§ 175) in x and y. 
faJ* + 2^ = 17, 



1. 



2. 



[aJ^ + 2^ = 82, 
a; — ^ = 2. 



Suggestion. Put 



3. 



j X = M + r, 
I y = W — t?. 

V + 2/« = 33, 
a;-h2/ = 3. 

V. Solution first for function of the two unknowns, followed 
later by solution for the unknowns. 

(1) aj2 + 42/2-16(xH-22/)+80 = 0. 



1. 



1(2) 0^ = 6. 
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Solution. (10 x^ -I- 4 y« - 16(x 4- 2 y) + 80 = 
(20 4a;y -24 = 

(3) (X -f -2 y)a - 16(a5 + 2y)+ 66 = (Ax.?) 
We now solve for the function x + 2 y, using factoring method* 
(30 [x + 2y~7][x + 2y~8] = 0, (§208) 

(32) X + 2 y = 7, and (30 x + 2 y = 8. 

The solution is continued by combining (-32) and (2), from which values of 
X and y are found. Tlien, in the same way, (.S3) and (2) are combined and 
other values of x and y found. 

9 aJJ^_y2_(53 a.^21 2/= - 86, 
VI. Equations containing three unknowns. 



2. 



4. 



3. 



6. 






12. 



2. 



3. 



ajy + 2/2 -1-2:3; = 17, 
a; — y — 2 = 2. 

a;* + 2/^ + «* = 84, 
x-^y + z = lA, 
xy = S, 



Suggestion. Add 2 times (2) to (1) and 
extract square root of result, getting (4). 
Then combine (4) and (3). 

Suggestion. Add 2xy = 10 to (1), and 
substitute = l4 — (x + y) in resulting 
equation. Then solve first for x -|- y. 



VII. Special devices applicable to particular problems. 

X^Mxi/ = 144: Suggestion. Add the equations and 

1. ] ' extract square root getting (3). Then di- 

xy + y'=lSO. vide (1) by (3). 

oof — xy-\-oy =^ 13, Suggestion. Find value of xy. Then 

a^ ._ 3 xy 4. 1^2 = — 1. values of x^ ± 2 xy + y^. 

^ -\-^y-\'y = 5j Suggestion. Add the equations and 

a^ -{-xy ■i-y^ = 7. arrange to solve for x + y. 



2. 



3. 



232. The General Case in Simultaneous Quadratics. Since all the 
problems ^o fg,r uudertakeu bsive beeu solved, th^ student may 
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get the itnpresBiiiti that atiy problem in simultanedtis cJuAdratics 
can be solved. To show that such is not the case, we undertake 
to solve what appeslrs to be a simple problem, much simpler than 
many we have had* 

Given (l)a^ + 3/ = a, (2) a? + 2/* = 6, to find a? and y. 

From (2), aj=6-y'. 

Then(l) (b-'yy + y = a, 

or, b^^!iby^-\-y* + y = a. 

Now this is an equation of the fourth degree. As a matter of 
fact tliie equation of the fourth degree has never been solved by 
any one in the sense of getting formulas for x and y from which 
values of x and y can be found by ordinary methods for any and 
every value of a and b. 

An article in the American Mathematical Monthly, Vol. X, p. 
192, deals with the question of the solubility of simultaneous quad- 
ratics. See Vol. VI, p. 13, fot solutions of ar* -f y = 7, a; -j- y'^ = 11. 

233. Miscellaneotts Problems in Quadratics. 

1. The diagonal and longer side of a rectatigle are together 
equal tc) 5 times the shorter side, and the longer i^xceeds the 
shorter by 35 m. Find the area of the rectangle. 

^. The height s ft. to which a ball thrown vertically upward 
with a velocity of 100 ft. per second rises in t sec. is given by the 
formula s = 100 < - 10 1\ Find t when ^ == 144. 

a. The algebraic solution includes the two cases ih which the bAlI is 144 ft. 
from the ground in thiB upward motion and 144 ft. from the ground in the 
downward motion. Verify this statement. 

8. The plate of a mirror is 18 by 12 in., and it is to be framed 
with a frame of uniform width whose area is to be equal to that 
of the glass. Find width of frame. 

4. Two chords intersect in a circle. The segments of the first 
are represented by 1 x-\-2 and 2 a? 4- 3, and those of the other by 
5 a; — 2 and 4 « — 1. Find values of x to one decimal place and the 
values of the segments. 
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6. One side of a rectangle is 2 a; and diagonal is 2 a; + 1. If 
area is 12, find x and then diagonal. 

6. If the median m on side c of a triangle is 12 in. and a and b are 
11 in. and 15 in. respectively, find c from the formula 4 m^ = 
2(a2 -\-b^- c\ 

7. Find a formula for the volume v (in cu. ft.) of a sphere in 
terras of s, which represents its surface in sq. ft., knowing that 
« = 4 irr*, and 'y = | irr^, where r is radius (in feet). 

8- The area of the ring included between two concentric circles 
is 84 sq. in. If the radius of the inner circle is 3.5 in., find the 
^ radius of the outer from the for- 

"V. y — r*\^ mula a = 7r(i^^ — r^). 

\_V><a/ i I ^' I^ ^^® distance between cen- 

//>sA J ters of two equal pulleys of radius 

^^ ^v^.^.^^ ^ ^^' is d ft. and h ft. is the length 

^ of belt to go round them cross- 

ing so as to reverse the direction in which they turn, then 
6 = 2\/4 7^ +d[2+27rr (approximately), /I'Jf being regarded as a 

straight line. Solve this equation for r. 

10. A moving picture film, 120 ft. long, is made up of a certain 
number of small equal-sized pictures. If these pictures were .1 
in. less in length on the film, there would be 720 more of them. 
How long is each small picture ? 

11. The diagonals of a rhombus are 2 ic-f-4 and 2 x — 2, and 
one side is a? -f- 3. Find x and then one side. 

Suggestion. Observe what angle diagonals make with each other. 

12. Show that it is impossible to find three consecutive integers 
such that the product of the first two equals the second minus 
the last. 

Suggestion. Show that roots are imaginary. 

13. Two trains, 50 mi. apart, on roads running at right angles 
to each other, are moving towards the crossing. One train runs 
5 mi. an hour slower than the other. At what rates do they run 
if they meet at the end of 2 hr. ? 
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14. The driving wheels of a locomotive are 2 ft. greater in 
diameter tha^ the running wheels. The running wheels make 
140 more turns in going a mile than the driving wheels. What are 
the diameters of the drivers if ir is taken as 3| ? 

15. Find to 2 decimal places the lower base 6 of a frustum of 
a cone whose volume v is 125 cu. in., altitude ^ is 5 in., and area of 
upper base V is 20 sq. in., from the formula 

V = ^ /i («^ -h &' 4- V66^). 

234. Historical Notes. Though the Greeks were eminently suc- 
cessful in perfecting elementary geometry, very little progress 
was made by them in the study of either arithmetic or algebra. 
They studied arithmetic, strange to say, from the standpoint of 
geometry, representing numbers by the lengths of lines. A nota- 
tion they had for numbers used the first ten letters in their alpha- 
bet to denote 1 to 10 (a = 1, ft = 2, etc.), the next eight letters to 
denote multiples of 10 from 20 to 90, and the last nine letters to 
denote the hundreds. The fact that they used letters instead of 
special characters for the first ten numbers probably explains in 
part why they made little progress in algebra. 

Diophantus, of Alexandria, Egypt, is recognized as the first 
writer on algebra worthy of the name. It is supposed he was of 
Greek descent, but he wrote about 350 a. d., long years after the 
Greek learning had developed. In the first part of his " Aritli' 
metica^^ he solved determinate equations both simple and quadratic, 
but he did not accept negative or surd answers for the latter. 
Most of his book is given up to the solution of indeterminate equa- 
tions of the second degree, in which analysis he showed great skill. 
The solution of such problems, however, even up to the present 
time, has not been reduced to a science, and, as a rule, no refer- 
ence is made to them in elementary algebras. The biography of 
Diophantus is as brief or briefer than that of the great geometer 
Euclid: we know next to nothing concerning either of them. Dio- 
phantus's epitaph is often given as a problem in algebra. 

Chronologically the next writer was Aryabhatta, who lived in 
India about 500 a.d. The arithmetic and algebra part of his book 
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consisted merely of some rules written in verse. The next Hindu 
writer was Hrahraagupta, who lived about a century later than 
Aryabhatta. His algebra, also written in verse, included the 
solution of equations, simple and quadratic, and some indeter- 
minate problems, all written out in full in words. These writers 
used credits and debts to illustrate positive and negative numbers. 
The representing of numbers by means of the figures we have is 
supposed to have originated in India about this time. Without 
the Arabic notation calculations are largely performed with a 
wire frame, or abacus, or its equivalent. Thus, the Arabic nota- 
tion is arithmetic without wires. 

During the eighth century, by order of the Caliph Haroun Al- 
Kaschid (the caliph of " The Arabian Nights "), the Hindu works 
on arithmetic and algebra were translated into Arabic, along with 
many other scientific books. In this way algebra came to be 
studied by a considerable number of scholars in Arabia. Promi- 
nent among the Arab writers on algebra was Al-Chwarizmi. He 
solved quadratic equations geometrically. 

Thus, to solve x^ -j- 40 « = 329 he let x = one side of the 
square l^ (see figure, § 63), and, extending its sides, made another 
square a* whose side was taken equal to 20 ( == ^ of 40) . Then 
a^-h40 a? represiented the area b^-{-ab + ab. Adding the square 
a' to both sides of the equation, he had 

cc^ + 40 a; + 400 = 729. 

Thus, he got for one side of the whole square V729 or 27. 
Subtracting 20, one side of a*, from 27, he had the root sought, 7. 

In the fourth part of his book Al-Chwarizmi attempts to prove 
the theorems Va^ = aVb, and VaV6 = Va6 (see §§ 191, 182), 
and in the last he gives some problems. This book is the more 
interesting because from it the Europeans got their knowledge of 
algebra and of the Arabic notation for numbers. 

In the twelfth century the third Hindu writer on algebra, 
named Bhaskara, appeared. His algebra showed a great improve- 
ment over the earlier books, using abbreviations for words and 
being almost symbolic. In various ways he tried to sugar-coat 
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kis tieatment to make it interesting. Thus, he gave the following 
problem : 

The square root of half the number of bees in a swarm have 
flown out upon a jessamine bush, f of the whole swarm have re- 
mained behind : one female bee flies about a male that is buzzing 
within a lotus-flower into which he was allured in the night by 
its sweet odor, but is now imprisoned in it. Tell me the number 
of bees. (Ans, 72.) 

His arithmetic contained a clear statement of the so-called 
Arabic notation for numbers, including the 0. It took several 
hundred years for the world to learn the use and importance of 
in the Arabic notation. The work of Bhaskara was known to 
the Arabs as soon as it was published. 

Algebra and the Arabic notation for numbers got into Europe 
chiefly in this way. Leonardo Fibonacci was the son of* an 
Italian merchant who represented his country in Barbary, and 
received his education there. He became acquainted with tiie 
Arabic system of numeration and with the Arabic works on 
algebra. On his return to Italy, 1202 a.d., he published his work 
" Liber Abaci," in which he set forth the advantages of the Arabic 
system over the old Roman notation with the letters I, V, X, etc., 
still in use among his countrymen. His treatment was taken from 
Al-Chwarizmi*s and the other Ai*ab works on the subject, and was 
written out in full in words. It had a wide circulation and 
helped materially in spreading a knowledge of algebra among 

Europeans. 

Three or four centuries elapsed after the first introduction of 
algebra into Europe before European mathematicians took hold of 
the subject with the idea of perfecting it. In the sixteenth cen- 
tury two great results were accomplished: the first, the perfecting 
and establishing of the symbolic notation ; and the other, the solv- 
ing of the cubic equation. We have already learned how Vieta 
took a prominent part in introducing the symbolic notation. It 
remains to recount how the great mountain of the cubic equation 
was overcome. 

In the discovery and publication of the solution of the cubic 
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four persons took part. Of these Tartaglia is altogether the 
most interesting personality. 

Tartaglia (real name Niceola Fontano) was born in Brescia, 
Italy, in the year 1500 a.d. When a child of twelve, Brescia 
was taken by the French and many of the inhabitants were mas- 
sacred in the cathedral. The boy was in the cathedral and was 
left for dead, his skull having been split through in three places 
and his jaws and palate cut open. His mother found him, and, 
being deprived of other aid, remembered that dogs when injured 
always licked the wounds. To this care Tartaglia ascribed his 
recovery. His injury made him a stammerer, and in this way he 
got the name Taiiaglia, which means stammerer. His mother 
taught him to read and write. Being highly gifted mathemati- 
cally, before he was thirty-five years old he was chosen to the 
chair of mathematics at Venice. Later he became a recognized 
authority on the subject of gunnery, which was interesting the 
European world at that time. 

Before this time, in 1505, Scipione Ferro had either discovered 
a way of solving cubics of the form t? -\- mx = n, or had found it 
in an Arab work. Ferro explained the method to his pupil Fiori 
(or Floridus). In those days it was not the custom to publish 
discoveries as now, but to keep them a secret so as to be able to 
solve in intellectual combat problems rivals could not solve, or so 
that students could not get the solution except in the school of 
the possessor of the secret. 

About 1530 Tartaglia made known that he was in possession 
of a method for solving a cubic of the form oi? -j- pa? = q. Fiori, 
hearing of it, announced that he also had a method for solving 
difficult problems. Tartaglia then challenged Fiori to a public 
contest to take place Feb. 22, 1535, and, following the custom then 
in vogue, stakes were deposited with a notary with the understand- 
ing that whoever could solve the most problems out of a collec- 
tion of thirty propounded by the other, was to get the stakes. 
Tartaglia suspected Fiori's problems would depend on the solu- 
tion of cubic equations, and so he set to work to solve equations 
of the form ic* -|- mx = n, and succeeded in accomplishing his 
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put'pose just ten days before the date of the algebraical duel. 
When the contest took place^ Tartaglia solved all of his oppo- 
nent's problems in two hours, and by reason of his brilliant 
effort, won faiue« By 1541 he had mastered the general solution 
of the cubic, (See § 230, III.) 

Cardan was much interested in the Contest between Tartaglia 
and Fiori, and as he had begun writing a book on mathematics, 
coaxed Tartaglia to explain his solution to him. Under the most 
solemn promises by Cardan to make no use of the knowledge, 
Tartaglia finally gave him the solution desired. But Cardan, 
breaking faith, some time after published the solution in his ^rs 
Magna, the third earliest printed book on algebra. When this 
book appeared in 1545, Tartaglia was very angry, but the mis- 
chief had been done. Until very recently all algebras called, the 
solution Cardan's. 

Cardan, it seems, as soon as he learned the solution, taught it 
to his students, one of whom, Ferrari, succeeded in reducing the 
solution of the biquadratic, or equation of the fourth degree, to 
that of a cubic, and in this way solved the biquadratic. 

After the discovery of how to solve cubic and biquadratic 
equations, mathematicians turned their attention to the solution 
of equations of still higher f»egrees, and all failed. Finally Niels 
Henrik Abel (1802-1829) of Norway succeeded in showing that 
the general solution of the fifth and higher degree equations can- 
not be expressed in terms of radicals. 

There are many other things of interest that could be told of 
the history of algebra, but these the student will have to look up 
for himself in works on the subject, such as Ball's and Cajori's 
histories of mathematics published by Macmillan& Co., New York 
City. 



CHAPTER IX 

RATIO AKD PROPORTION 
I. PROPORTION PROPER 

235. The Rutio of two quaotiUos is obtained by dividing the 
first by the second. (See § 117.) 

A proportion is an equation whose two members are ratios. 
Proportions are written in two ways and read in two ways, both 
meaning the same thing. Thus, 

• ^ • X (The single colon denotes division. For- 

Q, C 

or, - = -f merly a double colon was used instead of = .) 

may be read *' a is to 6 as c is to t7," or " the ratio of a to 6 equals 
the ratio of c to d" 

236. Definitions. The first term of a ratio is called the antece- 
dent and the last term the consequent. The first and last tern^s of 
a proportion are called the extremes, and the second and third 
terms the means, If the second and third terms of a proportion 
are the same quantity, this quantity is called a mean proportional 
between the first and last terms. 

237. Fundamental Theorems about a Proportion. 

1. If four quantities are in proportion^ the product of the eastremes 
equals the product of the means. 

If - = -, then ad = he, (By Mult. Ax.) 
h d 

SnoGpsTioir. Both sides o! the given equation f^l^ multiplied by &d, or it 

is cleftr94 of fri^gtions, Soe $ 119. 
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2. Conversely. If the product of two numbers equals the prodtict 
of two oilier numbers, the factors of either product can be made tne 
extremes, and the factors of the other the means of a proportion. 

If ad = be, then ^ = - • (By Div. Ax. Explain.) 

b d 

238. Allowable Changes in the Order of the Terms of a Proportion. 

1. Alternation. If four numbers taken in onler are in proper- 
tion, the ratio of the first to the third equals the ratio of the second to 
the fourth. 

If - = -, then ^ = - . /^Mult. Ax. Multiply through by - .^ 
b d c d \ c J 

2. Inversion. If four numbers taken in order are in proportion, 
the ratio of the second to the first equals the ratio of the fourth to the 
third. 

If - = -, then - = -. (Div. Ax. Divide 1 by each member.) 
b d a c 

239. New Proportions from a Given One. 

1. Addition. If four numbers are in proportion, the ratio of the 
sum of the first and second to tlie first or second equals the ratio of 
the sum of the third and fourth to the third or fourth. 

If - = -, then - -h 1 = - -h 1, or — '- — = —^ — (Add. Ax.) 
b d b d b d 

Also, - = -, whence ^ + 1 = ^ 4-I, or — t^ = ^±^. (Add. Ax.) 
a c a c a c 

2. Subtraction. If four numbers are in proportion, the ratio of 
the difference of the first and second to the first or second equals the 
ralio of the difference of the third and fourth to the third or fourth. 

Proved in manner similar to addition. 

a. Addition and subtraction have been called respectively " composition " 
and ** division." 

240. A Geometrical Meaning given to the Preceding Theorems. 
A theorem in geometry says, If a line is drawn parallel to the base 
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of a triangle, it divides the sides pro2X)rtionally, or a : 6 = c : fZ. 
By the preceding theorems we can now infer that the following 
proportions are also true : 

AD^BD, BD^EC, A 

AE EC' DA AE' 

AB^AG^, AB^AG 
AD AE' BD EC' 

The two triangles ABC and ADE are simi- 
lar, being mutually equiangular. Hence, s 

AB:AD = BC:DE. 

We can see now that all these results can be summed up very 
simply in the single statement, that the ratio of any two corre- 
sponding lines in the figure equals the ratio of any other two coi*re- 
sponding lines, 

241. Other Proportions from a Given One. 

1. Powers and Roots. If four numbers are in jyj'oportion, like 
powers or like roots of these terms are in proportion, 

1 1 

If - = -, then ^ = £11, and ^ = — . (Power and Boot Axs.) 
b d' h* d^' I I ^ ' 

2. Continued Proportion. In a series of equal ratios, the ratio of 
the sum of the antecedents to the sum of the consequents equals any 
one of the ratios. 

If - = - = -(= r), then a=^gr, c = hr, e = kr, since in each case 
g h k 

tlie dividend (numerator) equals the divisor times the quotient. 

Then, adding these equations, 

a + c -\- e = gr -\- hr -j- kr =(g -\- h -^ k)r. (Add Ax.) 

... a±l±l = r, or 1±^±I. = ^ . (Div. Ax. and Ax. 8. § 57.) 
g-\-h-\-k g + h + k g 

This result easily takes on a geometrical meaning by reference 
to the figure of the preceding article. 

Let e = DE,g = AB, h = AC,k^Ba 
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Then, we have, the ratio of the perimeter of triangle ADE to the 
perimeter of triangle ABO equals tJie ratio of any two corresponding 
sides. 

By using a letter for each side whatever the number of sides a 
polygon has, this theorem is easily extended to the case of any 
similar polygons. In fact, this theorem appears in algebras 
mainly because it has this application in geometry. 

242. Exercise in Proportion. 

1. If y : a? = 7 : 2, lind what the ratio x : y equals. See § 238, 2. 

2. From 12 a? = 18 y find the ratio of x to y. See § 237, 2. 

3. From 4a; — 9^ = 2 j: -|- by find the ratio of x to y. 

4. From 3a; + y : 2^ = 17 : 8 find the ratio of x to y. (§ 237, 1.) 

5. If the ratio of m to n is ^, what is the ratio of m + n to 
m-n? (§ 239.) 

6. Solve .r^-4:a;2_9^a;2_5^.^6.^^4^^3^ (§237,1.) 

7. If a : & = 6 : c, prove that a -f 6 : 6 -he = a : 6. 

(239, 1, and § 2(^8, l.) 

8. What number must be added to each term of the ratio m : n 
so that the new ratio may equal the ratio of piq? (Let x = the 
number.) 

9. Find a mean proportional between a^ -h 2aft -f b^ and a* — 
2 a6 -f 61 (§ 236.) (Let x = mean proportional.) 

10. Find the fourth term of the proportion whose first three 

111 
terms are -, -, -. 

a b c 

11. Find X from the proportion 

6a; -f a : 4 a; -f- 6 = 3a; — & : 2x — a, 

12. Four given numbers are represented by m, », p, q. What 
number added to each will give four numbers that are in propor- 
tion ? (Let X = the number added to each.) 
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13. Find two numbers whose sura, difference, and product are 
proportional to m, n, and p. (Let x and y be the numbers. See 
§ 241, 2, where a, c, and e are proportional to h, d, and/.) 

14. Find two numbers such that their sum is to their differ- 
ence as 5 : 1, and their sum is to their product as 5 : 4. 

15. Prove that if the terms of a:b = c:d are divided by the 
respective terms of a' : 6' = c' : d'y the quotients are in proportion. 

16. lfa:b = c:d, prove that ^^^ \^ = -^- ^ . . 

' ^ 2 a - 3 c Sb-r2d 

Suggestion. First alternate the given proportion, then niultiply the first 
ratio by f, and the second ratio by y^, then apply ** addition" and "subtrac- 
tion " to both ratios in turn, and finally divide the terms of one proportion 
by the corresponding terms of the other. 

17. li a:b = c: d, prove that a^ -\- b^ : a^ — b^ = c^ -j- (f : c^ — d'. 



18. It a:b = c :dj prove that a + b: c-^d= V(i^+ b' : vV-fcZ'-. 
Suggestion. Take first a:b = c.d and a^ : b'^ = c^ : tV by *' addition." 

19. Prove that either root of ic^ — g = is a mean proportional 
between the roots oi aP -j- jfx -\- q = 0. 

20. If a:b = c: d show that ab -{- cd is a mean proportional 
between a^ -f c^ and b^ -h d\ 

Suggestion. State the proportion, and then multiply means and extremes 
together. Show that this equation reduces to the given proportion, if a : 6 
= c:d. Then reverse the steps. 

21. What is the ratio of the mean proportional between a and 
h to the mean proportional between a and d ? Give this in its 
simplest form. 

22. If (a+b+c-\-d)(a — b—c-{'d) = {a — b-^c-d){a-^b-c—d), 
prove that a : b = c : d. 

23. If a : 6 = 4 : 5, fZ :/= 5:2, e:c = 6: 7, d:6 = 7; 3, and /: c 
= 4:3, a:6:c:rf:e: /= what continued ratio of numbers ? 

24. The product of two numbers is 112, and the difference of 

their cubes is to the cube of their difference as 31 : 3. What are 

the numbers ? 

COL. 2d c. — 15 
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n. VARIATION 

243. Variation. One quantity is said to vary directly as an- 
other, when the two are so related that the ratio of any two 
values of the one is equal to the ratio of the corresponding values 
of the otKer. The special symbol for variation is oc, read "varies 
as." 

Direct Variation, In ordinary scales where a weight is moved 
from along a scale beam until the scale balances, the weight of 
an object w varies directly as the distance d the scale weight is 
moved, or weed. Thus, if the scale weight is moved from twice 
as far one time as another, the first object is twice as heavy as 
the other. The circumference c of a circle varies as its diameter 
d, or CQCt7. The graph for direct variation is a straight line. 
See § 122. 

Inverse Variation. The daily wages w a man gets for doing 
a job for a fixed sum varies inversely as the number of days n 

he works, or W3o-. The greater the number of days he works, 

n 

the less money he gets per day. The number of revolutions n 
the driving wheels of a locomotive make in going a mile varies 

inversely as the diameter d of the wheels, or noc-. 

.a 

Other Forms of Vai'iation, The distance s through which a fall- 
ing body moves varies as the square of the time t it is moving, 
or scct\ Thus, if the time is trebled, the distance is multiplied 
by 9. Again, the power of attraction a of the heavenly bodies 
for one another varies inversely as the square of their distance 
apart d, or 

ace--. 

In any problem in variation the sign oc can be replo/ced by an 

equality sign by introducing a constant factor c before the right 

1 c 

member. Thus, to oc d becomes w; = cd: ly oc — becomes to = -; etc. 

n n 
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In any given physical problem c has to be found by experiment to 
fit the units of distance, weight, time, etc. Thus, in s = c^, if dis- 
tance is measured in feet, time in seconds, and gravity is the force, 
c = ^g, in which g = 32.16. 

The graph for inverse variation is the hyperbola, since ic - n = c, 
where c is constant. See § 221, 4 and e. 

244. Variation a Form of Proportion. To show that variation is 
a form of proportion, take the case of the diameter of a circle and 
its circumference. 

Thus, let di and c^ be t^e diameters, and Ci and Cj the circum- 
ferences of any two circles. Then, 

di dj 

{By theorem : The ratio of the circumference to the diameter is the 
same for all circles.) 

By alternation (§ 238, 1), it follows that 

Ci^di 

Thus, the ratio of any two circumferences equals the ratio of 
their diameters. This is precisely what is meant by saying the 
circumferences of circles vary as their diameters, or that coed. 
If the circumference of a circle is doubled or trebled, its diameter 
likewise is doubled or trebled. 

Again, since the area of a circle equals ir times the square of 
its radius, we can say that the areas of circles vary as the squares 
of their radii, or aoc?-^. 

To show this let a^ and a2 be the areas of two circles, and ri 
and r2 their respective radii. Then, 

^ = ^ = ^. (By dividing both terms ^y ^, § 98.) 

Since a problem in variation is a problem in proportion, three 
terms are always given to find the fourth. Two of these terms 
give a ratio, whose value is the constant c referred to in § 243, 
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To solve a problem in variation^ (1) First replace the symbol oc 
hy = at the same time introdudtig the constant factor c before the 
right member, 

(2) Tlien substitute two of th^ given quantities which correspond 
in the equation found in (1), getting the value of c therefrom. Sub- 
stitute thin value ofc and the remaining given quantity in the equation 
of (1) to find the fourth or required term. 

245. Exercise in solving Problems in Variation. 

1. The weight Wof a cube varies as the cube of its edge e, or 
IToc e*. If when W is 26 lb. e is 4 in., what is TF when e is 5 in. ? 

Solution. W=C€^. Then 26 = c x 64, whence c = JJ. Then TT = || 
X 125 = 50.8- lb. 

2. The cost C of plastering a wall varies as the product of its 
length I and height h, or Ccclh, If it costs $11.70 to plaster a 
wall 21 ft. long bj'' 12 ft. high, what will it cost to plaster a wall 
37 ft. long by 11 ft. high ? 

3. The distance s fallen by a body from rest varies as the 
square of the time t during which it falls. If owing to the 
resistance of the atmosphere it falls only 560 ft. in 6 sec, what 
distance will it fall in 5 sec. ? 

Note. When the resistance of the atmosphere is taken into account, the 
law holds only approximately, but the error will be slight. 

4. The illumination i of a book by a lamp varies inversely as 
the square of the distance d of the book, from the light. If the 
illumination at 18 in. is 48 candle power, what quantity of light 
will fall on the book at 4 ft. ? 

5. If surface of sphere is given by formula s = 4 ttt^, how does 
s vary as r changes ? Ans s varies as square of r. 

6. If -y = ^ irr^ is formula for volume of a sphere, how does v 
vary with r ? If r is doubled, what happens to v? How does r 
vary with v ? Ans, As the cube root of v. 
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7. Int = 2 7t\^- how does t vary with I ? With g ? 

A)i8, to last. Inversely as the square root of g, 

8. If T is tension on a string, W the weight of a unit length 
of it, I its length, and N the number of its vibrations per second, 
tell from the formula 

WW WW 

how -Ovaries with T; with W; with I. 

246. Variation and Functionality. In §§ 123-126 we developed 
the idea of a function gradually changing in value as the quantity 
on which it depends changes. We there illustrated this change 
by means of graphs. 

We can now throw some additional light on this subject from 
our brief study of variation. We see in every one of the formulas 
given, how one quantity is dependent for its value on another 
quantity in the formula, and how one changes continuously as 
the other changes continuously. 

Thus, the quantity of light falling on a page of a book varies 
inversely as the square of the distance from the light. As the 
book is moved away from the light the quantity of light falling 
on the book continuously decreases rapidly. 

The lifting force of a simple lever varies directly with the power 
and also with the length of the power arm, and inversely with 
the length of the weight arm. 

The horse power of an engine varies directly as the steam or 
gas pressure; it varies also directly as the length of the stroke 
of the piston; also directly as the area of the cylinder; also 
directly as the number of strokes per second. 

It must be plain to the student from these illustrations that the 
range of application of the idea of variation or functionality 
is as wide as science itself, whether theoretical or applied. One 
branch of higher mathematics, called the calculus, deals largely 
with the continuous chajges in values of functions. 
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m. THE RATIOS OF THE SIDSS IN RIGHT TRIANGLES* 

247. Similar Triangles. Similar triangles are defined in geom- 
etry as those having their corresponding angles equal and their 

corresponding sides proportional. 

Now two right triangles are similar 
if they have an acute angle of one equal 
A o J7 to an acute angle of the other (§ 51). 

Hence, if ABC and ADE are right triangles having the acute 
angle A common, 

BC^DE, AC^AE, BC^DE 
AB ^ID' AB AD' AG AE' 

Thus, we see that so long as two right triangles have the same- 
sized acute angle A, no matter how much larger one triangle is 
than the other, the ratio of any two sides of one triangle is equal 
to the ratio of the corresponding sides of the other triangle. 

248. The Ratios of the Sides of a right triangle to one anotlier 
are called the trigonometrical functions of its acute angles. These 
functions have been given distinctive 
names. 

Let ^ be an acute angle of a right-angled 
triangle, with the sides and angles marked 
as in the diagram, a being opposite angle 
Aj and b opposite angle B. There are six ratios that can be 
formed out of the three sides, viz. : 

abab^cc^ Of the last two, called "secant" (sec) and 
c c b a b a 

" cosecant " (cosec), we will make no use. 

Calling the others " sine," " cosine," " tangent," " cotangent,'' 

we now write 

* The remainder of this chapter can be omitted if desired. Several reasonH can 
be given for taking it up here if there is time. It deals with practical problems, 
some appearing in physics, is a preparation for learning to use the logarithmic 
table, and gives a good start in trigonometry. Probably the chief difficulties ex- 
perienced by students, in its study are algebraic in character. 




THE RATIOS OF THE SIDES IN BIGHT TRIANOLES 

(1) Silieyl=-i • 

(2) Cosine A = - 



. _ side ogposite to A 
hypotenuse 



a A — sid e adjace nt to A 
hypotenuse 



(3) Tangent ^ = --; or, tangent^: 



_ side oppos ite to A 
side adjacent to A 



(4) Cotangent J - ^, ot, cotangent A = •>^^^!^_M_t^ . . 
a side opposite to A 

a. The prefii "co" in cosine and coUngent, means "complement," so 
that " coaine " means "complement sine," tliat in, " sine of complement." 
Notice tliat B (which equals fiO^ — ^) is the complement of A. Also that 
,1^^ J, ^ 1 / Jd..ppo.ll.J \ ^ ^,|„„ ^ . .^j ^„ ^|„, J, ^ „ ^ ^.^ ^ 

c \ hypotenuse j c 

249. Conatruction of a Table of Trlgonometriral Functions for 
every 10° of angle from 0° to 90°. 



- 




-- 




il 






1 


■rmM 



We construct a quadrant of a circle (see diagram) with the lower 
left-hand comer of a sheet of squared paper as center and having 
a radius of 5 cm. We then divide the quadrant arc, with a pro- 
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tractor or compass, into nine equal parts of 10° each, and construct 
a straight line from the center through the 30° point of division of 
the arc, producing it until it meets the two tangent lines AF and 
HL. By reading directly from the squared paper, we can tell 
the length of all vertical distances, such as BD and AF, and of 
all horizontal lines, such as CD and HL, these lines belonging to 
the angle of 30°, as shown on the diagram. Notice that CA = 
CB=CH= 5 cm. 
Now by the definitions in § 248 we have 

Sin30° = ^ = ?:^-2:1H: = .50. 
BO 5 cm. 

«^o QAo OD 4.3 cm. Q^ 
cos oO = — - = = .oo. 

BO 5 cm. 

« 

tan 30° = ^= 2.9cm, _ 53 
AO 5 cm. 

In getting cot 30°, to avoid dividing ^(7, 5 cm., by AF, 2.9 cm., 
we use triangle OHL, in which angle L = 30°. 

cot30°=g|= ^f ""• = 1.7+ 
JIG 5 cm. 

The student may now make a diagram like that just given, but 
whose radius is 10 cm., and construct lines not merely through 
the center and the 30° point, but also through the center and all 
the points of division of the arc, extending them until they meet 
the two tangents AF and HL (which lines will have to be made 
longer than in the diagram given in the book). From this diagram 
he may fill out the blank spaces in the following Natural Function 
table by getting the corresponding measurements and quotients 
for the angles 0°, 1 0°, 20°, etc. Notice that the lines correspond- 
ing to BD and AF for 0° are each 0, and that the lines corre- 
sponding to HL when the angle is 0° is infinite in length (§ 9), 
as also the line corresponding to AF when the angle is 90°. 
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Natural Function Table 





Sin 


Tan 


Cot 


Cos 




0° 








00 


1.00 


90° 


10° 










80° 


20° 










70° 


30° 


.60 


.68 


1.7 


.86 


60° 


40° 










60° 




Cos 


Cot 


Tan 


Sin 





Explanation. When 
filling in the values for the 
degrees at the left side of 
the table , read the functions 
at the top, but when filling 
in the values for the degrees 
at the right of the table, 
read the functions at the 
bottom. It will be found 
that 

8inl0° = cos80°(§248, a), 
tan30° = cot60°, 
etc. 



The student may now compare the values he has obtained with 
those given in the Table of Natural Functions found on page 224. 

a. It is important to note that each of the expressions ** sin ^," or **cos 
20"*,'' or the like, denotes one number, and has to be treated as such in making 
algebraical transformations. In algebra each letter in ** sin ^ '' would denote 
a number, and sin A would signify their product ; but in trigonometry these 
four letters are handled cks if they were a single letter, 

250. Use of the Table of Functions. If we know the values of 
certain "parts" (sides or angles) of any right triangle, we can 
find the remaining parts by means of the trigonometrical ratios 
to be found in the table, page 224, for all the different sizes of 
angles 0°-90°. Examples will make this plain. 

251. Exercise in Solving Problems using the Four- b 
Place Natural Function Table (page 224). 

1. A man walks 121 ft. in the direction 21° west 
of north. How far west has he gone? How far 
north ? 

Solution. (1) To find «, the distance directly west. 
We have sin ^ = - (§ 248) ; a = c x sin ^. (Mult. Ax.) 
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TABLE OF NATURAL FUNCTIONS 



Anolb 


Sine 


Tangent 


Cotangent 


Co INK 




0° 








« 


1 


90° 


1 


.0175 


.0175 


57.2900 


.9998 


89 


2 


.0349 


.0349 


28.6363 


.9994 


88 


3 


.a')23 


.0524 


19.0811 


.9986 


87 


4 


.01)98 


.0()1H) 


14.300(1 


.9976 


m 


5 


.0872 


.0875 


11.4301 


.9962 


85 


r> 


.1045 


.1051 


9.5144 


.9945 


84 


7 


.1219 


.1228 


8.1443 


.9925 


83 


8 


.1:192 


.i4a5 


7.1154 


.9903 


82 


1) 


.mn 


.1584 


6.3138 


.9877 


81 


10 


.nm 


.1763 


5.()713 


.9848 


80 


11 


.v.m 


.1944 


5.1446 


.9810 


79 


12 


.2079 


.212(> 


4.70445 


.9781 


78 


13 


.2250 


.2309 


4.a315 


.9744 


77 


14 


.2419 


.2493 


4.0108 


.{)70.5 


76 


15 


.2588 


.2(>79 


3.7321 


.9659 


75 


10 


.2750 


.2807 


3.4874 


.9613 


74 


17 


.2924 


.:i057 


3.270<) 


.95(« 


73 


18 


..3090 


.3249 


3.0777 


.9511 


72 


19 


.325(5 


.344.3 


2.9042 


.9455 


71 


20 


.:J420 


.3640 


2.7475 


.9397 


70 


21 


..3584 


.38.39 


2.6051 


.9336 


69 


22 


.374(J 


.4040 


2.4751 


.9272 


68 


23 


.3907 


.4245 


2.3559 


.9205 


67 


24 


.40e}7 


.4452 


2.24(K) 


.9135 


m 


25 


.4226 


.4663 


2.1445 


.9063 


05 


26 


.4384 


.4877 


2.0503 


.8988 


64 


27 


.4540 


.50fJ5 


1.9626 


.8910 


63 


28 


.4695 


.6317 


1.8807 


.8829 


62 


29 


.4848 


.5543 


1.8040 


.8746 


61 


30 


.5000 


.5774 


1.7321 


.8660 


60 


31 


.5150 


.6009 


1.6643 


.8672 


69 


32 


.5299 


.6249 


1.6003 


.8480 


58 


33 


.5440 


.6494 


1.5399 


.8387 


57 


34 


.5592 


.6745 


1.4826 


.8290 


5() 


35 


.5mi 


.7002 


1.4281 


.8192 


55 


3G 


.5878 


.7265 


1.3764 


.8090 


54 


37 


.6018 


.7536 


1..3270 


.19m 


53 


38 


.6157 


.7813 


1.2799 


.7880 


52 


39 


.6293 


.8098 


1.2349 


.7771 


51 


40 


.6428 


.8391 


1.1918 


.7660 


50 


41 


.6561 


.8693 


1.1504 


.7547 


49 


42 


.6691 


.9004 


1.1106 


.7431 


48 


43 


.6820 


.9325 


1.0724 


.7314 


47 


44 


.0947 


.9657 


1.0356 


.7193 


46 


45 


.7071 


1.0000 


1.0000 


.7071 


45 




Cosine 


Cotangent 


Tangent 


Sine 


Angle 
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Turning to the Table on opposite page, for the value of sin A, and substi- 
tuting it in the last equation, we get -^ 

a = 121 X .3584 = 43.37" ft. Ans. 

(2) To find 5. P=:90*'-^ = 90°-2P = 69°. 

(3) To find 6, the distance directly north. We have 

sin 2? = ^ (§ 248). Hence, 6 = c x sin 5. (Mult. Ax.) 
c 

Then referring to the table for the value of sin 69"^ (and re- 
membering that when the angle is over 45°, the function name 
must be read at the bottom of the page), we get 

6 = 121 X .9336 = 112.97- ft. Ans. 

2. Given A = 32°, c = 259 yd., to find a, B, and b. 

3. Given A = 42°, c = 12.4 uii., to find a, J5, and b. 

4. Given A = 73°, c = 2542 ni., to find a, B, and 6. 

5. Given the lengths of two sides of a rectangular block as 
425 ft. and 524 ft. 10 in., to find the two angles this diagonal makes 

with the sides, and the length of the diago- 
nal from one corner to the opposite one. 

Solution. — (1) To find ^, the angle between 
the diagonal and a side. We have 

tan ^ = ^ = ^^^ = 1.2349. 
b 425 

Turning to the Table, wc find if 

tan A = 1.2349 that A = 51'^ Ans. 

(2) To find B. B^ 90° - 51° = 39°. 

(3) To find the diagonal c. 




6=425 
sin -4 = — • Hence, c x sin A=a, and c = 



a 



c sin A 

Substituting the value of sin A found in the tabl-e, we have 

524.83 



(Axs. ?) 



c = 



.7771 



= 675.4 ft. Ans. 



a. This answer can be checked by geometry, using the formula c^=a'^-{-b^. 
Notice that c can be found with less work by trigonometry than by geometry. 

6. Given a = 36.506, b = 82, to find A, B, and c. 

Find the remaining parts with the following conditions given. 

7. a = 40.394, b = 190. 
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8. a = 90.9, 6 = 225. 

9. a = 63.028, b = 70. 

10. Given one side 18 ft. of a regular octagon (eight-sided equi- 
lateral and equiangular polygon), to find the perpendicular dis- 
tance from its center to one side, and the distance from center 

to a vertex. 

Solution. In the figure, C is the center of the poly- 
gon, EB is one side, and CD is the perpendicular from 
the center on the side. Then DCB is a right triangle 
in which we will regard Z DCB as angle A of our 
formula, DB as side a, CD as side 6, and CB as side c. 
Then, -4 = ^^^ of 330°, or 22]°, and the opposite side 
^e = 9 f t 




(1) To find 6. We have. 



a 



tan A = -; therefore 6 x tan A = a, whence b = 

b iau A 



= —^- = 21.72. 
.414:} 



Explanation. The .4143, which is the tangent of 22}°, is found by 
** interpolating.'' From the table, 

tan 22° = .4010, tan 23° = .4245 ; 
tan 22]° = .4040 -f- J (.4245 - .4040) = .4143 (to nearest .0001). 

(2) To find c. We write 



sm A = - ; .*. c = -: — 



9 



bin 



A ('^^•^)-.3827 



= 23.52. 



11. Given A = 52^°, a = 35 inches, to find 6, c, and B, 

Find the remaining parts in the following three problems, 
as in Ex. 10. 

12. ^=33f,a=25. 13. B=39% a=72. 14. ^=48^^ &=17.6. 

15. A house 29 ft. wide has a roof which measures 18 ft. from 
the ridge to either side of the house. Find the anj^le the roof 
makes with the horizontal, and the 
height of the ridge above the top 
story. 

Solution. (1) Cos A =^= -^- = .80;.(). 

c 18 

Now, .8056 lies between cos 36° = .8090 aiKl cos 37° =^ .7980. The differ- 
ence for 1° is 104, and the difference between 8090 and 8056 is 34. Hence, 
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the namber of minutes of angle to be added to 36^ is ^^ of 60', or 20'~. 
Therefore A = 36^ 20'-. Ans. 

(2) sin ^ = " ; .-. a = c x sin -4 = 18 x .5925 = 10.67 ft. Ans. 
c 

Explanation. To find the sine of 36® 20', one gets sin 3C° and adds to it 
iJ of the (tabular) difEerence between sin 36*^ and sin 37°. 

Important Note. The student should see that while the sine and 
tangent increase as the angle increases, though not in proportion to the in- 
crease in the angle, the cosine and cotangent decrease as the angle increases. 

Thus, 
sin 0=*= .0000 tan 10°= .1763 cos 20° = .9397 cot 20" = 2.7476 
sin 30^= .6000 tan 30° = .6774 cos 40° = .7660 cot 40° = 1.1918 
sin 60° = .8660 tan 60° = 1.7321 cos 60° = .5000 cot OO*" = .6774 
sin 90*^ = 1.0000 tan 80° = 6.6713 cos 80° = . 1736 cot 80° = .1763 

252. Rule for finding a Function from its Angle in the Natural 
Table, p. 224. 

Look first for the function corresponding to the given number of 
degrees, Tlien, if there are minutes, get the " tabular difference " by 
subtracting the number found from that for the next higher number 
of degrees, and midtiply this difference by the fraction of a degree 
denoted by the given number of minutes. If the function is a sine or 
a tangent, add the product to the first number found in the table; but 
if it is a cosine or a cotangent, subtract it from that number, 

253. Rule for finding an Angle containing Minutes from its Func- 
tion in the Natural Table. 

First find the numbers in the table betioeen which the given f unc- 
tion lies, and subtract the less from the greater for the ^^ tabular dif- 
ference " for the corresponding interval. If the function is a sine or 
a tangent, subtract the smaller of the two numbers in the table from the 
given value of the function and take such a part of 60' as the differ- 
ence found is of the tabular difference, and add this number of 
minutes to the number of degrees corresponding to the lesser tabular 
number; but if the function is a cosine or a cotangent, subtra/^t the 
given value of the function from the larger tabular number and take 
such apart of 60' as the difference found is of the tabular difference, 
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and arid tin's number of minutes to the number of degrees coTn'e- 
Hponding to the larger of the two tabular numbers, 

254. Rule for solving Right Triangles for Unknown Parts. In 

oveiy problem two parts will always be given to find the remain- 
ing throe. Of these, one, an acute angle, is always found by sub- 
tracting the other acute angle from 90°. To find the remaining 
parts two formulas will be needed. 

To provide the formula for any given case, select that one of the 
formulas, (1), (2), (S), § 248, which contains the two given parts and 
the one that is to be found, and solve by algebra for the unknown 
quantity, 

255. Exercise in solving for Unknown Parts in Right Triangles. 

Find the remaining parts in the following nine problems : 



1. ^ = 25°40', & = 84. 

3. 6 = 73, c = 99. 

5. a = 43.1, c = 56.19. 

7. J5 = 24° 54', a = 78.44. 

9. a = 19.65, b = 27.84. 



2. ^ = 25° 35', c = 25.6. 

4. 6 = 1291, c = 1674. 

6. a = 29.7, J5=73°23'. 

8. a = 192.5, 6 = 173.8. 

10. B = 17° 18', c = 84.7. 



11. How high is a tower that casts a shadow 75 ft. in length, 
when the "angle of elevation" of the sun is 52° 35'? 

Suggestion. A = 52° 35', 6 = 75 ; to find a. 

12. A flagstaff 90 ft. high casts a shadow 
117 ft. long. Find the "altitude" of the sun, 
that is, the angle the line from the sun through 
the top of the staff makes with a horizontal liue 
where it meets the ground. The altitude angle 

corresponds to angle of elevation A in the iuII(((((Uiil-S 

preceding exercise. 

13. A distance BC is measured 124 ft. 
along the bank of a river from a point C 
opposite a tree at A on the other bank 
(ACB = right angle), and angle B is -^- 





THE RATIOS OF THE SIDES IN RIGHT TRIANGLES 229 

measured and found to be 62** 24'. What does -4(7, the distance 
across the river, equal ? 

14. One side of a regular heptagon (seven-sided polygon) is 
17 in. Find first the perpendicular on a side, and then the area 
of the heptagon. (See Ex. 10, § 261.) 

16. The top of a lighthouse is 200 ft. above sea level, and the 
angle of depression to a buoy is 9° 63'. Find the horizontal dis- 
tance of the buoy from the ^ 
lighthouse. ^. 




rr,i_ 1 -r, ^ ^1. 92,800,000 

16. The angle E at the 
earth's center subtended by the sun's radius is approximately 16', 
and the sun's distance is 92,800,000 mi. Find the sun's radius 
in miles. 

17. What must be the length of a ladder set at an angle of TV 
14' with the ground to reach a window 22 ft. high? 

18. The base of an isosceles triangle is 15 in., and the angle at 
the vertex is 46^°. Find altitude of triangle. 

19. The chord of a circle is 25 meters long, and the angle at 
the center subtended by it is 40° 15'. Find radius of circle. 

20. Find radius of small circle in latitude 30° if it equals 
3963 mi. x cos 30°. (See figure in § 249.) 

21. Two forces act at ^ (figure in Ex. 5, § 251), the horizontal one 
b with force of 15 lb. and vertical one a with force of 19 lb. Find 
resultant force c and angle it makes with horizontal. 

22. A river 1 mi. wide flows at the rate of 4 mi. an hour. A 
steam ferryboat with a speed of 8 mi. an hour has to run directly 
across. In what direction must she steer, and what time will she 
be in crossing ? 

23. The perimeter of a right triangle is 6.37 ft. and one of its 
acute angles is 33° 24'. Find the three sides. 



CHAPTER X 



LOGARITHMS 



I. NATURE OF LOGARITHMS 

256. Calculations made through Use of Exponents. Whenever 

numbers which are the powers of one number, as, for instance, of 
2, are to be multiplied, divided, raised to powers, or have their 
roots extracted, these operations can be performed very quickly, 
if a table containing its various powers has been prepared. 



TABLE 



N I'M HER 


PoWKB 
OF 2 


2 


2 


4 


22 


8 


28 


16 


2* 


32 


26 


64 


26 


128 


27 


250 


28 


512 


2^ 


1,024 


210 


2,048 


211 


4,01K) 


212 


8,192 


218 


16,384 


214 


32,768 


216 


06,630 


218 



1. Calculate 16 x 64 by use of the table. 

Solution. 16 = 2*. (From the table.) 

64 = 2«. (From the table.) 

. •. 16 X 04 = 2* X 26 = 210. ^Law of exponents.) 
But 2i> = 1024. (From the table.) 

.-. 16 X 64 = 1024. Ans. 

2. Calculate 8 x 128 x 16 by using the table. 

3. Calculate 16,384 -r- 256 with table. 

Solution. 16384 = 2'*. (From the table.) 

253 = 28. (From the table.) 

.-. 16384^250 = 2i4-^28 = 2« = 64. (From the table.) 

64x256x16 . 8192x512x65536 



4. 



6. 



32 X 512 4096 x 4 x 32768 

6. Square 32 by use of table ; also 256. 

7. Extract square root of 16,384 ; of 4096. 

8. Extract cube root of 32,768 ; of 4096. 

9. Extract 4th root of 4096. 
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a. The examples just given show that calculations involving only numhers 
which are powers of 2 can be made very easily and expeditiously. Now, we 
can express all numbers as powers of 2 by the simple device of using frac- 
tional exponents. By calculations it is found that 15 = 2^> ; 144 = 2^-17. 
Similar expressions can be found for any number. Thus, we see how a table 
could be made with 2 for base which could be used to make calculations with 
any numbers. Moreover, some other number, as 3, could be used instead of 
2 as the base in the table, all numbers being represented as powens of 3. As 
we shall see later, the number 10 is the base used in most tables of this kind. 



257. Logarithms are Exponents. In 2^ = 9, we can say 2 is the 
logarithm of 9 to base 3. Similarly, since 3^ = 81, 4 is the loga- 
rithm, of 81 to base 3. In logarithms three different numbers are 
always involved: (1) A number. (2) Its logarithm. (3) The 
base used. 

The logarithm of a given number is the exponent of the power to 
which a base must be raised to produce this number. 

A system of logarithms is a set of numbers with their loga- 
rithms all taken to the same base. Notice that the logarithm of 
1 in any system is 0, since a® = 1 (§ 185). 

System of Logarithms with Base 2 



NUMBBS 


Logarithm 


Keasok 


NUMIIRK 


Logarithm 


IwEASOX 


1 





20= 1 








2 


1 


2 =2 




-1 


2-1 =.i 


Z 


1.5860 


21.5850 = 3 




-1.5850 


2-1.686--- 1 


4 


2 


22 =4 




-2 


2-2 =i 


6 


2.3223 


22.3223 _ 5 




-2.3223 


£-2.3223— 1 


8 


3 


2» =8 




-3 


2-3 =i 


etc. 


etc. 


etc. 


etc. 


GUv^. 


etc. 



The student is not supposed to know how the decimal loga- 
rithms, like 1.5850, are found. Originally they were obtained by 
a long process of extracting roots. (See the article " Logarithms " 
COL. 2d c. — 16 
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in the EncyclopaBdia Britannica.) Since logarithms are exponents, 
they may be interpreted as such. Thus, in the equation 2^^^® = 
3, we see that the 15850th power of the 10000 root of 2 equals 3, 
and if these operations were actually performed on 2, the result 
would be 3. 

258. Notation and Terms. To avoid writing long exponents, 
such an equation as 2^-*** = 3 is changed into loga 3 = 1.5850, and 
is read " logarithm of 3 to base 2 equals 1.5850." The subscript 
indicating the base is usually omitted when 10 is the base. 

The integral part of a logarithm is called its characteristic, and 
the decimal part its mantissa. Thus, in 1.5850, which is the loga- 
rithm of 3 to base 2, the 1 is the characteristic and the .5850 
is the mantissa of the logarithm. 

Express the following in the language of logarithms : 

1. 2* = 16. 

Solution. logQ 16 = 4. Read * the logarithm of 16 to base 2 is 4.* 

2. 3' = 27. 3. 108 = 1000. 4. 4« = 16. 5. 2^ = 32. 

6. 3-2= J. 7. 102=100. 8. 10-1 = yV 9 10-^ = . 0001. 

Express the following equations, using the language of ex- 
ponents : 

10. log2 8 = 3. 11. log4 64=3. 12. logs 25 = 2. 

13. log8 4 = |. 14. logio.01 = -2. 15. log927 = f. 

16. Wl^at is the logarithm of 9 in a system whose base is 3 ? 
Of 81? Of 27? Of 3? Of^? Oij\? 

17. What is the logarithm of 266 in a system whose base is 16 ? 
Of 16? Of 4? Of 8? Of 64? 

18. What is the logarithm of 100 in a system whose base is 10? 
Of 1000? Of 100000? Of-J^? Of .01? Ofl? Of .001? 

19. What is the logarithm of 81 in a system whose base is 27? 
Of 3? Of 9? Of 243? Oi-^j? Of i? Of ^V'^ 
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259. The Briggsian or Common System of Logarithms uses 10 for 
its base. 

1. Since 10* = 10,000, then, log 10,000 = 4 (§ 258). 

1(P = 1,000, then, log 1,000= 3. 

102 = 100, then, log 100= 2. 

10^ = 10, then, log 10= 1. 

10« = 1(§185), log 1= 0. 

10 ' = .1 (§185), log.l =-1. 

10-2 = .01 log .01 =-2. 

10-« = .001 log .001 =-3. 

etc. etc. 

• 

2. It is clear from the first two lines of 1 that any number 
between 1000 and 10,000 (as 6924.7), having four figures to the 
left of the decimal point, has for its logarithm 3 4- a decimal, 
because its logarithm must lie between 3 and 4. Again, any num- 
ber between 100 and 1000, having three figures to the left of the 
decimal point, has for its logarithm 2 + a decimal, because its 
logarithm must lie between 2 and 3 ; and any number between 10 
and 100, having two integral orders, has for its logarithm 1 4- a 
decimal, because its logarithm must lie between 1 and 2; and 
finally, any number between 1 and 10, as 5.698, having but one 
integral order, has for its logarithm 4- a decimal, because its 
logarithm must lie between and 1. Hence, generally 

3. The characteristic of the logarithm of any number greater than 
1 is one less than the number of its integral orders. 

Thus, the characteristic of the logarithm of 729.4 is 2; of 
7460 is 3 ; of 3.96 is 0. 

4. In the common system, in which the base is 10, the mantissas 
do not change when the decimal point is moved,. 
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To understand why this is so, take 10'*'^ = 1.27. Multiplying 
or dividing the members of this equation by 10* = 100, or 10 =s 10, 
etc., we have, by the laws of exponents, §§ 42, 48 : 

10«o88 ^127 (Mult Ax.), or, log 127 =2.1038. 

10LKW ^ 12.7 (Mult. Ax.), or, log 12.7 =1.1038. 

10.1088-1^ J.27 (Div. Ax.), or, log .127 =1.1038. 

10M»-i=: .0127 (Div. Ax.), or, log .0127 = 2.1038. 
etc etc. 

The minus signs over the characteristics at the right belong to 
the characteristics only. Thus, by regarding the characteristics 
only as changing signs, mantissas stay the same no matter where 
the decimal point in the number is changed to, and mantissas are 
always positive, 

5. By examining the last two. lines of the table in 1 of this 
article we see that any number between .001 and .01, having 2 
ciphers before its first significant figures, has — 3 for character- 
istic, since its logarithm lies between — 3 and — 2 and the man- 
tissa added is positive. Again, any number between .01 and .1, 
having one cipher before its first significant figure, has — 2 for 
its characteristic, since its logarithm lies between —2 and —1 
and the mantissa added is positive ; also, any number between 
.1 and 1, having no cipher before its first significant figure, has — 1 
for characteristic, since its logarithm lies between — 1 and and 
the mantissa added is positive. Hence, generally 

6. The characteristic of the logarithm- of any number between 1 
and is negative and 1 more than the number of ciphers pi*eceding 
its first significant figure. 

Thus, the characteristic of the logarithm of .00468 is —3; of 
.3794 is - 1 ; of .000067 is - 5 ; etc. 

260. Explanation of the Four Place Logarithmic Table. The 
Table (see pp. 236, 237) gives the mantissa only of all the num- 
bers from 100 to 999. The first two figures of th^ numbers are 
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f ocmd in the column marked '' N " ; the third is one of the ten fig- 
ures at the top of the table. Thus, the mantissa of 487 is found 
by taking the 48 in the " N '' colunm and the 7 from the topmost 
row of figures ; the mantissa sought is in the 7 column opposite 
48 and is .G876. The characteristic of 487 is 2 (§ 259, S), so that 
log 487 « 2.6875. 

At the intersection of lines and columns are found the 900 
mantissas corresponding to the 900 numbers from 100 to 999, the 
first two figures determining the line and the last the column. 
A decimal point before each mantissa is understood. 

The columns of numbers marked '< D " are merely the differences 
between the mantissas. Thus, the difference between .3032 and 
.3054 is 22 as in the table ; and between .4133 (corresponding to 
259) and .4150 (corresponding to 260) is 17. 

This table gives directly the mantissas of all numbers consist- 
ing of three figures, preceded or followed by any number of 
ciphers. Thus, the mantissa of 31 is the same as that for 310, 
and is .4914 (see § 259, 4); the mantissa of the logarithm of 8 is 
the same as that for 800 ; the mantissa for 320000 or for .032 is 
the same as that for 320. 

261. Ezerciae in finding the Logarithms of Numbers whose Man- 
tissas are given directly in the Table. Common fractions and 
mixed numbers must be reduced to decimals. 

Find the logarithms of: 

1. 329. Ana. 2.5172. See § 259, 3 and § 260. 

2. 764 3. 125. 4. 969. 6. 370. 6. 37. 
7. 400. 8. 40. 9. 4. 10. 7. 11. 70. 

12. 700. 13. 7000. 14. .0372. 15. .000561. 16. .000029. 
17. .002. 18. 3680. 19. \. 20. ^. 21. ^. 

22. 47f 23. 12|. 24. .06^. 25. .003f. 26. f 
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N 


o 


i> 


1 


D 


2 


D 


3 


i> 


4 


D 


6 


D 


6 


D 


7 


D 


8 


D 


9 


i> 


lO 

11 
12 
13 
14 


0000 
0414 
0792 
1139 
1461 


48 

89 
86 
84 
81 


0043 
0453 
0828 
1173 
1492 


48 
89 
86 
88 
81 


0086 
0492 
0864 
1206 
1523 


42 

89 
86 
88 
80 


0128 
0531 
0899 
1239 
1653 


42 

38 
86 
82 
81 


0170 
0569 
0934 
1271 
1584 


42 
88 
35 
82 
80 


0212 
0607 
0969 
1308 
1614 


41 
88 
35 
82 
80 


0263 
0646 
1004 
1336 
1644 


41 
87 
84 
82 
29 


0294 

0682 
1038 
1367 
1673 


40 
87 
84 

82 
80 


0334 
0719 
1072 
1399 
1703 


40 
86 
84 
81 
29 


0374 
0756 
,1106 
1430 
1732 


40 
87 
38 
81 
29 


15 

16 
17 
18 
19 


1761 
2041 
2304 
2553 

2788 


29 
27 
26 
24 
22 


1790 
2068 
2330 
2577 
2810 


28 
27 
25 
24 
28 


1818 
2095 
2355 
2601 
2833 


29 
27 
26 
24 
28 


1847 
2122 
2380 
2625 
2856 


28 
26 
35 
28 

22 


1876 
2148 
2406 
2648 
2878 


28 
27 
26 
24 
22 


1903 
2176 
2430 
2672 
2900 


28 
26 
26 
28 
28 


1931 
2201 
2465 
2695 
2923 


28 
26 
26 
28 
22 


1969 
2227 
2480 
2718 
2945 


28 
26 
24 
24 
22 


1987 
2263 
2604 
2742 
2967 


87 
26 
26 
28 
22 


2014 
2279 
2629 
2766 
2989 


27 
26 
24 
28 
21 


20 

21 
22 
23 
24 

25 

26 
27 
28 
29 

30 

31 
32 
33 
34 

35 

36 
37 
38 
39 


3010 
8222 
8424 
8617 
3802 


22 
21 
20 
19 
18 


3032 
8243 
3444 
3636 
3820 


22 
20 
20 
19 
18 


3064 
3263 
3464 
3655 

3888 


21 
21 
19 
19 

18 


3075 
3284 
8483 
8674 
8856 


21 
2-) 
19 
18 
18 


3096 
8304 
8602 
3692 
3874 


22 
20 

20 
19 
18 


3118 
3324 
8522 
3711 
8892 


21 
21 
19 

18 
17 


3139 
3345 
8541 
8729 
3909 


21 
20 
19 
18 
18 


3160 
3365 
8560 
3747 
3927 


21 
20 
19 
19 

18 


3181 
3385 
3579 
3766 
3945 


20 
19 
19 
18 
17 


3201 
3404 
3698 
3784 
3962 


21 
20 
19 
18 
17 


8979 
4150 
4314 
4472 
4624 


18 
16 
16 
15 
16 


3997 
4166 
4330 
4487 
4639 


17 
17 
16 
16 
16 


4014 
4183 
4846 
4502 
4654 


17 
17 
16 
16 
16 


4081 
4200 
4362 
4518 
4669 


17 
16 
16 
16 
14 


4048 
4216 
4378 

45as 

4683 


17 
16 
16 
16 
16 


4065 
4232 
4393 
4548 
4698 


17 
17 
16 
16 
16 


4082 
4249 
4409 
4664 
4713 


17 
16 
16 
16 
16 


4099 
4266 
4426 

4679 
4728 


17 
16 
15 
15 
14 


4116 
4281 
4440 
4594 
4742 


17 
17 
16 
15 

15 


4133 
4298 
4456 
4609 
4757 


17 
16 
16 
16 
14 


4771 
4914 
5061 
5185 
5315 


16 
14 
14 
18 
18 


4786 
4928 
5065 
5198 
5328 


14 
14 
14 
IS 
12 


4800 
4942 
5079 
5211 
5840 


14 
13 
13 
18 
13 


4814 
4955 
5092 
5224 
5353 


15 
14 

13 
13 
13 


4829 
4969 
5105 
5237 
5366 


14 
14 
14 
18 
12 


4848 
4988 
5119 
5260 
6378 


14 
li 
18 
13 
18 


4867 
4997 
6132 
6263 
6891 


14 
14 
13 
13 
12 


4871 
5011 
6146 
6276 
6403 


16 
18 
14 
18 
18 


4886 
5024 
6169 
6289 
5416 


14 

14 
18 
18 
12 


4900 
6038 
6172 
5302 
5428 


14 
18 
18 
18 
18 


5441 
5563 
5682 
5798 
5911 


12 

12 
12 
11 
11 


5458 
5575 
5694 
5809 
5922 


12 
12 
11 
12 

11 


5465 
5587 
5705 
5821 
5988 


18 
12 
12 
11 
11 


5478 
5599 
5717 
5832 
5944 


12 
12 
12 
11 
11 


5490 
5611 
6729 
5843 
5955 


12 
12 
11 
12 
11 


5502 
5628 
5740 
5855 
5966 


12 
12 
12 
11 
11 


5614 
6636 
5762 
6866 
5977 


13 
12 
11 
11 
11 


6627 
6647 
5763 
5877 
6988 


12 
11 
12 

11 
11 


6639 
6658 
5775 
5888 
6999 


12 
12 
11 
11 
11 


5561 
6670 
5786 
5899 
6010 


12 
12 
12 
12 
11 


40 

41 
42 
43 

44 

45 

46 
47 
48 
49 

50 

51 
52 
53 
54 


6021 
6128 
(5232 
6885 
6485 

6532 
(5628 
6721 
6812 
6902 

6990 
7076 
7160 
7243 
7824 


10 
10 
11 
10 
9 


6031 
6138 
6248 
6345 
6444 


11 
11 
10 
10 
10 


6042 
6149 
6258 
6355 
6454 


11 
11 
10 
10 
10 


6053 
6160 
6263 
6365 
6464 


11 
10 
11 
10 
10 


6064 
6170 
6274 
6375 
6474 


11 
10 
10 
10 
10 


6076 
6180 
6284 
6385 
6484 


10 
11 
10 
10 
9 


6085 
6191 
6294 
6395 
6493 


11 
10 
10 
10 
10 


6096 
6201 
6304 
6406 
6503 


11 
11 
10 
10 
10 


6107 
6212 
6314 
6416 
6613 


10 
10 
11 
10 
9 


6117 
6222 
6326 
6425 
6522 


11 
10 
10 
10 
10 

10 

9 

9 

9 

9 


10 

9 

9 

9 

9 

8 
8 
8 
8 
8 


6542 
6687 
6730 
6821 
6911 


9 
9 
9 
9 
9 


6551 
6646 
6789 
6830 
6920 


10 

10 

10 

9 

8 


6561 
6656 
6749 
6839 
6928 


10 

9 

9 

9 

9 


6571 
6665 
6768 
6848 
6937 


9 

10 

9 

9 

9 


6580 
6675 
6767 
6857 
6946 

7038 
7118 
7202 
7284 
7364 


10 

9 

9 

9 

9 

9 

8 
8 
8 
8 


6690 
6684 
6776 
6866 
6955 


9 
9 
9 
9 
9 


6599 
6693 
6786 
6876 
6964 


10 

9 

9 

9 

8 


6609 
6702 
6794 
6884 
6972 


9 

10 

9 

9 

9 


6618 
6712 
6803 
6893 
6981 


6998 
7084 
7168 
7251 
7882 


9 
9 
9 

8 
8 


7007 
7098 
7177 
7259 
7340 


9 

8 
8 
8 
8 


7016 
7101 
7185 
7267 
7348 


8 
9 
8 
8 
8 


7024 
7110 
7198 
7276 
7366 


9 
8 
9 
9 
8 


7042 
7126 
7210 
7292 
7372 


8 
9 
8 
8 
8 


7060 
7135 
7218 
7300 
7380 


9 
8 
8 
8 
8 


7069 
7143 
7226 
7308 
7388 


8 
9 
9 
8 


7067 
7162 
7235 
7316 
7396 


9 
8 
8 
8 
8 
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N 


O 


I) 


1 


D 


2 


D 


3 


D 


4 


D 


5 


D 


6 


D 


7 


D 


8 


D 


9 


D 


55 

56 
57 
58 
59 


7404 
7482 
7659 
7634 
7709 


8 
8 


7412 
7490 
7566 
7642 
7716 


7 
7 
8 

7 
7 


7419 
7497 
7574 
7649 
7723 


8 
8 
8 
8 


7427 
7505 
7682 
7657 
7731 


8 
8 


7436 
7513 
7689 
7664 
7738 


8 
7 
8 
8 
7 


7443 
7620 
7597 
7672 
7745 


8 
8 

7 
7 
7 


7461 

7628 
7604 
7679 

7762 


8 
8 
8 
7 
8 


7459 
7636 
7612 
7686 
7760 


7 
7 
7 
8 
7 


746(5 
7543 
70111 
7694 
7767 


8 

8 
7 
7 


7474 
7551 

7()27 
7701 

7774 


8 
7 
8 
8 

7 
7 
6 

7 
7 


eo 

61 
62 
63 
64 


7782 
7853 
7924 
7993 
8062 




7789 
7860 
7931 
8000 
8069 


7 
8 
7 
7 
6 


7796 
7868 
7938 
8007 
8076 




7803 
7876 
7945 
8014 
8082 


t9 


7810 
7882 
7952 
8021 

8089 


8 

7 
7 
7 
7 


7818 
7889 
7959 
8028 
8096 


7 
7 
7 
7 
6 


7826 
7896 
7966 
8035 
8102 


7 
7 
7 
6 

7 


7832 
7903 
7973 
8041 
8109 


7 
7 
7 
7 
7 


7839 
7910 
7980 
8048 
8116 


7 
7 
7 
7 
C 


7846 
7917 
7987 
8055 
8122 


65 

66 
67 
68 
69 


8129 
8195 
8261 
8325 
8388 


6 
6 
7 


8136 
8202 
8267 
8331 
8396 


6 

7 
7 
7 
6 


8142 
8209 
8274 
8338 
8401 




8149 
8215 
8280 
8344 
8407 




8166 
8222 
8287 
8361 
8414 


6 
6 
6 
6 
6 


8162 
8228 
8293 
8357 
8420 


7 
7 
6 
G 
6 


8109 
8235 
8299 
8363 
8426 


7 
6 
7 
7 
6 


8176 
8241 
8306 
8370 
8432 


6 
7 
6 
6 

7 


8182 
8248 
8312 
8376 
8439 


7 
6 
7 
6 

6 


8189 
8254 
8319 
8382 
8445 


6 
7 
G 
6 

t 


TO 

71 
72 
73 
74 


8451 
8513 
8673 
8633 
8692 


G 
G 
6 
6 
6 


84^7 
8619 
8579 
8639 
8098 


6 
6 
6 
6 
6 


8463 
8626 
8585 
8646 
8704 




8470 
8631 
8691 
8661 
8710 


6 
6 
6 
6 
6 


8476 
8537 
8597 
8657 
8716 


6 
6 
6 
6 
6 


8482 
8543 
8603 
8663 

8722 


6 
6 
G 
6 
5 


8488 
8549 
8609 
8669 
8727 


G 
6 
6 
C 
6 


8494 
8555 
8616 
8675 
8733 


6 
6 
6 
6 
G 


8500 
8561 
8621 
8681 
8739 


6 
6 
6 
5 
G 


8506 
8567 
8627 
8686 
8745 


7 
6 
6 
6 
G 


75 

76 

77 
78 
79 


8751 
8808 
8865 
8921 
8976 


6 
6 
S 
« 
6 


8756 
8814 
8871 
8927 
8982 


6 
6 
6 
5 
6 


8762 
8820 
8876 
8932 
8987 


6 
6 
6 
6 
6 


8768 
8825 
8882 
8938 
8993 


G 
6 
5 
6 
5 


8774 
8831 
8887 
8943 
8998 


5 
6 
6 
6 
6 


8779 
8837 
8893 
8949 
9004 


6 
6 
6 
5 
5 


8785 
8842 
8899 
^954 
9009 


6 
6 
6 
6 
6 


8791 
8848 
8904 
8960 
9015 


6 
6 
6 
6 
5 


8797 
8854 
8910 
8965 
9020 


5 
5 
& 
G 
5 


8802 
8859 
8915 
8971 
9025 


6 
6 
6 
6 
6 


80 

81. 
82 
83 
84 


9031 
9085 
9138 
9191 
9243 


6 
6 
5 
6 
5 


9036 
9090 
9143 
9196 
9248 


6 
6 
6 
6 
5 


9042 
9096 
9149 
9201 
9263 


5 
6 
6 
6 
6 


9047 
9101 
9164 
9206 
9258 


6 
5 
5 
6 
6 


9063 
9106 
9159 
9212 
9263 


6 
6 
6 
5 
6 


9058 
9112 
.9166 
9217 
9269 


5 
5 
5 
6 
5 


9063 
9117 
9170 
9222 
9274 


6 
6 
6 
6 
6 


9069 
9122 
9175 
9227 
9279 


5 
6 
5 
5 
5 


9074 
9128 
9180 
9232 
9284 


6 
6 
G 
6 
5 


9079 
9133 
9186 
9238 
9289 


6 
5 
6 
5 
5 


85 

86 
B7 
88 
89 


9294 
9845 
9395 
9445 
9494 


6 
5 
5 
6 
6 


9299 
9350 
9400 
9460 
9499 


6 
6 
5 
6 
5 


9304 
9356 
9405 
9455 
9504 


5 

5 
6 
5 
5 


9309 
9360 
9410 
9460 
9609 


6 
5 
6 
5 

4 


9315 
9365 
9415 
9465 
9513 


6 
6 
6 

4 
5 


9320 
9370 
9420 
9469 
9518 


6 
6 
6 
6 
6 


9326 
9376 
9425 
9474 
9523 

9571 
9619 
9666 
9713 
9759 


6 
5 
6 
6 
6 

5 
5 
6 

4 


9380 
9380 
9480 
9479 
9528 

9576 
9624 
9671 
9717 
9763 


5 
5 
5 
5 
6 

5 
4 
4 
6 
5 


9335 
9385 
9435 
9484 
9583 


5 
5 
5 
5 
5 


9340 
9390 
9440 
9489 
9538 


5 
5 
6 
5 
4 


90 

91 
92 
93 
94 


9642 
9690 
9638 
9686 
9731 


5 
5 
6 
4 
6 


9647 
9695 
9643 
9689 
9736 


5 
6 
4 
6 
6 


9562 
9600 
9647 
9694 
9741 


6 
5 
6 
6 

4 


9567 
9605 
9652 
9699 
9745 


5 
4 
6 

4 
5 


9562 
9609 
9657 
9703 
9750 


4 
5 
4 
6 
4 


9506 
9614 
9661 
9708 
9764 


5 
5 
6 
5 
5 


9581 
9628 
9675 
9722 
9768 


5 
5 
5 
5 
5 


9586 
9683 
9680 
9727 
9778 


4 
5 
5 

4 
4 


95 

96 
97 
98 
99 


9777 
9823 
9868 
9912 
9966 


5 

4 
4 
6 
6 


9782 
9827 
9872 
9917 
9961 


4 
5 
6 
4 
4 


9786 
9832 
9877 
9921 
9965 


6 

4 
4 
6 
4 


9791 
9836 
9881 
9926 
9969 


4 
5 
6 
4 
6 


9795 
9841 
9886 
9930 
9974 


6 

4 
4 

4 
4 


9800 
9845 
9890 
9934 
9978 


6 
5 

4 
5 
6 


9805 
9850 
9894 
9939 
9983 




9809 
9854 
9899 
9943 
9987 


5 
6 

4 
5 
4 


9814 
9859 
9903 
9948 
9991 


4 
4 
5 
4 
6 


9818 
9863 
9908 
9952 
9996 


5 
6 
4 

4 
4 
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262. How to find Mantissas for Kumbers not given in the Table. 

1. Since changing the position of the decimal point iu a num- 
ber does not affect the value of the mantissa of its logarithm, to 
find the mantissas of numbers consisting of more than three sig- 
nificant figures, we may think of the decimal point as located so 
that we have a number consisting of three integral orders. Thus, 
if the given number is 46,792 we may think of it as changed to 
467.92; if it is .006943, we may think of it as changed to 694.3. 

2. Logarithms do not increase in proportion as their numbers 
increase. 

Thus, log 3 = .4771 ; log 6 « .7782 ; log 12 = 1.0792. 

However, if we take large numbers close together, the incre- 
ments of the numbers and the increments of their logarithms are 
very nearly proportional. 

Thus, log 720 = 2.8573; log 721 = 2.85795 log 722 = 2.8585; 
log 723 = 2.8591. 

Kow, since log 721 is midway between log 720 and log 722 cor- 
rect to 4 decimal places, we conclude that log 720.5 is probably 
about midway between log 720 and log 721, that is, 

log 720.5 = 2.8573 + .5 of .0006 = 2.8576. 

Beasoning in the same way, we infer that 

log 720.85 = 2.8573 4- .85 of .0006 = 2.8578. 

Now, as the mantissas themselves are written as whole num- 
bers and their differences are given as whole numbers, it is not 
necessary to write .0006, but merely 6, multiplying it by the deci- 
mal pai't of the given number. Then, taking the result to the 
nearest unit, we add it to the next lower mantissa in the table. 

3. To find the mantissa of the logarithm of any number pro- 
ceed as follows : 

(1) Find the mantissa corresponding to the first three fibres of 
which the left one is significant, that is, is not 0. 
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(2) MttHiply the tabular difference (column D, following the man- 
tissa found) by the remaining figures of the number regarded a^s a 
deeimaL 

(3) Add the product^ taken to the nearest unit, to the mantissa cor- 
responding to the first three figures. 

This process is called interpolation. 

263. £xerci83 in finding the Logarithms of Numbers. 

1. Find the logarithm of 67.883. 

Solution, log 67.8 = 1.8312 ; .83 of 7 = 6.81 = 6 to the nearaEtt unit; 
log 67.883 = 1.8318. 

As soon as possible the whole operation ought to be performed 
mentally. Find the logarithms of the following : 

2. 843.8. 3. 921.6. 4. 6.934. 6. 290.45. 6. 1764. 

7. .1764. 8. .02696. 9. .20087. 10. .006784. 11. .00005. 

12. 76349. 13. llf 14. f 16. y^. 16. 3.1416. 

17. 10007. 18. 12401. 19. 1.002. 20. .If 21. 2006. 

264. How to find the Numbers corresponding to given Logarithms. 
Exercise. Numbers corresponding to given logarithms are often 
called the antilogarithms of the given logarithms. 

1. Find antilog of 1.8142. 

Solution. The mantissa .8142 corresponds to 652. By the rule for char- 
acteristics, § 259, 8, there should be 2 integral orders in the answer. Hence, 
the answer is Q6J2, 

Find the antilogarithms of the following : 
2. 2.6580 3. 2.7388 4. 0.1959 

5. Find the antilogarithm of 1.7963. 

The process is the exact reverse of that of finding logarithms 
of numbers. 
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(1) Look for that mantissa in the table which is next smaller thjan 
the given mantissa {in this case .7959, whicJi corresponds to 625), 
and subtract this mantissa from the given one, 

(2) Neoct divide this remainder by the tabular difference (7) foUow- 
ing the mantissa found in the table, getting MT, and annex the quo- 
tient to the first three figures already found, getting 62557. 

(3) Last of all locate the decimal point by the rules for chara^ 
teristic (§ 259, 3, 6). Since the given characteristic is 1, there mvM 
be two integral orders in the anstoer, i.e. answer is 62.557. 

6. Find the antilogarithra of 3.2432. 

Solution. 2432 - 2430 = 2 ; 2 -f- 25 = .08. Ans. .0017608. 

7. 2.8144. 8. 5.7329. 9. 2.5394. 10. 6.3139. 
11. 2.4774. 12. 3.6121. 13. 6.1920. 14. 1.0100. 
16. 0.0304. 16. 2.0021. 17. 6.9779. 18. 0.9988. 

19. 8.2463 - 10. This form is often used instead of 2.2463. 

20. 9.3891-10. 21. 7.4284-10. 22. 6.3239-10. 

II. USES OF LOGARITHMS 

265. Theory of Logarithms. As logarithms are exponents, they 
are governed by exactly the same laws as exponents. (§ 170, 
§ 187.) 

1. Addition and subtraction cannot be performed by common 
logarithms. Thus, a^ and a' cannot be added or subtracted by 
working with 2 and 3. 

2. Multiplication is performed by adding logarithms. (§ 42.) 

Example. To multiply 721 by 369. 

Solution, log 721 = 2.8679 Explanation. 721 = IO^-sstb 

log 369 - 2. 6670 x 369 = x 10»-«ro 

log 266000 = 6.4249 721 x 369 = W^ 

Ana, (Antilog of 6.4249.) 
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Explanation. The logarithms of 721 and 369 are obtained from the table 
and added ; then tlie antilogarithm of the sum is found. 

By actual multiplication 721 x 369 = 266,049. 

a. Wo see here that a Four Place Table gives only four figures of the 
answer correct. Occasionally it will give only three correct, but usually it 
will give four and often five right. Logarithmic tables are constructed for 
varying needs. For practical puriwses Four and Five Place Tables are com- 
monly employed. Results can be had as accurate as desired by using proper 
kind of tables. Tables have been constructed containing as many as 16 
figures in their logarithms. The theory, of course, is the same for all tables. 

3. To mvltiply numbers together, get the logarithm of each factor, 
add tlie results, and find the antilogarithm of the sum. 

4. Multiply 763 by 298 and check by actual multiplication. 
Also 3.246 and 63.29 ; also 93.29, 29.76, and 16.48. 

5. Division is performed by subtracting logarithms. (§ 187, 3.) 

Example. Divide 37.69 by 2.4G3. 

Solution, log 37.69 = 1.5762 Explanation. 37.69 = 10i«7fl2 
log 2.463 = 0.3914 2.463 = IO-sm* 

log 16.304- = 1.1848 37.69 ^ 2.463 = 10"»« 

Am. (Antilog of 1.1848.) 
By actual division the quotient is 16.302+. 

6. Divide 19.65 by 2.843 and check by actual division; also 
25,941 by 16,713 ; 34.62 by 7.329; 84.63 by .6792 ; .6721 by .00325. 

7. Raising a number to a power is performed by multiplying 
its logarithm by the exponent of the power and finding the 
antilogarithm of the product. (§ 187, 4.) 

Example. Raise 17.64 to the fourth power. 

Solution, log 17.64 = 1.2466 Explanation. 17.64 = 1012465 
log 17.64* = 4.9860 17.64* = 10*-98» 

log 96825 = 4.9860 96826 =i 10*88« 

Ans. 

By actual (contracted, § 176) multiplication 17.64* = 96,827". 
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8. Baise 13.26 to 3d power and check hj contracted multi- 
plication; also 9.2 to 4th power; 3»; .17*; 16"; .06*. 

9. Extracting a root of a number is performed by dividing 
its Ic^rithm by the index of the root and finding the antilog- 
arithm of quotient (§ 187, 5.) 

ExAMPLB, Calculate (29.34)*, or V^M. 

Solution, log 29.S4 = 1.4676 Explanation. 20.34 = IQi-M'S 
log 29.34* = 0.2986 29.36* = 10 « 

log 1 .9666 = 0.2936 1.9066 = 10-»» 

By actual contracted multiplication 1.9666" = 29.316. 

10. Extract the cube root of 1763 and check by the method of 
§ 174 ; ^L953 (check by § 172); \/i954; \/8654 (check by § 174). 

11. Cases 7 and 9 just given can be included under one head. 

Example. (29382)*. 

Solution, log 29382 = 4.4680 ; log 29382* = | x 4.4680 = 8.6744 = anti- 

log 3763. An8. .-. (29382)* = 3763. 

12. Calculate 41.6* ; 1.908*; 3984^ 1501*; 20.6*. 

266. Exercise in Multiplication and Division by Logarithms. 

Check by contracted multiplication and division. 

1. 26.73x19.38. 2. 26.46 x .02687 x 3.194. 3. .00857 x .00693. 

862 X 48 75 Suggestion. Get logarithms of factors in numerator 

1- _ 'qT^ — • >. ^07 and add ; also logarithms of factors in denominator and 
* add ; subtract latter sum from the former and get anti- 

logarithm of difference. 

, 89.76x98.54x26.63 ^ 87.51x445x823 

6. — 6. 



.005862 X 8271 3.1416 X .045 x .862 

a. Carrying and borrowing where negative characteristics enter are likely 
to prove confusing to the student. It is generally simpler to add 10 to the 
characteristic and subtract 10 from the mantissa. Explain the following *. 

(1) 4.8421 (2) 2.6789 (3) 3.2681 

+ 2.9746 - 4.8641 -2.7492 

1.3166 6.8248 2.6189 
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Solve these exercises now by adding and subtracting 10 for each logarithm 
with a negative characteristic. 

267. P^ywers and Roots by Logarithms. The case of negative 
exponents needs attention. 

1. Raise .0734 to the fourth power. ' Check by § 176. 

Solution. log .0734* = (8.8657 - 10) x 4 = 35.4628 - 40=5.4628. 

.-. .0734* = .000029. 

2. .0634^ 3. .637*. 4. .007234^ 6. .07«. 
6. Extract the fifth root of .0329. 

log .0329 = 8.5172 - 10 = 4«.6172 - 50. 
5148.5172^50 



Antilog of 9.7034 - 10 = .5051. Ans. 
Notice that — 60 was chosen so as to be exactly divisible by 6. 

7. .0072*. 8. .02852*. 9. V.6782. 10. ^iSTSl. 

268. Cologarithms. The remainder obtained by subtracting a 
logarithm from 10 is called the cologarithm of the number. By 
means of cologarithms combined multiplications and divisions 
can be changed into multiplications. Thus, axb-i-c can be 

written a x 6 X - • Now log - = log 1 — log c = — log c. Instead 

c c 

of subtracting log c from 0, it is more convenient to subtract it 

from 10 ; then 10 will have to be taken from the final result for 

each cologarithm introduced. The preceding may be stated as 

follows : „h 

log «^ = loga -H log 6 +(10 - log c)- 10. 
c 

, /^.i. I.-.. 36.74 X 78.91 . . .^, ^ 



19.83x21.34' 


ixg vvrxwgaii.xuAi.Aj 


xo. 


Solution. log 36.74 = 1.5661 


colog 19.83 


colog 21.34 


log78.91 = 1.8972 


10.0000 


10.0000 


cologl9.83 = 8.7026 


1.2974 


1.3292 


colog21.34 = 8.6708 


8.7026 


8.6708 


log 6.85 =0.8357 


.*. 6.85 is answer sought. 
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o noi.„iof^ 27.43 X 168.4 « noi.„iof^ 376.4 x 18.25 

'• ^"^"^^'^ 1.938x247.0 ' '' ^"^"^^^"'^ 3.1416 xl4.3- ' 

269. Exercise in applying Logarithms in the Solution of Practical 
Problems. 

1. Find the circumference of a circle whose diameter is 17.63 

inches, from the fornuila c = ttc?. 

Suggestion. The logarithm of w is .4971. The student should remember 
this, as it will save him the trouble of looking it up eacli tim3. 

2. Find the area of a circle whose radius is 16.72 ft., from the 
formula a = ttt^. 

3. Find the diameter of a circle whose circumference is 3928 m. 

4. Find the surface of a sphere whose radius is 362.5 in., from 
the formula s = 4 ttt*. 

6. Find the volume of a sphere whose diameter is 12 cm., from 
the formula v = \ ird?, 

6. Find the radius of a sphere whose surface is ^5.12 sq. ft. 

7. Find the area of an ellipse whose longer semiaxis a is 
22.18 in. and shorter h is 16.88 in., from the formula A = irob, 

8. Find the volume of a cylinder whose radius of base r is 
1.677 m. and whose length I is 23.51 m., from the formula v = iri-^l, 

9. Find the volume of a cone whose radius of base r is 33.41 ft. 
and altitude a is 12.16 ft., from the formula v=^\'iri^a, 

10. Find area of a triangle whose sides are 16.35, 18.97, and 
24.77, using formula p. Qb. 

11. Perform the multiplications and divisions called for in 
§ 251 with logarithms. 

The problems of §§ 251-265 can be solved by logarithms. For 
this purpose special tables are constructed which contain the 
logarithms of the trigonometical functions for every degree and 
minute from 0° to 90°. Thus, this table contains the logarithms 
of the numbers in the table on page 224. By the use of such a 
table with an ordinary table of logarithms, problems in right tri- 
angles can be solved very quickly. 
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270. Compound Interest and its Calcolation by Logarithms. — In 

compound interest the amount becomes the principal at the begin- 
ning of each new interest period. Call p the principal, a the final 
amount, r the rate, and n the number of years. 

1. To find tlie amount when the princiixd, rate, and time are given. 
The amount at the end of one year is p -\-pr, or /> (1 -f- ?•), since 

p is the principal and \p/* is one year's interest. Thus, to get the 
amount at the end of one year always multiply the principal by 
1 -h the rate. 

Now, in compound interest the principal at the beginning of 
the second year is^(l -|-r). Then the amount at the end of the 
second year is i>(l + r)(l + r), or p(l -f- r)^ ; and so on for the n 
years. Hence a = 2j{1 -f- r)». 

Example. Find the amount of $726.15 at 5% compound 
interest at the end of 6 years. 
Solution, a = 726.15(1 + .06)6. 

log 1.05 = .0212 

log 1.056= .1272 

log 726. 16 =2.8604 

log a = 2.9876 

a = 971.80. Am. 

a. A six- or seven-place table is needed if the answer is to be obtained 
correct to cents. 

2. To find the cost or ^^ present worth ^^ of a sum payable n years 
hence, supposing interest to he compounded. 

From the equation just obtained by solving iov x>, we get 

_ a 
^"(l4-r)«' 
Example. Find the principal which will amount to $923 at 4% com- 
pound interest in 12 years, by substituting in the formula. 

3. To find amount when interest is compounded q times a year. 
Explain derivation of formula that follows. 
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271. Exercise In aolring Compoand Interest ProUems. 

1. Find amount of J 933 at D % whiiih ran 7 yr. 

2. Find amount of $ 336.1 at 6 % which ran 14 y r. 

3. Fiad amount of S182.70at4i% running llyr. 

4. Find amount of $ 2673 at 3 % running 22 yr. 

5. Find amount of $193.00 dtGfc running 8 yr. 

6. Fiud principal which amounts to $776.20 in 
15 yr, at 6%. 

7. Find principal which amounts to $9675 in 
20 yr. at 4%. 

8. Find cost or present worth of $918 to be paid 
in 10 yr., allowing 5 % interest. 

9. Find the amount of $225 at 5^ running 
76 yr. 

10. Find the amount of $700 which ran for 12 
years, the interest being compounded semiannually 
at G%. 

SuoobSTiON. a^pll+^Y"- See §271, 3. 



(t'< 



r. 



11. Find amount of $425 compounded quarterly 
lit 7 %, which ran 9 years. 

12. Find what ia due in 1911 on a note calling for 
Iff as principal made in the time of Julius (Jsesai- 50 
years before Christ, if 4% compound interest is 
allowed, 

272. SUde Rule. Rules are in common use which 
have for the figures given on them the left column of 
the logarithmic table, but instead of the mantissas 
being denoted by figures, these mantissas are given 
by their len-fih^. In using these rules one is virtually 
using a table of logarithms. See drawing in the 
margin. 
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m. SXPONBNTIAL EQUATIONS 

273. Solution pf Exponential Equations. An exponential equation 

is one in whict the unknown quantity is an exponent. Thus, 
20* = 75 is an exponential equation. Such equations are solved 
by means of logarithms. 

Let a' = b represent a simple exponential equation. 
Then, log a* = log 6, (Logarithms of equals are equal.) 
or, X X log a = log b. (The logarithm of a power equals loga- 
rithm of the quantity multiplied by the 
exponent of the power, § 265, 7.) 

.:x=^^. (Div.Ax.) 
logtt 

1. Solve 8' = 45 for aj. 

c los; 45 1.6532 . oqj. 
Solution. x = — = — = = 1.83+ 

log 8 .9031 

Solve the following equations : 

2. 3' = 29. 3. 10' = 129. 4. 17* = 1174. 
5. 123' = 1684. 6. 2' = 25. 7. 100* = 8. 

a. The formula calls for getting the logarithms of a and b out of the table 
and dividing the latter by the former. This division can be performed by 
logarithms, but it is better to execute this division by the old familiar process 
of long division at first, and until the formula is well fixed in mind. The 
student may now test his divisions in the preceding problems by a logarithmic 
solution, and hereafter perform the divisions by logarithms. 

8. 15.49* = 6. 9. 127*' = 4675. 10. 3' = 729. 

6. Exponential equations can have any positive value except unity for a 
and b. We liave avoided the use of negative characteristips in the preceding 
problems, since they must be handled with care. 

,, HO. c c ^ 9.6990-10 -.3010 oe- 

11. 12 = .6. Solution, x = — r-rrrr — = ,  - = — .28*. 

1.0792 1.0792 

12. 15* = .42 13. .9* = 25. 14. .85* =.687. 

16. 10^ + 2 xl0* = 80. 16. T+^ = 5. 

2* 
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274. Historical Notes. Logarithms wew .invented by John 
Napier, of Merchiston, Scotland, about 1614 A-ij^^ . Napier's loga- 
rithms were not logarithms of ordinary nuu^b^i;^ l^pt of the ratios 
of the legs of a right-angled triangle to the hypotenuse, and de- 
creased as these numbers increased. Napier's logarithms are 
very curious indeed. To understand why they were thought of 
rather than those we have, it must be kept in mind that eocpch 
nents were not known or used in those days, 

Henry Briggs (later of Oxford University, England) greatly ad- 
mired Napier's logarithms and was led to visit him. The scene 
at their meeting was impressive. When Briggs came into Napier's 
presence, they greeted each other, and then almost a quarter of 
an hour elapsed with each looking at the other and not speaking 
a word. Then Briggs said, "My lord, I have undertaken this 
long journey purposely to see your person and to know by what 
engine of wit or ingenuity you came first to think of this most 
excellent help in astronomy ; but, my lord, being by you found 
out, I wonder nobody found it out before, when now known it is 
so easy." 

Later, Briggs constructed tables of logarithms of numbers, as 
we have them, to base 10. His table was calculated to 14 decimal 
places, and extended from 1 to 20,000 and from 90,000 to 100,000. 
The gap in Briggs's table was filled later (1628) by Adrian Vlacq, 
of Gouda, Holland, who calculated the list of missing logarithms. 

The advantage in the use of logarithms in calculations was soon 
recognized, and by 1630 they were in general use in Europe. 

In the history of English science Napier's book comes next in 
importance after Newton's great work on mechanics, the " Prin- 
cipia." Napier's invention was not the result of a happy accident 
but of long continued endeavor, and it is the more remarkable be- 
cause made in what was a troubled age, in a rather wild country 
judged by our standards, and at a time when all science was in a 
most crude state. 

For fuller accounts of development of logarithms see "Loga- 
rithms," "Napier," "Briggs," etc., in Encyclopoedia Britannica. 
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CHAPTER XI 

ARITHMETICAL AND GEOMETRICAL PROGRESSIOITS 

I. ARITHMETICAL PROGRESSION 

275. An Arithmetical Progression is a series of terms that in- 
crease or decrease by a common difference. 

E,g. in the series 4, 7, 10, 13, 16, etc., the common difference is 3. 

276. Formula for finding the nth Term of an Arithmetical Series. 
Let a be the first term, d the common difference, » the number 

of terms, and I the last or nth term. Then, by definition, the series 

IS 

a, a + d, a-\'2d, a + 3 d, • • •, Z — 2 d, I — dyly 

where the dots, as usual, signify terms left out. To find the nth 
term, let us write the number of each term over it. Thus, 

12 3 4 5 n 

a, a 4- d, a 4- 2d, a+3d, a4-4d, •••,a-|-(?i — l)d. 

The last term is found by observing that the coefficient of d is 
always 1 less than the number of the term over it. Hence, 

(1) l = a + {n-l)d. 

277. Formula for Finding the Sum («) of all the terms in an 
Arithmetical Progression. The sum can be found by writing the 
series reversed under it. Thus, 

s = a + a-fd-fa-f-2d-fa-f3dH \-l —d + l 

«=?+/— d-f?—2d + ^— 3 dH ha + d + a 

2« = a + ^ +a + J +« + / + « + ? -h ••• t^fa-j-f + a. (Add, Ax.) 

860 
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.-. 2 « = n (a + Z), since there are evidently n of the (a -f I's) added. 
"^^^ (2), = |(a+l). 

Make theorems out of formulas (1) and (2). 

278. Exercise in Arithmetical Progression. 

1. Find the tenth term of 2, 11, 20, ••• 

Solution. In this problem a r= 2, d =s 9, n = 10. Then, luing equation (1 ), 

Z = 2+ (10-1)9=83. 

This answer can be checked by writing the series out. Thus, 2, 11, 20, 
29, 38, 47, 56, 66, 74, 83 ; 83 is the 10th term. 

2. Find the 12th term of 4, 6, 8, .... 

3. Find the 15th term of 144, 138, 132, .... 

SUOGESTIOX. Put rf = — 6. 

4. Find the 25th term of l^, ^, Y; — • 
6. Find the 17th term of .5, .3, .1, ••. 

6. Find the sum of 11 terms of 18, 21, 24,— 

Suggestion. First find 2 as in the preceding. Then, using equation (2). 
find 8. 

7. Find the last term and sum in 5, 9, 13, etc., to 19 terms. 

8. Simplify 7 + V + ¥" + ®*c., to 16 terms. 

9. Sum 2a — 5 6, 7a — 2 6, etc., to 9 terms. 

10. Find the sum of 20 terms of 5, 1, — 3, etc. 

11. Given a = 94, ti = 12, c? = — 3, to find I and a. 

12. Insei-t 12 terms between 12 and 77. 
Suggestion. Here a = 12, Z = 77, n = 14 ; to find d. 

13. The first term of a series is 2 and the common difference is 
^. What is the number of the term that is 10 ? 

14. Find the sum of — 3 g, — g, q^ etc., tojp terms. 
Suggestion, n = p, d=2q. 
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16. Given n = 7, d = 15, « = 399, to find a and I. 

Suggestion. Substitute these values in both equations (1) and (2^, 
Then eliminate either a or I between the resulting equations. 

16. Given a = 10, d = 7, s = 582, to find I and ». 

Suggestion. After substituting as before and eliminating 7, a quadratic 
equation, with n as its unknown, results. 

17. Given Z, a,d, to find n. Suggestion. Solve (1) for n. 

18. Given Z, a, n, to find d ; given I, n, d, to find a ; given «, n, I, 
to find a; given s, w, a, to find l-, given s, I, a, to find n. 

19. Given cZ, n, s, to find Z. 

Suggestion. Eliminate the missing letter a between (1) and (2), and 
solve the resulting equation for I. 

20. Given a, cZ, n, to find s ; given a, d, Z, to find s ; given d, n, Z, 
to find s ; given a, n, s, to find d ; given a, Z, «, to find d ; given n, 
Z, 5, to find d ; given d, n, s, to find a. 

21. Given a, cZ, s, to find Z. 

Solution. These four letters not appearing by themselves in either (1) or 
(2), we eliminate the missing letter n from them. 

28 



(2i) n = 



a + l 



■^'^ '=''^{Trr'Y «'*'-^ 



, ^ , 2ds— ad — Id 
t = a i . 

a-hl 
al-\- l^ = a'^ -{■ al -\- 2 ds - ad "Id. 
l^-\-dl=a'^- ad + 2ds, 

l^ + dl + - = a^-ad + ^ + 2ds. 
4 4 



l4 = ia-l)\.as. 



(Ax.?) 


(Ax. ?) 


(Ax., § 210.) 


(Ax.?) 


(Ax.?) 
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22. Given a = — 7, d = 3, s = 430, to find I by substituting in 
the formula just found. 

23. Given I, d, s, to find a ; given d, Z, s, to find n; given d, a, 
Sj to find n. 

24. In a potato race 100 potatoes are placed 2 ft. apart in a 
straight line. A runner starting from the basket picks up one 
potato at a time and carries it to a basket in a line with the 
potatoes and 10 ft from the first potato. How far must the 
contestant run ? 

25. How many strokes does the hammer on the bell of a clock 
make in a 24:-hour day? 

26. A body falling freely falls 16.08 ft. the first second, and in 
each succeeding second 32.16 ft. more than in the second imme- 
diately preceding. If a stone dropped from a stationary bal- 
loon reaches theNground in 14 sec, how far does it fall the last 
second and how hrgh is the balloon ? 

27. A stone is dropped from the top of a tower 402 ft. high. 
In how many seconds does it reach the ground ? 

28. If a bullet when fired vertically upward goes 1008 ft. the 
first second, how high does it rise, and how long will it be till it 
reaches the earth again ? In this problem use 16 and 32 instead 
of 16.08 and 32.16. 

29. A farmer agreed to pay a blacksmith for shoeing his horse 
\^ for the first nail he drove, \ ^ for the next, |^ for the third, 
and so on. There were 40 nails. How much did he have to 
pay? 

30. If a person saves $100 and puts it at simple interest at 
5 % at the end of each year, how much will his property amount 
to at the end of 20 years ? 

31. A man was paid for drilling an artificial well 3.24 marks 
for the first meter, 3.29 marks for the second, 3.34 marks for the 
third, and so on. The well had tp' be sunk 500 meters. How 
much was paid for the last meter, and how much for the whole ? 
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38. A travels uniformly 20 mi. a day; B starts 3 da. later 
and travels 8 mL the first day, 12 mi. the second, and so on, in 
arithmetical progression. In how. many days will B overtake A. ? 

SuGOB8Tioi7. Let X = number of days B travels to overtake A. 
Then how many days does A travel ? What is his whole distance ? 
With n szx, sum the progression and then make the equation and solve it. 

33. The sum of three numbers in arithmetical progression 13 
12^ and the sum of their squares is 66, Find them. 

n. GEOMETRICAL PROGRESSION 

279. A Geometrical Progression is a series in which the terms 
increase or decrease by a common ratio. 

E.g. 3, 6, 12, 24, •••, the common ratio being 2. 

280. Formnla for finding the Last Term of a Geometrical Pro- 
gression. 

Let a be the first term, r the ratio, n the number of terms, I the 
last term, and s the sum of all the terms. Then, by definition, the 
series is, 12 3 4 6 6 n 

a, ar, ar^, ar^, ar^, ar^, •••, ar*"^ 

The last term, ar^~\ is found by noticing that the exponent of r 
is always 1 less than the number of the term (written over it in 
the series given above). 

Hence, (1) I = af^\ 

281. Formula for finding the Sum of a Geometrical Progression. 

To derive this sum, we write s = the sum of the series, and on 
the next line, the first equation multiplied by r. 

Stssa + ar + a'i^ + ar^ + ar^+ ••• + ar*^^ + ar^"^ 

r5== ar + ai^ + aj^ + ar^ + ••• + ar""* + ar*~' + ar" (Ax. ?) 

rs — < r= ar" — a. (Sub. Ax. ?) 

.*. (r — 1)5 =a af* — a. (On factoring.) 

(2)j« ^(^~/) . (Ax.?) 

r — 1 
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Explanation. As already stated, the equation over the long line, p. 264, 
is obtained by multiplying the first equation by r. Thus, r times the left 
member gives rs, JJow, when we get the product of the right side of the first 
equation multiplied by r, we write the product of a and r underneath the 
ar of the first line, and the product of ar and r underneath ar^ of the first 
line, and so on. The ar^"^ term of the second line comes from a missing 
term (indicated by dots) in the first line. When we subtract the first equa- 
tion from the second, all the terms cancel except the first and last. 

Again, since I = ar^~^, Ir = fty^~^ X r = ar*. Hence, substitut- 
ing Ir for ai* in equation (2), p. 264, we have 

(3) , = ^-. 

Make theorems out of formulas (1), (2), and (3). 

282. Summation of a Geometrical Progression the Limit of whose 
Last Term is 0. (The last term is really an infinitesimal, or 
number smaller than any that can be named.) Using eq. (3), 
§ 281, we have, 

(4) Limit ois= ^^ ^-^ = ^Z^:^^gL^. 
^ r— 1 r— 1 1— r 

1. Sum the series 1, i, J, -J, y^g-, ... to infinity. 

Solution. — Here a = 1, r = J (2d term -*- 1st term), and we put I = 0. 

8 = = 2. Ans, 

1-i 

2. Sum the series i, ^, 2*7, to infinity. 

3. Sum the repeating decimal .282828..., that is find the 
common fraction which reduced to a decimal gives these figures. 

Solution. a = .28, r = .01, Z = 0. Then, 

. = -?^ = :?§=28^ Ans. 
1 - .01 .99 99 

Proof : 28 ^ 99 = .282828- ... 

4. Sum the repeating decimal .43782782.... 

Suggestion. Regard .00782 as the first term, and add the answer to .43. 
What does r equal here ? 
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283. Exercise in Geometrical Progression. 

1. Find the 8th term of 6, 12, 24, .... 

2. Find the 7th term of 7, 21, 63, .... 

3. Find the 9th term and sum of nine terms of 1, 3, 9, •••• 

4. Find the 10th and 16th terms of 256, 128, 64, .... 

6. Find the last term and sum of 8.1, 2.7, .9, .•• to 7 terms. 

6. Find the last term and sum of V2, V6, 3 v'S, ... to 12 terms. 

7. Find the last term and sum of — f , i, — |* ••' to 6 terms. 

8. Sum to n terms 5, 2^, IJ, .... Suggestion. Here n = w. 

9. Sum to infinity 3 -|- f -|- | -h . . «. 

10. Sum to infinity 4 + 25 -f 1 7. + . . .. 

11. Find the common fraction value of .3333. ••. [ 

12. IleduTce to a common fraction .3787878. ••. 

13. Given a = 8, ?• = 2, s = 248, find / and n. 

14. Given r = G, n = 5,l = 1296, find a and a. 

15. Given r = 2, n = 12, ? = 43008, find a and a. 

16. Insert 6 geometrical means between 56 and — -j^. 

17. The 4th term of a geometrical progression is 160 and the 
ratio is 4 j find the 7th and 15th terms. 

18. A man deposited $500 in a savings bank that paid 4% 
interest, compounded annually. If the money was left 4 years, 
what sum stood to the depositor's credit ? 

Suggestion, r = 1.04, n = 5. The .$600 isjirst term. 

19. In using an air pump the pressure is reduced ^ at each 
stroke and stands at 30 in. at the beginning. What is the height 
of the mercury after the fifth stroke ? 

Suggestion, r = |, n = 6. 

20. If a rubber ball rebounds \ of the distance it falls each 
time, what will be the distance a ball moves that is thrown up 
with a force to carry it 75 ft. ? (See § 282.) 
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21. If a man, whether by his example or designedly, leads a 
single fellow-man into the path of rectitude each year during 20 
years, and each of these men in turn leads one man aright each 
year from the time of his change, and so for every one affected, 
what will be the total number influenced as a result of the first 
man's effort at the end of the twenty years ? 

22. Achilles pursued a tortoise, which was one stadium ahead 
of him, with a speed 12 times greater than that of the tortoise. 
When Achilles reached the place where the tortoise had been 
when he started, the tortoise was still -^^ stadium in advance of 
him; Achilles having traversed this distance, the tortoise was 
still Y^f stadium ahead of him, and so on, ad infinitum. Will 
Achilles then never catch up with the tortoise ? 

Note. This problem is a statement of Zeno's celebrated sophism. If 
X = number of stadia Achilles must run to catch tortoise, show that x = 1^. 
While it is perfectly allowable to conceive of the distance divided up in the 
way described, the sum of the infinite number of parts is only 1^^^ stadia. 
Achilles will catch the tortoise in the time it takes him to inin \^ stadia. 
The sophism consists in implying a finite period of time is needed for each 
division of (1 + A + iJj> ®^-) stadia. 

23. Seven old women go to Rome ; each woman has 7 mules, 
each mule carries 7 sacks, each sack contains 7 loaves, with each 
loaf are 7 knives, each knife is put in 7 sheaths. W^hat is the 
sum total of all ? (From Leonardo's Liber Abaci,) 

24. The population of a city is 100,000, and it increases 50 % 
every 4 years. What will the population be in 20 years ? 

25. A person has two parents, each of his parents has two 

parents, and so on. How many ancestors has a person, going 

back ten generations, counting his great-grandparents as the first 

generation (and assuming that each ancestor is an ancestor in only 

one line of descent) ? 

Note. — Before leaving the subject the pupil should be tested to see if 
he can distinguish between arithmetical and geometrical progression problems. 



CHAPTER XII 

BINOMIAL THEOREM 

I. MATHEMATICAL INDQCTION 

284. fifathematical Induction. — In the proof of the binomial 
theorem^ which follows, use is made of mathematical induction. 
Mathematical induction, like induction in natural science, pro- 
ceeds from the particular to the general, but it differs from induc- 
tion in natural science in that the generalization is complete and 
absolute in its application, while in natural science the induction 
is very rarely, or never, complete. To make the nature of the 
method clear let us consider some examples of its application. 

1. Show by mathematical induction that the sum of 7i terms 

of the series 

1 1 1 . n 

is 



1X2' 2 X^' 3x4 w-hl 

Proof. Let^i= -^ = 1 ; ^ = _J— + _J_ = ?; etc. 
•^v* 1x2 '*■* 1x2 2x3 3' 

We see that the value of each S (sum) examined has for its numerator 
thn. same as the S's subscript and for its denominator 1 more than its nu- 
merator. Then, by this rule we should hav§ 

^ ■_ 1 I 1 I 1 J ....J 1 = ^ 

' 1x2 2x3 3x4 '" nx(u+l) n + 1* 

Now 'SSi+i'' means the sum of all the terms from the first to the 
n + l th. This sura can be found by adding the next term to the value of /S'„. 

Thus, i^H+i = — ^ + r^; = '-^-^ (By addition.) 

n+1 (M+l)(n + 2) n+2 ^"^ ^ 

Hence we see that IF Sn = -- — , \tfolloxos that Sn+i = ??— LI . 

n + I n + 2 

258 
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But we know S2 = fi whence it follows that S3 = J, and so on indefinitely. 

Thus, the formula Sn = — - — holds universally for this series, which was 
to be proved. ** "^ 

Notice particularly the argument on the laist line of p. 258 and top of this 
page. 

This method can be used fur proving many such exercises. Thus, by it 
we can prove that 

18 ^ 23 + 38 + ... to n8 = hy (» + 1)*. 

2. Show by mathematical induction that af — y" is always 
exactly divisible by x — y. 



Proof. x» — y* [a;— y 

a5H~iy_yj» Now, evidently if ac"-^— y^-^ contains x — y, 

or y(a;*"^— y"~^) the remainder after the first division will, and 

so the whole division will come out without remainder. 

Thus, we learn that if the difference of two same powers of x and y, viz. 
X"— ^ — y** ^ contains x — y, then the difference of the next higher powers, 
jc* — y», will exactly contain x — y. 

But we know that x^ — y'^ contains x — y \ hence x* — y^ contains x — y ; 
then X* — y* contains x — y exactly ; and so on indefinitely. This theorem 
was also proved by means of the divisibility theorem on page 47, foot note. 

3. Show by mathematical induction that x^ — jf* contains 
X 4- y. (§ 71. See also Ex. 16, page 102.) 

Suggestion. In this case the division will have to be carried on until two 
terms are found in the quotient. 

4. Show by mathematical induction that aj**"*"^ -f- ^"'•"^ contains 
x + y, (§ 72.) 

Suggestion. Make this demonstration dependent on that of Ex. 3, get- 
ting only one term in the quotient. 

a. The demonstrations by mathematical induction, as already stated, give 
results as universally true as by any other method. In physical science 
results obtained by induction always remain open to revision. Thus, while 
it would be found that water boils at 212^ at a thousand places, we should 
find the rule breaking down at mountain heights. In mathematical induc- 
tion all the particulars are arranged in a series like ninepins. W^ upset one 

Ql tbe nine pio9 m^ »U tbe series goes ^own. 
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n. THE BINOMIAL THEORSM 

285. The Binomial Coefficients. We saw in § 166 that the signs 
and exponents in raising binomials to powers gave little trouble, 
but that the coefficients were found with more difficulty. 

Let us write down these coefficients for several powers. They 

^^® for (a + b)\ 1, 1 

for (a + by, 1, 2, 1 

for (a + bf, 1, 3, 3, 1 

for (a 4- by, 1, 4, 6, 4, 1 

for (a + by, 1, 5, 10, 10, 5, 1 

for (a -{-by, 1, 6, 15, 20, 15, 6, 1 

Pascal, an eminent French mathematician (1623-1662), observed 
that the coefficients in any line can be obtained from the line 
above it by adding the coefficient immediately above the required 
one to the one which precedes it. 

Thus, 6 in the fourth power comes from adding 3 above it to 
the 3 just before this 3. The last 15 in the sixth power comes 
from adding 5 above it to the 10 which precedes the 5; and 
so on. This writing and deriving binomial coefficients is called 
"Pascal's triangle." 

Sir Isaac Newton (1642-1727) conceived the idea of making a 
formula which would give directly the expansion of (a -f b) to 
any power, or any desired term in it, without the use of Pascal's 
triangle. 

286. Development of Newton's Theorem for any Positive Integral 
Exponent. 

Let us take n to denote the exponent of the desired power and 
use the rules of § 166 to write down the result in the same way 
in which we wrote down particular powers, such as the sixth, 
tenth, etc. In this way we get 

(a - &)- = a- - ?a-'6 +'^^^ «-'&'- "<"- y"T^) a-»6'+ etc. 

1 Ix^ IX^Xt) 

Thus^ to get any coefficient we multiply the coefficient of the 
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preceding term by the exponent of the leading letter, and divide 
by 1 more than the exponent of the other letter. 

Now, while we saw that this rule held as far as we tried it, we 
do not know yet that it holds always, and we seek to prove that it 
is universally true. Instead of passing from the fourth to the fifth 
power, or from the fifth to the sixth, let us now try to pass from 
the nth to the (w -f l)th power. To do this we multiply both 
sides of the equation just written by a — 6. Then, for the left 
side of the new equation we have (a — 6)* x (a — 6) = (a — &)* "^K 
For the right side, we have 

an ^^a-^b + njn^zJD an-2fc2 , n(n - 1) (n - 2) ^,.3^3 ^^ 

1 1x2 1x2x3 



1" 1x2 1x2x3 

- a"6 + - a^-^b^ - -^ — ^-^ a^-^fts + etc . 

1 1x2 



an+i-i^JlIia«6 +(!L±i>an-ifc2, rn + l)(n)(n - 1) ^,.-253 + etc. 

1 1x2 1x2x3 

H6IIC6 

(a-6)'^Lan+i_0H:l)anb+(!Hdli?«n-i52.(!L±ll^^ 
^ ^ 1 1x2 1x2x3 

Examining this result, we see that the rules of § 166 give 
exactly the same terms as we have here. 

From this we learn that //' the binominal theorem holds for the 
nth power, it holds also for the terms of the {n + l)th power ; thai is, 
for the next higher power. 

Notice that we assumed the theorem held for the 7/th power, 
BXidi proved that if it held for the nth power, it would hold also 
for the terms of the (u + l)th power. 

To finish the demonstration we use mathematical induction. 
We say we know the theorem holds for the sixth power, for we 
got that result by actual multiplication. Therefore, by the demon- 
stration just concluded, the theorem holds for the next higher, or 
seventh, power. Again, since it holds for the seventh power, by 
the theorem it holds for the eighth power; and so on indefinitely. 
Therefore, it holds for all powers. 
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287. To find the rth Term in the Binomud Development 

12 3 4 

1 1x2 1x2x3 

Here we have written the number of each term over it. 

Suppose now we attempt to write down the rth term. To do 
this we notice that the last number subtracted from n in the 
numerator of any coefficient is always 2 less than the number of 
the term; that the last figure in any denominator is always 1 less 
than the number of the term ; that the number subtracted from 
n in the exponent of a is always 1 less than the number of the 
term. Hence, the rth term in the value of (a -h by is 

± n(n - l)(n - 2) ... (n - [r - 21) ^._,.„,,^^, 
1 X 2 X 3 X -r— 1 

1. Find the 6th term of (a-\-b)^, by substituting in th* 
formula for the ^-th term n = 13, r = 6. 

Solution. 13 x 12 x 11 x 10 x 9 ^355 = 1287 a^bK Ans. 
1x2x3x4x5 

2. Eind the 5th term of (x -f yy\ 

3. Find the 4th term of (x - yf^ 

4. Find the 6th term of (3 a; - 2 2/)'". (See § 166, 6.) 

5. Find the 12th term of (2 a - 6)^. 

288. Exercise in Raising Binomials to Powers by the Theorenu 

1. Expand (a + 6)^, getting six terms of the answer. 

2. Expand (x^-\- Sy. 3. Expand (3 a;* + a*/. 

4. Find the 7th term of (2 a; - y)^, 

5. Find (2 a; — yy^ to seven terms in answer. 

6. Expand 1 — -tq the 9th power. 

o 

7. Find the rth term of (3 a; - 2 y)^. 
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/ lyo 

8. Find the middle or 6th term oi Ix J • 

9. Find the middle term of (m» — m~^y. 

10. Find the sum of the binomial coefficients for the 15th 

power. 

Suggestion. If (a + by^ were expanded and then a and b each set equal 
to 1, we should get the sum of the coefficients, which sum evidently would 
equal left member, or 2r^^, 

11. Expand ^^|^^|y_ 

12. Expand (^-^ J. 

While the proof given in § 286 does not cover the case of frac- 
tional ex{)onents, it is true that the binomial theorem holds good 
also for fractional and negative exponents. 

13. Show that one gets the same result by applying the bino- 
mial theorem to (a-h b)^j as one does by extracting its root by 
the method of § 171. 

14. Apply the binomial theorem to expand (x-\-y)i and 
(a; -f-y)*, and then form the prociuct of these results, getting the 
first terms of {x -f yy, or x"^ -^ S a^y -^ S xy^ + ^. 

15. Expand (a -|- by to four terms. 

16. Expand (x — 2)~^ to five terms. 

17. Expand (a — 6)"^ to four terms. 



CHAPTER XIII 

INEQUALITIES 

289. Inequalities. An inequality, or an inequation, is a state- 
ment that one quantity is greater or less than another. The 
sign for "greater than" is >, and that for " less than" is <. 
The opening of the angle is towards the greater quantity. These 
symbols, with =, are called symbols of relation. By "greater 
than " is meant higher up in the algebraic scale. 

290. Principles governing the Solution of Inequations. 

1. It is allowable to transpose in an inequality just as in an equa- 
tion. 

Pkoof. Let a ±c>b. 

Then, a^bT c. (Equals added to or subtracted from uuequals give 

unequals, since to do this merely slides both 
members of the inequation the same distance 
along the algebraic scale.) 

2. It is allowable to multiply or divide an inequation by the same 
positive number ; but ynultiplying or dividing by a negative number 
reverses the sign. 

Proof. (1) Let a > 6, and m be a positive nurfiber. 

Then, wia>w6. (Unequals multiplied by the same positive number 

give unequals, aiid that product is the greater 
which is obtained from the greater of the two un- 
equals. This is true whatever signs a and b have.) 

(2) Let m be negative. 

Then, ma < mb. (By the preceding case and because the quantity 

which was greater than the other at first becomes 
less than the other afterwards, when the signs of 
both are changed.) 

The pupil should test these statements with numbers expressed 

in the Arabic notation. 

264 
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3. Inequations can be added, greater to greater and less to less, 
the former sum being greater than the latter, but it is not allowable 
to subtract one inequation from another. 

The first part of the theorem is evidently true, but the student 
may not see why he cannot subtract one inequation from another. 
An example or two is sufficient here, since if the i-ule fails in one 
instance, it does not hold. 

Thus, 12>10 12>11 

5> 4 5> 2 

7> 6 7> 9 

4. 77ie members of an inequation both of whose terms are positive 
can be raised to the same power, 

291. SpeciAl Theorems in Inequations, and Exercises. 

1. To prove that the sum of the squares of any two real and 
unequal numbers is greater than twice their product. 

Proof. Let a and h be any two real and unequal numbers. 
Then, (a — 6)^ > 0. (Since a square number is always posi- 

tive, that is, greater than 0.) 
Or a* - 2 a6 + 62 > o. (Squaring a — 6. ) 

.-. a2 + 6*>2a6. q.e.d. (§290,1.) 

2. Prove that any positive fraction whose terms are unequal 
plus its reciprocal is greater than 2. 

Thus, to prove - 4- - > 2. 

y « 

Suggestion. Make this Ex. depend on Ex. 1, using § 290, 2. 

3. Prove that the arithmetic mean of two different positive 
numbers is greater than the geometric mean. 

Thus, to prove T* > Va6. 

Suggestion. Square both members, § 290, 4. 

4. Show that o^-\-f >x^y-\- xf when x+y>0, (See § 290, 2). 
6. Show that ar* 4- 1 > ar -f a? when a? -f 1 > and x^l. 
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6. Show that a^-\'y^ + i^>xy-\-3ez + j/zii x, y, z are unequal. 
Suggestion. Use § 291, i, and § 290, s, and then divide through by 2. 

7. If 2 a? + ^ a; - 4 > 6, show that a > 4. 

8. Show that the difference between two sides of a triangle is 
less than the third side. If a, b, c, are the three sides, show that 
c—b<a, using § 290, 1. 

9. Two of the sides, a and h, of a triangle are respectively 
9 and 15 inches. Between what limits must the third side c lie ? 

10. If 3 a; — 7 — 6 aj > f a; — 9, what limiting value does x have ? 

ll» If a, by and c are positive numbers, and if a >6, prove 

that5^±5<2. 
b-{-c b 

' 12. For what values ofajisaj^-^eaj— 7>0? (See S 210.) 

13. A's record time for running a mile is 4 minutes and 30 
seconds, and B's is 4 minutes and 40 seconds. Leas than how 
many feet handicap shall A give B so as still to beat him ? 



CHAPTER XIV 

EXERaSES IN PHYSICS^ 

292. The Value of Algebraic Notation in Physics. To see the 
value of the algebraic notation take, for example, the familiar 
formula « = ^ gt^^ If we translate this formula into words, we 
must say, "the distance through which a body will fall from rest 
under the influence of gravity equals the product of one half of 
the acceleration of gravity (or increase of velocity per second) 
and the square of the number of seconds." 

!No\«: when one becomes accustomed to it, he can think distance 
easier and more quickly from seeing « than from seeing the words 
" distance a body falls through in t seconds," and he can think 
number of seconds elapsed quicker from seeing t than from seeing 
the corresponding words. This explains in part why the algebraic 
notation is so valuable in all kinds of scientific work. 

293. Exercise in solving Formulas from Mechanics. In the fol- 
lowing formulas s = distance, v = velocity, t = time, g = accelera- 
tion of gravity or increase of velocity per second. 

1. The formula for uniform motion is s^vt. Solve this equa- 
tion first for v and then for L Ans, v = -. (Division Axiom.) 

8. The formulas for uniformly accelerated motion are 
(l)v = 5rf. (2) s^igtK 

Solve (1) for t and then for g. Next solve (2) first for t and 
then for g. Kext eliminate t between (1) and (2) and solve the 
resulting equation for each letter in it. 

3. Solve fs ^^ mv*, where / is a force and m is the mass 
(weight) of a body, for each letter in it. 

* If the clasj has not studied physics, this chapter should be omitted. 

267 
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4. Projectiles. Formulas for projectiles fired vertically are 
• (1) v = u-gt. (2) 8==ut-^gt^ 

In these formulas u denotes the constant velocity caused by 
the initial impulse. 

Solve (1) for u, g, and t in turn. Similarly solve (2) for u, g, 
and t in turn. Notice that solving for t calls for the solution of 

a complete quadratic. Ans, to last, t = ^^-^ • 

9 

6. Find s, or the distance a body falls in 5 seconds, by substi- 
tuting in » = J gt^. Take g = 32.15. 

6. A stone fell from a balloon a mile higli. How many 
seconds elapsed before it reached the earth? 

7. A bullet is shot upward with a velocity of 2000 ft. a 
second. How high will it rise ? 

Suggestion. Substitute in tbo formula obtained from v = u — gt and 
8 = ut — ^gt^ by eliminating t, setting 9 = for the velocity at the highest 
point. 

8. A stone is dropped into a shaft 1029.12 ft. deep and the 
sound of its striking the bottom is heard after 8.9 sec. Find the 
velocity of sound. 

Suggestion. Let x = number of secords sj^ent in falling 1029.12 ft. 
Solve for x. How many, then, were silent in the sound returning ? What, 
then, is the velocity of sound ? Use g = 82.16. 

9. A stone is throion down a shaft 457.2 ft. deep with an ini- 
tial velocity of 50 ft. per second. How many seconds will it take 
to reach the bottom ? Use s = ut -\' \ gf, with — changed to-4-. 

10. From the equations E = FS, F=: ma, S^^ af, and v = erf, 
find E in terms of m and v, 

11. Solve F= — ^ — for m, r, and t (Centrifugal force.) 

V 

12. Solve FS = \MC{ V{- - V') for F, 3f, and V. 
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13. A person in an aeroplane dropped a stone to the ground 
and a person on the earth counted with a stop watch the number 
of seconds it took to fall, and found the time 12 seconds. 
How high was the aeroplane as given by the formula s = ^gt^ 
(which does not allow for the resistance of the atmosphere), if 
g = 32.16 ? 

294. General Exercise in the Solution of Physics Problems. 

1. If air is contained in a vessel of volume V under pressure 
of J) pounds per square inch, Boyle's law states that the product 
of volume Fand pressure p equals a constant number c. Express 
this truth algebraically. 

2. Make a formula for the " gear " of a bicycle, if r is number 
of inches in radius of rear wheel, Z = number of cogs in large 
sprocket wheel, and s = number of cogs in small sprocket. 

Suggestion. — The gear of a bicycle is the diameter in inches of a high 
wheel one revolution of which would cover as much ground as a safety 
bicycle does with one revolution of the pedals. If there were 21 cogs in 
large sprocket and 7 in small sprocket, then rear wheel will turn three times 
round while pedals turn once. 

3. Find the gear of a bicycle from the formula made if 
r = 14, ? = 24, s = 9. 

4. Two electric lamps of 8 and 16 candle power, one meter 
apart, illumine equally two sides of a photometer screen in line 
with them. If the illumination is inversely as the square of the 
distance of the light, how many meters is the 8 candle-power lamp 
from the photometer screen ? 

Suggestion. If n = number of meters required, then (§ 310) 

Q -to 

— = . (Since the quantity of light is proportional to candle power.) 

5. Suppose in Ex. 24 that the lamps were of 8 and 32 candle- 
power, and one lamp was 2 meters farther from photometer screen 
than the other. How far was the 8 candle-power lamp from the 
photometer screen ? 
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6. The number of vibrations n of a stretched string per second 
is given by the formula 

where Z = length of string in centimeters, Jlf=pull on string in 
grams, m = weight of 1 cm. of string in grams, and g = 980. Find 
n when M = 5000, 1 = 68.2, and m = .005. 

7. Number of horse power (H.P ) is given by the formula 

„ -^ ^ Number of foot pounds 
* "~ 33000 X number of minutes ' 

in which one foot pound means the equivalent of 1 lb, lifted vei'- 
tically 1 ft. Find operating H.P. when elevator weighing 550 lb. 
is raised 75.5 ft. in 2 min. 

8. Kinetic energy (K.E.) is given in foot pounds by the formula 

K.E. = 1^, 

in which W = weight in pounds, v = velocity in feet per second, 
and g = 32.16. What is the kinetic energy of a pile driver falling 
with a velocity of 46.7 ft. per second if it weighs 112.5 lb. ? 

9. liF = -^^ ^^„, and P is so small that it can be 

(r-iy (^ + 0' 4^^r; 
set equal to zero, show that F^ — — — . 

10. If dy V, Wy(w = dv) represent the density, volume, and weight 
of one kind of metal, and d\ v', and w the density, volume, and 
weight of an equal weight of another, find v' in terms of d, v, and d'. 

Two pieces of metal, one of iron and the other of copper, weigh 
the same number of grams. The iron has a volume of 250 cu. cm. 
What is the volume of the copper if the density of iron is 7.6 
and that of copper 8.8? Solve by substituting in the formula 
just found. 

11. The volumes of two bodies are v and v' and their specific 
gravities are s and s' respectively. Show that the specific gravity 
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«to I ay o' 

of the mixture equals — — — — provided that no condensation ex- 
ists, t.«. provided that the volume of the mixture equals the sum 
of the volumes of the ingredients. 

Suggestion. Specific gravity x volume = c x weight, where c is a constant 
I^et ar=: specific gravity of mixture. What is weight of one ingredient? 
of the other ? of the mixture ? What then ia the specific gravity of the 
mixture ? 

12. The air is a mixture of 21 parts of oxygen and 79 of 
nitrogen. If the specific gravity of oxygen is 1.1026, what is 
the specific gravity of nitrogen ? 

Suggestion. Here » = 21, »' = 79, and *=1, air being the standard 
substance. 

13. When two bodies whose specific gravities are 8 and a' are 
combined, what is the specific gravity of the mixture or combina- 
tion if their absolute weights are w and w' ? 

Suggestion. Write sv = cte, «?' = cw^, and substitute in formula, Ex. 11. 

Ans. ('° + "^\'^ - 
(ws' -f to'«) 

14. What is the specific gravity of a coin composed of 9 parts 
by vvreight of silver and 1 of copper, if the specific gravity of 
silver is 10.6 and that of copper 8.8? 

15. A gas expands ^^ of its zero Centigrade volume for each 
degree of rise of temperature. To find the volume of a gas, being 
given its volume at freezing and temperature. 

Let Vq = volume of a gas at zero degrees Centigrade, i.e. at freezing, 
Vt = volume of the same gas at t'^. 



Then. r, = [l+^)ro. 



To what volume will 1 cu. ft. of air at 0° Centigrade increase when the 
temperature rises 48° if the pressure remains constant ? 

16. To what volume will 20 cu. ft. of air contract when the 
temperature falls from 98° to 12° Centigrade? 

Suggestion. Substitute 98 and 12 in the fornuila and eliminate Vo' 
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17. The attraction of gravitation between two bodies varies 
inversely as the square of their distances apart. If F is the force 
when they are D miles apart, and / the force when they are 

11 F cP 

d miles apart, then F:f=—:-,orj=-' 

Forces can be measured by the distance they cause a body to move in 
1 second. A body at the surface of the earth, 3063 miles from the earth^s 
center, is made to move 16.08 ft. in one second. Knowing the distance of 
the moon from the center of the earth, we have three terms of the propor- 
tion F:f=d^:D\ Thus, we have given /= 16.08 ft., d = 3963 mi., 
D = 238,860 mi., to find F or the distance the moon is pulled by gravity 
in one second. Solving the proportion for F, F= ^ J^ ft. 

Knowing the mean distance of the moon from the earth, and the time of 
its revolution around the earth, it is a simple numerical calculation to find 
that the moon in one second is pulled ^^j ft. away from the straight line in 
which it would otherwise move if it were not attracted by the earth. 

Note. Sir Isaac Newton found in the year 1684 that if he substituted in 
the formula F:f=cP:D^ the accepted values of /, d^ and D he got the dis- 
tance the moon is pulled each second. It is said that he was kept from 
announcing his discovery of the law of gravitation eighteen years earlier, 
because the data used were incorrectly given at the earlier period. 

18. A barometer tube I millimeters in length closed at lower 
end and open at upper end is filled with mercury to a height of 
h millimeters. Closing the upper end with the thumb, reverse 
the tube and put open end down into a dish of mercury. If 
the outside air pressure is b millimeters, to what height x will 
the mercury in the tube move to, counting from the level of the 
dish? 

Suggestion. Evidently at first the pressure in the tube is b millimeters. 
If the column of mercury in the tube at first is under a pressure of 5 milli- 
meters from the top of the tube, the mercury will drop down until the 
lessened pressure in the tube -f- weight of mercury still in tube = pressure 
of air outside. Use Boyle's law to get new pressure. 



AnS, X=:^Ltlj^^{)L^JL]^lk. 



-im- 



19. Given the length of a barometer tube as 840 mm., 
7i = 250, and 6 = 760. Find the height the mercury takes. 



CHAPTER XV 

GENERALIZATION — INDETERMINATE EQUATIONS — NEGA- 
TIVE SOLUTIONS 

I. GENERALIZATION 

295. Generalization. The elementary algebra generalization of a 
problem is attained by replacing its known numbers by letters 
and then deriving its solution. Problems are studied using par- 
ticular numbers; afterwards, on account of the frequency with 
which they occur, they are generalized. Then to work a problem 
one merely substitutes the particular numbers for the letters in 
the generalized solution. Generalization is one of the most im- 
portant topics in algebra. Indeed, it is the very essence of the 
subject. 

Historically the steps in the development of the idea of gen- 
eralized number may have been somewhat as follows: First prob- 
ably came the use of a letter to denote an unknown number. This 
was followed by the use of a letter to denote any positive number. 
Then came the notion of allowing several letters to enter into a 
problem, some known and some unknown. The use of a letter 
to denote a number which might be either positive or negative, 
came later than might be supposed from our familiarity with the 
conception. We have also the ]nore general use of a letter which 
allows it in a formula to stand for any combination of other letters 
and signs. Last of all, perhaps, may be mentioned the use of a let- 
ter to stand for some complex concept no longer a mere quantity. 



1. In § 146, we solved problems like this: 

f(l) 3x-\-4.y = 25, 
2y = 7. 
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1(2) 5a; 
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They were all solved in very much the same way. The question 
arises, Can we not work one problem with letters for coefficients 
which, since a letter may bear any value, will include all the 
others ? The answer is, yes, we can. This was exactly what was 

done in § 160, 1, when we golved ( {^ "^ + ^,^ = "^J 

[ (2) a^x + h^y = c'. 



lYom that Bolution we got x = 



6'c - 6c' 



Oc' — flf'c 



abi-a'b' ^'^ab'-a'b 
Comparing {^^ + f y = f' with { f + ^f =^' 

we see that a = 8, 6=4, c = 25; a' = 5, 6' =— 2, c' = 7. 

Sahstituting these values in the values of x and y, above, we get 



^ (-2)x25-4x7 ^3. ^^^ 



3 X 7 — 5 X 25 



= 4. 



3x(-2)-6x4 ' " 3x(-2)-6x4 
Vbrification. 3 X 3 + 4 X 4=25 ; 5 X 3 — 2 x 4=7. 

2. Solve the following problems by substituting values in the 
generalized solution of § 160, 1, as was done in the preceding 
exercise, and verify the answers found : 

3aj + 2y = 23, f5a;+ y = 12, 

0?+ y=s8. t fl? + 5y==3G. 

Any number of such exercises can be had from §§ 146, 147. 

8. ^' DeterminarU " notation for the vcdiiea ofx and y in 1 above. 
In what is called tho determinant notation the rule for writing 
down these values is simple. In determinants the quantities 
involved are written in a square between two vertical lines. 

a b 



{ 



r5aj + 7y==32, 
iTaj — 3y=:32. 



Thus, aV — a'b is written 



f hi 



a' b 




, we have two hori- 



zontal rowsy two vertical columns, and two diagonals, namely^ the 
principal diagonal a^, and the secondary diagonal a'b. 

at 

a b 



4. ITie notation, 



I jj 



a' b 



, signifies the product of the two quantities 



in th£ principal diagonal less the product of the two quantities in the 
secondary diagonal. 
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ThuSi in 1, of this article, 



x = 



c 


M 


c* b' 


a 


b 


a' 


V 



b' c - bcf 
ab'-a'b' ^ 



a 


c 


a' 


c' 


a 


b 


a' 


b' 



acf — a'c 
ab'-a'b 



Comparing the determinant values of x and y with the equa- 
tions ' , . ,f "~ ! we see that far the denominator of each we 
a'x + b'y = c', "^ '^ 

merely take the four coefficients of x and y and write them, as they 
stand, in the form of a determinant ; and for the numerator of x, 
we take its denominator and substitute c, & for the coefficie^its of x ; 
and for the numerator of y, we take its denominator and substitute 
c, c' for the coefficients ofy. 



{ 



5. Solve \ ^ _^ «^ ' by determinants. 
\5x-{'Symz21, ^ 



80LITT10N. « = 



-2 


-7 


21 


3 


4 


-7 


6 


3 



-6-(-147) _141_ 
12_(_86) -If-'*- ^^ 



9 = 



4 


-2 


6 


21 


4 


-7 


5 


3 



84-(.-10) _94_ 
-12-(-36)~47'" 



Vbrificatiok. 4x3-7x2 = — 2; 6x3 + 3x 2 = 21. 

Solve the following by the determinant formulas, verifying : 

r4aj-h9y = 3, (2x+7y^ll, (5x^3y^20, 

^' l3«-h7y = 2. '• l6»-9y« 1. "*' \3x-4.y^ 1. 

9. Other problems can be had by using those in §§ 146, 147. 
A little practice will enable the student to get the answers very 
quickly. If the coeflacients are small, the problems oau be solved 
mentally. 



270 GENERALIZATION 

Remark. The determinants we have been using are said to be of the 
second order. One of the third order consists of three rows and three columns 
of numbers, as, 



a 


h 


c 


d 


e 


f 


9 


h 


i 



Such determinants can be used to solve simultaneous equations like those 
in § 149, but the solutions are too complicated for this course. 

10. Generalization of the problem in which the sum and differ- 
ence of two numbers are given to find the numbers. 

We will first solve a number of special cases and will then 
generalize the solution. 

Find two numbers whose sum is 168 and difference 34. 

Solution. Let x = the first number, and y = the second number. 
Then, x -h y = 168 a; + y = 168 

x — y= 34 x — y= 34 

2x =202 (Add. Ax.) 2 y = 134 (Sub. Ax.) 

X =101. y = 67. 

Verification. 101 + 67 = 168 ; 101 — 67 = 34. 

Solve in the same way the following : Find two numbers when their sum is 
638 and difference is 162 ; also when their sum is 793 and their difference 269 ; 
also when their sum is 961 and their difference 148 ; also when their sum is 
9.J643281 and their difference 9.043216. 
To generalize this problem denote sum by s and difference by d. Then 

x + y = 8 x-\-y = 8 

a;— y = d x — y = d 

2x =8 -\-d 2y = «— (J 

x = —  — • y = — - — • 

2 2 

From these formulas we have the theorem : The greater of two 
numbers eqttals half the sum of their sum and difference ; and the 
less equals half the difference between their sum and difference, 

11. Given the sum of two numbers as 324 and their difference 
as 62, to find the numbers by substituting the values in the formula, 

12. Generalize: Divide $183 between two men so that ^ of 
what the first receives shall equal ^ of what the second receives ; 
then solve it by substitution in the formula found. 
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Solution. By the definition of generalization at the head of this article, 
each particular number of the problem is replaced by a letter. Making this 
change (choosing any convenient letters), the problem comes to read: 

Divide $ a between two men so that — of what the first receiver shall equal 

n 
" of what the second receives. 
Q 

Let X = no. of dollars the first man got, 

and a — X = no. of dollars the second man got. 

Then by the conditions of the problem, 

n q 

m^9£^zJ^, (Multiplying.) 

11 Q 

mqx = anp — npx. (Mult. Ax.) 
mqx + npx = anp. (Unknowns to left member, Ax. ?) 

X = -JW — (Factoring, and Ax. ?) 

mq + np 

Now, comparing the general problem with the given one, we see that 
a = 183, m = 4, n = 7, p = S, q = 10. Substituting these values in 

mq-ht^^ 

«««♦ 183x7x3 183x7x3 _ ^Q +|,^i„. „^ 
we get, X = = — = tw, the 1st no. 

* ' 4x10+7x3 61 

Then, 183 — 63 = 120, the 2d no. 

Verification, f of 63 = ^j^ of 120. 

296. Exercise in the Generalization of Problems. Let a take the 
place of the first kuowii number, b take the place of the second, 
and so on. 

For problems to generalize we use those of § 140. After solv- 
ing, substitute the particular values of the problem generalized. 

1. What number is that whose ath part and 6th part and c 
more equals d times the number and e more ? See § 140, 1. 

a b 
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bx-^ ax + abc = abdx + abe, (Ax. ?) 
dx -f ox — aMx = a&6 — a6c (Ax.?) 
(a + 6 — abd)x = ab{e — c). (Factoring.) 

a-^b-abd 

Check. When we generalized we put a for 2, b for 3, c for 100, d for 2, 
and e for 2. We will now substitute these values in the answer just found. 

a, = _2x^li^lfl-=84. (See §21.) 
2+3-2x3x2 ^ * ^ 

Verification of 84 as answer. J of 84 + J of 84 + 100 = 2 x 84 + 2. 

2. What number is that whose ath part, 6th part, and cth. 
part together are equal to d? See § 140, 2. Check and verify 
as in the preceding solution. 

3. Generalize now in the same way some of the problems of 
§ 140, § 150. 

Check and then verify as in the solution above. 

Remark. If the student finds himself unable to ^proceed with the making 
pf the statement of a generalized problem, he will probably be much aided 
if he will first solve the problem as it stood before it was generalized. 

II. INDETERMINATE EQUATIONS 

297. Indeterminate Equations. The student has probably 
noticed that so far, except in graphs, we have always had as many 
equations given as there were unknowns in the equations. Thus, 
when there were two unknowns, two equations were given; when 
there were three unknowns, three equations were given; and so on. 

When one equation is given containing two unknowns, a graph 
can be constructed from it. 

If the number of given equations is less than the number 
of unknowns, we have what are called indeterminate equations. 
These equations can have an indefinite number of values of x and 
y. Thus, we can assign x any value and get a corresponding ' 
value of y. They are solved sometimes for integral values of the 
unknowns, hut the method of solution is cUtpgether different from the 
solution of determinate equations. We will solve a few of these. 
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1. Separate 71 into two parts, one of which is divisible hj 5 
and the other by 8 without remainders. 

BowfTWK. I/et i& « B OBe p^, and 8 y = oUier part 
Then 6x + 8|f= 71 iathe only equation obtainable. 

Solying, we get « = . — t~^- 

6 

Nqw, by the conditions of the problem, x is a whole number. Then 

ILzM^ or 14 - y + 1-^ (§ 104) is a whole number. 
6 6 

Bat as y must be a whole number, then 14 — y is a whole number, and 

then also ^ must be a whole number. Then 2 x ^ = ^ ^ 

5 6 6 

ia & whole number. (We multiply by such a number that when we di- 
vide by the denominat(Mr, the coefficient of y in the remainder is 1). Then 

— y + ?JlJf (§ 104) is a whole Dumber. In order that "7 ^ shall be zero or 
6 6 

a whole number, y =: 2, or 7, or 12, or 17, etc Substituting these values of y 

in the original equation, we find for y = 2, x = 11 ; for y = 7, 2 = 3 ; for 

y = 12, x=:^6. The last value of x is regarded as inadmissible here, as 

would be other values of x obtained from subsequent values of y. Hence, 

5 x = 66, 8 y = 16, and 6 a; = 16, 8 y = 56 are the values sought 

Check. Draw graph of equation; find pairs of integral coordinates on iii 

2. Separate 97 into two parts, one of which is divisible by 7 
and the other by 9. 

3. A woman paid $ 106 for silk at $ 2.50 a yard, and velvet at 
$ 3-50 a yard. How many yards of each did she buy ? 

4. A person bought 40 animals, consisting of pigs, geese, and 
chickens, for $40. The pigs cost $5 apiece, the geese $1, and 
the ehiekens 25 ^ each. Find the number of each bought. 

Suggestion. In this problem we get two equations and have three un- 
knowns. After eliminating one of the unknowns between the two given 
equations, proceed with the resulUug equation as in (1) above. 

5. A farmer buys oxen, sheep, and hens. The number bought 
is 100, and the total cost $ 100. If the oxen cost $35, the sheep 
$ 3, and the hens 25 ^ each, how many of each did he buy ? 

COL. 2d — 19 
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m. NEGATIVE SOLUTIONS 

298. Negative and Inconaistent Solutions. 

1. If from I of a certain number 1 is subtracted, the remainder 
equals f of the number. -4ns. x = — S. 

The negative answer shows that there is some arithmetical 
inconsistency in the problem. Evidently if we take something 
from I of a positive number, we cannot have f of the number 
(which is greater than | of it) left. 

2. A father's age is 40 years, and his son's age is 13 ; in how 
many years will the father's age be 4 times that of the son? 
Ans. — 4 yr. 

This negative answer shows that the problem should have 
read " how many years ago " instead of " in how many years." 

3. A grocer had two casks of oil, one of which contained twice 
as much as the other. From the larger cask he drew 16 gal., 
and from the smaller 10 gal. Then after a fourth of what re- 
mained in the larger cask had been withdrawn, the two casks 
were found to contain an equal number of gallons. How much 
did each cask hold ? Ans. 8 gal. and 4 gal. 

That these answers are absurd, though obtained without error 
in the solution, is seen the moment one tries to verify. We learn 
from the preceding solutions the following : 

4. That a negative result may indicate either arithmetical incon- 
gruity in the statement of the problem^ or at least that the number 
obtained as the answer should be taken in a sense contrail/ to tJuit 
implied in the statement of the problem. 

5. That positive results do not necessarily prove that problems 
can be solved. The negatives may have entered in the process of 
solution, and then dropped out again. 

6. If the given concrete quantities spoken of in the statement of 
the problem are such that they can have either positive or negative 
values, then the result can be interpreted; otherwise it Tnay not be 
capable of interpretation. 
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REASONING IN EQUATIONS — DISCUSSION OF THE QUAD- 
RATIC—DISCUSSION OF PROBLEMS — DEFINITIONS 

I. REASONING IN EQUATIONS 

299. Validity of Processes in the Solution of Equations. It might 
be supposed that any root of any equation obtained by axiomatic 
processes would verify when substituted in the original equation, 
but such is not always the case. This does not mean that the 
axioms are not true, but that new equations obtained by means 
of them are not equivalent to the given equation, that is, do not 
have identically the same roots as the given equation. 

300. Equivalent Equations. Reversibility of the steps of a soUv- 
tion. Whether a root obtained will satisfy the given form of 
the equation depends on whether the steps of the solution are 
reversible. Two equations such that either can be derived from 
the other, and which have exactly the same roots are said to 
be equivalent (see p. 110). The processes used in the solution of 
simple equations rarely give anything except equivalent equa- 
tions, but in the solution of radical, quadratic, and higher equa- 
tions, new roots are frequently introduced, and sometimes roots 
of the given equations are lost in the process of solution. 

1. Two equations are equicalent if one can be obtained from the 
other by adding the same quantity to both members. (By Addition 
and Subtraction Axioms.) 

Proof. Let S and S' denote the two members of an equation 
and a any third quantity, each of these being capable of contain- 
ing both known and unknown quantities. 

Then, any value of the unknown which satisfies S = S' evi- 

281 



282 REASONING IN EQUATIONS 

dently satisfies S -\-a = S' -{-a. Also any value which satisfies 
5 H- ff = 5' H- ff, also satisfies 5 = 5'. 

Since transposition depends on the addition and subtraction 
axioms, equations obtained by it are equivalent. 

2. Equations obtained by multiplying or dividing both members 
of an eq^uUion by the sam£ known quantity are equivalent. 

If a is a known number, and if 5 = 5\ then aS= aS^ ; also if 
a5=a5', then S = S*. 

3. An eq^iation obtained from another by squaring its members 
or raising them to a higher power y or extracting the sam/e root of each 
member is not equivalent to the given equation. 

As before, let 5 and S^ denote the two members. 

We have S = S', 

whence 52 = J'* ; (Sq. Ax.) 

then ^ - 5'2 = 0. (Sub. Ax.) 

Factoring, (5 +S'){S - 5') = 0. 

We have then S -\-S' ^0, whence 5 == - J' ; (Solution by fao- 

toring.) 
J ^ J' as 0, whence f = S'. 

The last equation is identical with the given equation, but we 
hav6 also the equation S + S' — in addition, which is a new 
equation. 

Example. Criven Vx + S + Vz = 1. 

Vx-l-6 = 1 - V«. (Sub. Ax.) 

a;+5 = l— 2>/» + ic. (Sq. Ax.) 

2\/Jc=-4. (Sub. Ax.) 

4 sc rs 18, a) i= 4. (Sq. Ax.) 

VEttlFlCATiON. VT+T-f- vT^l, or, 3-1-2 =jfc 1. 

Thus 4 is not a root of the given equation. I^otice that if we had started 
with the equation Vaj-hS — \/ot=± 1, the iolution would have differed horn 
that above only in a few signs, and the answer would haVe been 4, which 
answer would have verified. The three equations Vx -f 6 -h Vx — ± 1, and 
— Va + S + y/x = 1 have been called impossible equations, since if the signs 
are taken just aa they stand there )9 no root that will satisfy them. 
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4. An ^quaiion may not he multipHed or divided through hy a 
function ofx which equals 0, or some number divided hy 0, when the 
value ofx is substUiUed in U, 

EZAHPLB. ? -j J- = 2. 

y y 

y + - -1-^ +y + 1 - -- V^ fy - 1 - - + ^V (Mult. Ax.) 
y ^ y y^ \ y t) 

Clearing this equation of fractions and eollecting, we get 

4 y* + 4 y = 8, whence y = 1 or — 2. 

But while y = — 2 satisfies the original equation, y = 1 does not, since 

2 2 

- + - on the left side haa no meaning, if is understood to be what is called 

absolute 0, and not the limit of some quantity, while 2 on the right side is 2. 
The reaaon why the root y :^ 1 appeared is because when we first cleared of 
fractions, we multiplied the equation by y -^ 1, and because y = 1 we were 
really multiplying by 0, which is not allowable by the principle Just stated. 
This principle explains the fallacy in the so-called " proof " that 1=2. 

Thus, let a =5 ac ; then oaj — a^ s a* »- x* ; 

whence, on factoring, x(a — ») = (a + «) (a — «). 

Then as = a + »» (Dividing by a — x,) 

er, X = ac 4- a; = 2 X ; (Since a = a.) 

whence 1 = 2, (Dividing by x.) 

The Anit and second equations are true equations ; the third and all the 
rest are false, since to get the third we divided by a — a;, and as a = x mak- 
ing a — a; = 0, we were dividing by zero. 

We may set forth the truthi illustrated under 4, more briefly as 
follows : 

Let R be any expression containing the unknown, a^d, as 
before, let S and S' be the two members of an equation. 

Then, $ ^ S\ 

Whence R9 ^ RS'. (Mult Ax.) 

Then, RS^RS'=iO, or R(S — S') = 0. (Transposing and fac- 
toring.) 

Setting each factor equal to 0, we have ^ = 0, and J -^ *' = 0. 
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ThuSy the new factor with its root has been introduced into the 

equation. 

This case includes 3, above, since we can write R = 5+S\ 

In conchision, then, if at any time we cannot tell whether a 

root found belongs to the given equation, we always have this 

recourse that we can substitute it i^i that equation and find out. 

EfOots should always be verified in the original equations. 

301. The Analytic Method. Algebra uses the analytic method ; 
arithmetic, the synthetic. When a problem is solved by the 
synthetic method, one starts with the numbers that are given, 
and, by combining them in a certain order, obtains the answer. 
In algebra, on the other hand, one treats the answer as if known, 
calling it x ; then, forming the equation, the course is backward 
to the answer. 

To illustrate, take the problem. What number is that whose 
square increased by 11 times the number equals 60? Putting 
this in the form of an equation, we have 

aj* -f 11 a; = 60. (If there is such a number as 

described in the problem, then 
this equation is true.) 

Then, 4 ar^ -|- 44 a: = 240. (If the preceding equation holds, 

this one holds.) 

4 a:^ H- 44 a; H- 121 = 361. (If the preceding equation holds, 

this one holds.) 

2 a -h 11 = ± 19. (If the preceding equation holds, 

this one holds.) 

a; = 4, or — 15. (If the preceding equation holds, 

this one holds.) 

Now, we assume we can reverse the reasoning. We know there 
is such an equation as a: = 4, or a; = — 15 ; then (multiplying each 
member by 2, and adding 11 to each result), the fourth equation 
holds, then the third, then the second, then the first. In this way 
we see that the steps of our solutions should be reversible if we 
desire to draw safe conclusions. 



SYSTEMS OF EQUATIONS 285 

The problem * to find a number such that the sum of its square 
root and the square root of 5 more than the number is unity ' gives 
the equation of the preceding article, Va: + 5-|-Va? = l. By 
solving this equation, 4 is found for the value of x. But we are 
prepared to find that 4 does not satisfy the given condition, be- 
cause one of the steps of the solution (squaring both members) 
was not reversible. 

302. Exercise in Reasoning in Equations. 

1. Prove that cubing the members of an equation introduces 
a new factor with new roots. 



2. Solve 2 a; V?T3 - 2 x-s/o^ -f- 2 = 1, and verify. 

3. Solve -^ = — — -i — ^ and verify all the roots. 

A a^i ^^3? — a, X 4a; — 2a, 4a?— a, ^ ^r .^ 

4. Solve - — 1 — -= ; 1 -— - -h 1. Verify. 



5. Solve2W-f-5a;-f-19 = (aj-|-3)(V-3-l). Verify. 
Suggestion. Solve also same equation with x + 3 as right member. 

303. Systems of Equations. We saw in §§ 147, 148, that a set 
of two given equations might be replaced by one new equation 
and one of the given equations, or by two entirely new equations. 

An equation obtained by adding the members of two equations, or 
by adding after each equation has been multiplied through by a known 
quantity, can take the place of either of the given equations. 

Thus, if S = S' and T = F, then S + T = S' + T ; 

also if S + r = S' -h r, and S= S', then T= F. 

If S = S', then aS = aS' and if r= T then bT=br, where a 
and b are supposed to be known quantities. 

Then, aS -\-bT=aS* -\-br. Also if this equation and either 
o* the given ones hold true, the remaining given one holds true. 

But in simultaneous quadratic equations all kinds of changes 
were made in the given equations in the processes of solution. 
Hence the plan of verifying roots found in the original equation 
or equations should be regularly followed. 
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n. THEORY OF QTJADSATIC EQUATIONS 

304. Relation between the Coefficients and Roots in Quadratic Equa- 
tions. 

1. Every quadratic equation containing one unknown number 
may be reduced to the form sc^ -^ px -{^ q = 0. 

This can always be accomplished by 

(a) Clearing offractions^ when fractiona appear ; 

(b) TransposiTig all terms to the left member; 

(c) Collecting, and, when necessary in literal equations, factoring 
Q^ out of tivo or mx)re ^ terms and x out of two or more x terms, 

(d) Dividing the equation through by the coefficient of a^. 

Because any quadratic equation can be reduced to the form 
a^-{-px-\-q = 0, we will study this type of equation. 

2. Solve the following eight typical equations, all except the 
last two by the factoring method. 

(1) x'-5x-\-6=0. (2) aj*-f-5a;-|-6 = 0. 

(3) aj8-a?-6 = 0. (4) aj»4-aJ-6 = 0. 

(5) iB*-4a;-f-4 = 0. (6) a;«-2a; = 0. 

(7) a^-2x-e==0. (8) aP-2x-{-6=^0. 

3. Questions on the preceding solutions. A careful study of 
the solutions of the preceding equations raises the following 
questions : 

(1) What number of roots has every quadratic ? 

(2) What relation exists between the coeflScient of x and the 
sum of the two roots of the equation ? 

If the student has trouble answering these questions, he should 
study §§ 208, 209 anew. 

(3) What relation exists between the known term in the equa- 
tion and its two roots ? 

(4) If all the terms of an equation are positive and its roots are 
real, what can you say of the signs of the roots ? 
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(5) If all the terms of an equation are positive except that 
containing x^ and its roots are real, what can you saj of the signs 
of its roots ? 

(6) If the known term of an equation is negative, what signs 
have the tw\> roots ? 

(7) If the known term and the term containing a; of an equa- 
tion are both negative, which is numerically greater, the positive 
or the negative root ? If the term containing x is positive instead 
of negative, which root is numerically greater ? 

(8) If the known term of an equation is absent, what value 
has one of the roots in every case ? 

(9) If the left member of the equation whose right member is 
zero is a perfect square, what can you say of the relative size of 
the two roots ? 

(10) If the known term is positive and greater than the square 
of half the coefficient of a:, what will invariably be the character 
of the roots ? 

The question arises, can we prove the answers to the preceding 
questions true in general ? 

8. Proofs concerning the number, sum, and product of the roots 
of a quadratic equation. 

To prove these theorems we will first solve the equation 
ix^-i-px-\-q^O, 

4a:*-|-4paj= — 4g. (Hindu Rule.) 

4:a^-{-4:px-{-p^=zp^ — 4:q. (Completing square. Ax. ?) 

2«-f-;)=Vy-4g. (Ax.?) 

a; = -.i^± jV/>^-4^. (Ax.?) 

(1) Taking the sign before the radical as positive, we get one 
root, and taking it negative we get a second root Thus, there 
are two roots to a quadratic equation. 

(2) Prove by adding the two roots just found, viz.. 



— ii^ + jV/)* — 4$and -^p^^Vp* — 4q, 



288 DISCUSSION OF THE QUADRATIC 

that the sum of the roots of any equation equals the coefficient ofx in 
the given equation with its sign changed. 

(3) Prove by multiplying one of the two roots just found by 
the other, that their product is g, that is, prove that the product of 
the roots is always equal to the known term in the left member. 

The student may now verify that this truth holds in Exs. (7), 

(8) in 2 above. 

a It must be borne in mind that the theorems in (2) and (3) just proved 
hold true only when the coefficient of z^ is unity ; or when the equation has 
the form x^-\-pz + ^ = 0. 

b. In the study of the quadratic which follows, the expression, 

Vp* — 4 g, or p^^iq, 

takes a prominent place. The quantity p^^4iq is called the discriminant 
of the quadratic, because by it we can tell all about the roots of the equation, 
as to whether they are equal, rational, irrational, imaginary, or one of them 
is zero ; also as to their signs, in certain cases. 

(4) If p and q are both positive and p^^^q, making p^ — Aq 

positive, then Vp* — • 4 g- is real. Then both the roots are real. 
We see that both roots are negative; since —^p±i'\/p^—'^q 
is neorative whether the sign before the radical is -f- or — , because 
^Vp^ — 4g is numerically less than ^p; it is numerically less 
than ^py because if p^ is diminished by 4 g and then the square 
root is extracted, the result is less than p. 

(5) If p alone is negative and p* > 4 g, then — ^p is a positive 
quantity. Also, as before, ^p>^Vp^ — 4 g. Hence, both roots 
are positive. 

(6) If q is negative, p* — 4g is positive since p* itself is 
positive, and if q is negative the term — 4 g becomes positive. 
Notice also that in this case ^Vp* — 4g>^p. Hence, when the 
sign before the radical is positive, the root is positive ; and when 
it is negative, the root is negative. 



(8) If g = 0, — ^p H- 1 Vp^ —4:q = 0. Hence, one root is 0. 

(9) If p* — 4g' = 0, or q=(^\ , the two roots are equal, each 
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being — ^i>. Notice that when g = [ ^ j , g " completes the square " 

and makes the left member a perfect square. 

(10) If q is positive and p^<4:q, both roots are imaginary, 

TABULAR DISCUSSION OF x^+pz + q = 



I. p2>4g 


1. p>0,q>0 

2. p<0, ^>0 

3. p>0,q<0 

4. p<0,q<0 


Both roots negative 

Both roots positive 

Pos. root (numerically) <neg. root 

Pos. root (numerically) > neg. root 


II. j^ = 4q 


1. p>0 

2. p<0 


Roots both negative and equal 
Roots both positive and equal 


III. p'^<4(7 




Roots imaginary 


IV. p = 


1. q<0 

2. q>0 


Roots equal numerically but opposite in 

sign 
Roots imaginary 


V. ^<0 




Roots always real 



305. Exercises in telling the Character of the Roots of Quad- 
ratic Equations. If the equation is not given in the form 
ar^ -hjpo; + ^ = 0, change it to that form. First apply the test 
^ < 0; then, if necessary, p^ — 4 g' > test to see if the roots are 
real. Then tell by the coefficients the character of the roots as 
explained in the preceding article. 



1. ar^-h22a;-75=0. 

3. aj*-6a; = 0. 

5. 4a^ 4- 15 = 16a?. 

7. 23x-\-r) = 10a^. 

9. (a;-l)(a?-2) = l. 

11. 6 ar^- 35 a; -6 = 0. 

^^- 9^3^4 "• 



2. 5a:2_,_20aj = 25. 

4. a^^^x=zS2, 

6. l-h9a^ = 6x. 

8. 302^8^.^.3 = 0. 

10. 2a^-nx-\-16 = 0. 

12. 42;2-|- 122; -f 11 = 0. 

14. (a; -f- 4)2 = 8 a; -f 25. 
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2g _ +l 5 xp^ 



H. 



^==4. 




300. Graphical Explanation of raal and difFerent, teat and coId- 
cident, and imi^nary roots of the quadratic. 

1. Solve by the method of § 223 the three equations. 

4a^ + 4x-3 = 0, 

4a^ + 43! + 2 = 0. 
In the diagram in the luai^in 
which contains the solutions of 
all three equations we see that 
the roots of 4ie' + 4*— 3 = 0, 
are real and distinct ; the roots 
of ia? + ix + i = 0, are real 
. , and coincident, the changing of 
i-L-L LJ~U jhe value of the known term 
causing the straight line graph to move to the left until the 
stra^ht line is tangent to the curve and the two roots of the first 
equation have oome to</e2Aer ; and the roots of 43^ + 4fl!+2 = 0, 
are imaginary, the straight line never meeting ths parabola at all. 
3. Solve by the method of § 223 the following equations, using 
one dit^ram for all : 

!^-x+l = 0, 3?-2x + l=0, x'~33; + 1=j0, 

s,^ + 3x + l = 0, x= + 2k + 1 = 0, a^ + iB + 1-0. 

Explanation. Notice In this case that all the slraight line graphs go 
through the ptrint (0, ~ 1). The first does not Intersect the pambola, the 
second is tangent to it, giving coincident roots, the tliird intersects it fn one 
point and would intersect it in another if both were extended- The other 
three equatlona give correaponding linee on the other side of the j/-aiis. 

a. Parameters. The student is asked to observe that in Ex, 1, the known 
term changed and the other two remained the aaine, which had the effect of 
keeping the graphs parallel. In Ex. 2, hj letting the coefliclent of x change, 
and the other terms remain the same, the graphs became rays going out from 
(0, — 1), When one of the coefflcients of an equation Is allowed to change 
in this way it is called a parameter. 
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307. The Symbolical Fonns, - , % -. 

a 

1. If the numerator of a fraction changes 111 value And ap- 
proaches indefinitely closer and closer to 0, while the denominator 
remains the same, or is constant, the fraction also approaches in- 
definitely close to in value. In this way we are led to write 

a 

2. If the numerator of a fraction remains constant and the 
denominator decreases indefinitely towards 0, the value of the 
fraction evidently increases indefinitely in value. Hence with 
this understanding we can write 

J = oe.(§9.) 

3. If both numerator and denominator decrease indefinitely 
towards 0, and we have no means of knowing their relative values, 

then the value of the fraction - is indeterminate, 



a. We have already seen (§ 9) that diviBion by has no meaning. But 
the above ^*foriD!t^^ are convenient and are used by mathematicians. Per- 
hatm the best way to view them is to think of as denoting the limit towards 
which a variable is approaching. 

Thus, - = is to be understood as a short form of stating that the limit 
6 

towards which - tends, when x approaches the limit is 0. 

To show that - has different values or is *' indeterminate ^* we m&y write, 


^-=J: = ? = a; + l = 2 (whena; = l); 
^ini :=? = a; + 2=:4 (when x = 2). 

308. Further Discuseion of the Qnadratic. 
If oiB* -|- &« -f c 3= is solved, the roots are 

0/ = -• 

2a 
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1. lie = 0,0; = J— = 0;ora; = = 

2a 2a a 



2. If a = 0, and — 6 ± Vfe* — 4 ac :^ 0, a = oo. 

3. If a = 0, and — • 6 ± V6^ — 4 ac = 0, a? is indeterminate. 

To understand these results the symbol = should be used. 
Thus, a = means that a is an infinitesimal quantity which 
approaches indefinitely close to 0. The symbol = is read << ap- 
proaches the limit." 

Using this sign, we have : 

(1) If c = 0, a? = 0, ora;=--. 

a 



(2) If a = 0, and -6-1- V62-4ac:9t=0, aj = oo. 

(3) If a = 0, and —b± -y/b — 4 oc = 0, a? = indeterminate. 

III. DISCUSSION OF PROBLEMS 

309. The Courier Problem, often given in texts, is well adapted 
to illustrate what is meant by " the discussion of a i^roblem." 
It gives rise to a simple equation. 

A and B travel in the same direction at the rate of a and b 
miles per hour respectively. A arrives at a certain jilace, K, at a 
certain time, and B arrives at L, which is c miles from A", d hours 
after (or before) A was at K, In how many hours from the time 
A was at /f will they be or were they together? 

Solution. Let x = number of hours from time A was at K until one 
passes the other at M. 



K ^ L M 

Then, KM = ax ; LM= (x ^d)b; 

and ax = c + {x — d)b. 

Solving, ax—hx=:c — bd. 

a — b 

I. Suppose a > 6 and c > ^fZ. Then x is positive, which shows 
one carrier overtook the other after A was at A", both traveling in 
the direction Kto M. 



THE COURIER PROBLEM 293 

During the d hours before B reached L he traveled bd miles. 
But, by supposition, bd < c. Thus, when A was at /iT, B was be- 
tween ^and L. Since A travels faster than B by supposition, 
he will catch up with B at some place to the right of where B was 
when A was at K. But we do not know whether M is to the 
right of L as represented in the diagram or to the left of it. 

We have, LM= (a; - d)6 = (^-^ - d\, = i^szSf^, 

\a — J a — b 

If, now, c>ad, then LMis positive, and Jf lies to the right of 
L as we supposed and so represented in the diagram; but if 
c < ad, then LM is negative, and M'lies to the left of L, 

Notice, if c is supposed greater than ad, it will take A more 
than d hours to reach L, and he will pass B at a point to the 
right of L ; but if c is less than ad, A will catch up with B be- 
fore the d hours are up, that is, before B reaches L. 

II. Suppose a > b,h\it c < bd. This makes the value of x nega- 
tive, which shows A passed B before he reached K. 

III. Suppose a<b, and c>bd. This makes x negative and 
shows that B passed A at a point to the left of K. In this case 
B travels more rapidly than A and will reach /iT before A does. 

IV. Suppose a<b, and c < bd. This makes x positive and 
shows that B overtook A to the right of K. In this case B travels 
more rapidly than A and was behind A when he arrived at K. 

V. If c = bd, then a; = 0. In this case A and B are together 
when A is at K. 

VI. If a = 6, and c ^ bd, then x = oo. Here A travels as fast 
as B and one is behind the other. The former will never catch 
up with the latter, or, as mathematicians say, he will catch up 
with him at infinity. 

VII. If a = b, and c = bd, then x = -. In this case A and B 

are together at K, and, walking at the same rate, they stay to- 
gether. Thus, X can have any value. 
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2. Prepare a corresponding discussion of this problem tm the 
supposition the couriers A and B travel in opposite direction 
instead of the same direction. 

3. Change the conditions of 1, by supposing that A arrives at 
K d hours after B arrived at L, both traveling in the same 
direction. 

310. Qairattt's Problem of tlie Lights leads to the solution of a 
quadratic equation. 



(C c ^~* 



Q 



Two lights at P and Q are a feet apart. It is required to find 
the points in AB which are equally illuminated by the two lights. 
Let C be one such point, x feet from P, 

By a law of optics the intensity with which a light shines at 
any outside point is inversely proportional to the square of the 
distance from the point to the source of the light. 

Let m^ = illumination by light P one foot from P, 

and M*s« illumination by light Q one foot from Q. 



Then the illumination at C from P is -^ and from Q is 



Henoe, "*' 



a? ^ («-«)' 





^ (a - xf 




m_ n 
X a — x 


ma — 


mx = ± nx, or mx ± nx = may 




ma 

X ^ • 



(Boot Ax.) 



1. What does the double sign in the value of x teach as regards 
the number of points of equal illumination ? 

2. If + in the value of x is taken, what kind of a fraction 
is —^ — , proper or improper? Where then is C with reference 

to P and Q ? Between them or on one side or the other? 
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3. If — in the value of x is takeu, and n<m making the yalue 
of the fraction positive, what kind of fraction is — , proper 

or improper ? Is the corresponding value of x greater or less 
than PQ ? Where then will this point of equal illumination be 
located ? 

4. If — in the value of x is taken, and n>my what sign has 
value of oj? In which direction from P*will the corresponding 
point of equal illumination lie ? 

We see, then, from the preceding that there are always tiuo 
points of equal illumination, one lying between P and Q, and 
the other either to the right of Q or to the left of P depending 
on which is the stronger light. 

6. If wi = n, « = - — , or — — . Thus, one value of x = \a. 

2m ^ 

locating c midway between P and Q, and the other point is at oo. 

6. If a = 0, and m = ny x = -, which is indeterminate. Thus, 

if the two lights are together and one is as strong as the other, 
they will illuminate every point equally. 



IV. DEFINITIONS GENERALIZED 

311. The Generalization of Definitions. In the history of mathe- 
matics it has been found over and over again that definitions and 
principles and proofs that were satisfactory for one stage of the 
development of the subject would become unsatisfactory later. 
The student is now in position to acquire some appreciation of 
this fact. 

312. Definition of Addition. By adding is meant literally "put- 
ting together." But this putting together may be done in more 
than one way. The only addition of lines, for instance, arith- 
metic would recognize, would be putting the several lines to- 
gether, end to end, so as to form one long line. In algebra, since 
there can be both positive and negative lines, the lines can be 
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" put together " by laying one of them off backwards on the other. 
In arithmetic when we put dollars together to make a sum, the 
dollars must be all of one kind. In algebra two different kinds 
of dollars (— and +) are added or put together. Thus, "add" or 
"put together" has a wider meaning in algebra than in arith- 
metic. In higher mathematics, lines (representing vectors or 
forces) which do not extend in the same or opposite directions, 
but make an angle with each other, are " added." 

313. Definition of Subtraction. In arithmetic subtraction is com- 
monly defined as the process of takhig away a smaller number 
from a larger. This is what the word itself means. But in alge- 
bra each letter is supposed to be capable of assuming any value, 
and so simple an expression as a — 6 becomes impossible from the 
arithmetic standpoint if h is greater than a. One is thus led to 
substitute for the old definition the following: To subtract from 
one number another number is to find a third which added to the 
second of the given numbers produces the first. This definition 
will hold no matter what values the minuend and subtrahend 
may have. 

314. Definition of Multiplication. The definition of. multiplica- 
tion often given is that multiplication is the process of taking the 
multiplicand as many times as there are units in the multiplier. 
We may picture this process by thinking of a person picking out 
from a basket containing eggs six at a time five times, "taking" 
them from one place to another. But to take them, say, 5-J- times 
evidently has no meaning. We must enlarge our definition, then, 
if fractions are to enter as multipliers. This is accomplished by 
saying : multiplication is the process of doing to a given multi- 
plicand what was done to unity to get the multiplier. 

For example, let us multiply 5 by 3^. To get 3^ from 1 we 
write 14-1-1-1+^ of 1. Then to get 3^ times 5, we write 
5-h54-5-f^of5, which equals 17^. Thus 3| x 5 = 17f 

Unfortunately this definition is somewhat obscure and capable 
of being misunderstood. So far as its wording is concerned, we 
can get, say, 3 from 1 in this way: P -f- 1* -1- 1* = 3. Then to 
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multiply 5 by 3, we should have to add 5^ three times, or 5* + 
5* + 5*, which gives 75. Thus, 3x5 equals 75, which is absurd. 

A much more general definition of multiplication is the follow- 
ing: multiplication is a process that is an extension of a particu- 
lar kind of addition satisfying certain rules such as the distributive, 
commutative, and associative laws.* As we vary the rules we 
get different kinds of multiplication. Thus, there is a branch of 
higher mathematics called vector analysis in which the commuta- 
tive law does not hold true. 

315. Definition of Raising to Powers. The definition of a power 
which says a power of a number is the product arising from using 
the number as a factor one or more times fails for negative and 
fractional exponents. 

It is convenient to distinguish between integral and fractional 
powers. An integral power of a number is the continued product 
arising from multiplying unity by the given number one or more 
times. Then, a negative integral power of a number denotes the 
continued quotient of unity divided by the given number, then this 
quotient divided by the given number, and so on. A number 
with a fractional exponent is defined as the number obtained by 
raising the given number to the power indicated by the numerator 
of its exponent and then extracting the root of the result indicated 
by the denominator of the fractional exponent. All this can be 
summed up and be made more general at the same time by saying: 
involution is the process subject to the following rules : 

316. The Development of the Idea of Numbers. The first concep- 
tion of numbers was doubtless that of integers and probably 
originated with the act of counting. Later, through attempting 
to measure objects, the idea of fractions entered. Later still, 
through attempting to measure certain lines, such as the diagonal 
of a square with one side as measuring unit, the notion of irra- 
tionals appeared. (See § 189.) This was followed long after- 

* See Chrystal's Algebra^ Part T, p. 12. 
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wards by the conception of still other forms of irrationals, or 
incommensu rabies, such as tt. 

Another extension of number was made by Argand in his 
diagrammatic representation of imaginaries, § 201. From what 
was said in § 201, it appears that any and every point in a plane 
is located by some complex number, and every complex number 
locates a point. 

317. The Definition of Mathematics itself, commonly given as tJie 
science of qvxintityy has been found too narrow to include certain 
branches of higher mathematics. Pierce has given this definition : 
" Mathematics is the science which draws necessary conclusions 
from given premises." This definition evidently makes mathe- 
matics include logic. 
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Binomial quantity, 5. 
Binomial surd, 159-160. 
Biographical notes, 37-40, 205-210, 

248. 
Brace, bracket, 3, 15. 
Brahmagupta, 50, 206. 
Briggs, 233, 248. 



Cardan, 210. 

Cause and effect, 88. 

Change of origin, 186. 

Characteristic, 232. 

Check, 11, 13, 21, 76, 123, 155, 169, 172. 

Circle, 181, 244. 

Clairaut, 294. 

Clearing of fractions, 97, 98. 

Coefficient, 6. 

of radical, 149. 
Cologarithm, 243. 
Common factor, 67. 
Common multiple, 71. 
Commutative laws, 10, 17. 
Comparison, elimination, 108. 



* This can be used to advantage in reviews by having students ignore all topics whose 
page numbers are greater tlian the last page studied by the class. 
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Complete quadratic. 65, 66, 167, 169. 

C'ompleting square, 66, 171. 

Complex fraction, 77. 

Complex number, 161. 

Composition, 212. 

Compound interest, 245. 

Compound term, 14. 

Computation by logarithms, 240. 

Conditional equations, 95. 

Conjugate surd, 153. 

Consequent in proportion, 80, 211. 

Consistent equations, 114. 

Constant, 92. 

Continuation symbols, 3. 

Continued proportion, 213. 

"Continued ratio, 215. 

Coordinates, 81. 

Cosecant, 220. 

Cosine, 221. 

Cotangent, 221. 

Counting, 1. 

Cube, 4. 

Cube root, 130-132. 

Cubic equation, 96, 194, 199, 207. 



D 



Definitions, 4, 295. 
Degree, of a term, 5. 

of an equation, 65, 167, 178. 
Dependent variable, 93. 
Determinants, 274-276. 
Develop, 126. 
Difference, 12. 

Diophantine equations, 205, 278. 
Diophantus, 205. 
Discriminant, 288. 
Discussion, of quadratic, 280, 291. 

of problem, 292. 
Distributive law, 18. 
Divisibility, 46-48. 
Division, 23-25. 

axiom of, 32. 

by zero, 4. 

continued, 08. 

in proportion. 212. 
See Multiplication. 



£ 



Economy of notation, 3. 
Elimination, 107. 



Elimination, by addition and Bubtrac- 
tion, 108. 

by substitution, 107. 

in quadratics, 179-180. 200-203. 

special methods. 109, 200-203. 

three unknown quantities, 110. 
Ellipse, 182, 190. 
Equation, 1, 31, 95. 

conditional. 95. 

consistent, 114. 

construction of, 170, 176. 

cubic, 96. 194, 199, 207, 208. 

exponential, 247. 

fourth degree, 203. 

graphical solutions, 84, 90, 113, 
186, 196, 290. 

higher, 176, 203. 

identical, 95. 

inconsistent, 115. 

indeterminate. 205, 278. 

literal, 118, 123. 

of any degree, number of roolf?, 
177 

quadratic, 65, 66, 96, 167, 206, 286. 

radical, 165. 282. 

simple, 65, 96. 

simultaneous, 107, 113, 178, 180, 189, 
285. 

systems of, 110, 196, 285. 
Equivalent equations, 110, 281, 285. 
Error of logarithmic tables, 241. 
Errors, in algebraic operations, 78. 

of calculation, 126, 133. 
Euler, 38. 39. 
Evolution, 127. 
Expand, expansion, 127, 262. 
Exponent, 4. 

in division, 23, 24. 

in logarithms, 231. 

in multiplication, 20. 

fractional, 140. 

zero and negative, 146, 147. 
Exponential equations, 247. 
Expression, algebraic, 4, 10. 
Extremes, 86, 211. 



Factors. 50. 
common. 67. 
in multiplication, 19. 
order of, 22. 
prime, 63. 
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Factors, signs of, changed, 74. 

zero, 4. 
Ferrari, 210. 
rigures, 1, 2. 
Formulas, 29, 119, 120, 160, 174, 245, 

250, 254, 260, 262, 289. 
Fraction, 72. 

as exponent, 140. 

proper, 76. 
Function, 30, 100, 198, 201, 223, 224. 
Functionality, 92, 219. 
Fundamental Laws, 10, 17, 18, 32. 

G 

Generalization, 273. 
Geometrical progression, 254. 
Geometry in algebra, 26-28, throughout. 
Graphs, 35. 81, 83, 90, 93, 116, 181, 

196, 290. 
Greek mathematics, 205. 

H 

Higher equations, 176, 203. 

Highest common factor, 67-70. 

Hindu rule, 172, 206. 

Historical notes. 37-40. 205-210, 248. 

Historical problems, 104-106. 

Homogeneous, 5, 200, 

Hyperbola, 183, 191, 192. 



Identical equation, 95. 

Imaginaries, 127, 161, 163, 182, 193. 

Incommensurables, 149, 150. 

Incomplete quadratic, 167. 

Independent equations, 114. 

Indeterminate equations, 205, 278. 

Index, 4, 149. 

Induction, 258. 

Inequality, 264. 

Infinity, infinitesimal, 4. 291. 292. 

Integers, 1, 150. 

Interest, 121, 245. 

Interpolation!. 226, 239. 

Inversion, 212. 

Involution, 125. 

Irrationals, 149-150. 162-163. 



Juxtaposition, 2. 



Language of algebra, 2, 7. 

Laws, 10, 17, 18, 32. 

Leonardo, 207. 

Letters, 1, 41. 

Like signs, 19. 

Literal equations. 118, 123. 

Literal notation, 3. 

Literal quantity, 5. 

Logarithms, 230 et seq. 

Lowest common multiple, .71. 

M 

Mantissa, 232. 
Mathematics. 298. 
Mean, Arithmetical, average, 265. 
Mean, Geometrical. 211, 265. 
Measurement, 1. 
Mechanics, formulas of. 267. 
Member of an equation, 95. 
Methods, in factoring, 59. 

in quadratics, 197. 
Minus, 3. 

Mixed quantity, 74. 
Monomial, 4. 
Multinomial, 5, 58. 
Multiple, 71. 
Multiplication, 17-22, 296. 

abridged, 133. 

by logarithms, 241. 

equations, 32. 

fractions, 76. 

imaginaries, 162. 

inequalities, 264. 

literal quantities. 21. 

radicals, 156-158. 



N 



Napier, 248-249. 

Natural function, 223, 224. 

Naught. See Zero. 

Negative exponent, 146. 

Negative quantities, 3, 170, 280. 

Negative series, 2. 

Negative solutions, 170, 280. 

Newton's binomial theorem, 125, 260. 

Notation, 1. 

logarithms. 232. 

radicals, 151. 



302 



INDEX 



Numbers, algebraic, 2. 

complex, orthotomic, 161, 163. 

irrational, 160. 

natural or arithmetical, 1, 2. 

rational. 149-160. 

real, 163. 
Numerical value, 6. 

O 

Omission symbols, 3. 
Order of operations, 6. 
Ordinate, 81. 
Origin. 81. 
Outline in factoring, 60. 



Parabola, 186, 187. 
Parenthesis, 3, 15. 
Pascal triangle, 260. 
Percentage, 120. 
Physics, 267. 
Plus, 3. 
Polynomial, 5. 

factoring, 60, 61. 

square of, 45, 46. 
Positive, 3. 
Power, 4, 297. 

by logarithms, 241, 243. 

of quantity, 22, 125. 

of radicals, 169. 
Powers of terms of a proportion, 213. 
Precedence of operations, 6. 
Prime quantities, 63. 
Principles, 72, 143, 281, 282. 
Problems, 34, 104. 116. 174, 181, 203, 

292. 
Progression, 260. 
Proofs, of laws, 43, 46, 47. 143. 163. 

of accuracy of solution. 24. 48. 55-58. 
Property, of identical equations, 96. 

of quadratic equations, 170. 286. 
Proportion, 86, 90, 211, 217. 
Pure imaginary, 161. 
Pure quadratic, 167. 
Pythagoras, 28, 60. 

Q 

Quadrant, 221. 

Quadratic equations, 66, 66, 96, 167, 
206, 286. 



Quadratics, complete, 167, 169. 

graphs of, 181 et aeq. 

harder, 197. 

incomplete or pure, 167. 

simultaneous, 178, 180, 200. 

theory of, 286. 
Quadrinomial, 5, 56. 
Quantity, 4, 10. 

known and unknown, 96. 

R 

Radicals, 149. 
Radicand, 149. 
Ratio. 86, 211. 

in right triangles, 220. 
Rational numbers, 149-160. 
Rationalization of denominators, 162. 
Real quantity, 163. 
Reasoning in equations, 281-285. 
Reciprocal, 146. 
Reduction, of fractions, 72. 

of radicals, 151. 

of repeating decimals, 265. 
Repeating decimals, 149, 255. 
Reversibility of steps, 284. 
Root, of equation, 96. 

of quantity, 4, 22. 
Rule, slide, 246. 



S 



Satisfy an equation, 95. 

Science, 267. 

Secant. 220. 

Series, 2. 

Signs. 11, 13, 18, 19, 23, 73, 74, 127. 

Similar radicals, 155. 

Similar terms, 6. 

Simple equation, 96. 

Simple term, 4. 

Simultaneous equations, 107, 113. 

quadratic, 178-180, 189. 

three unknown quantities, 110. 
Sine, 221. 
Slide rule, 246. 
Solution, 31, 96, 97. 

negative, 280. 
Square, 4. 

Square root, 128-130. 
Squared paper, 35, 81. 
Substitution, elimination, 107. 
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Subtraction, 12-15. 296. 

in proportion, 212. 
Surd. 149-150. 159. 
Symbolical forms, 291. 
Symbols, 3. 

of aggregation, 3, 15, 17. 

of omission. 3. 

of operation, 3. 

of quantity, 3. 

of relation, 3. 
Sjrmmetry, 132. 
Synthetic method, 284. 
System, of equations, 110, 281, 285. 

of logarithms, 231. 



Table, discussion of quadratic equa- 
tion, 289. 

of logarithms, 236. 

of natural functions, 224. 

of powers, 149. 

of square roots, 149. 
Tangent, 221. 
Tartaglia, 199, 208. 
Terms, 4. 

of a fraction, 72. 

of a proportion, 86. 

similar, 5. 
Theorems, 41-48, 86, 146, 147, 162, 

211, etc. 
Translating, 7-9. 102-103. 
Transposition, 33. 

in inequalities, 264. 
Trigonometry, 220 et aeq. 



Trinomial, 5. 

factoring, 53. 

square of, 46. 
Type forms, exponents, 140. 

in factoring, 60-61. 

in fractions, 79. 

in quadratics. 171. 174, 193, 286. 

in radicals, 151, 152. 



U 



Uniqueness axiom, 32. 
Unity, 3. 

as coefficient, 5. 

as denominator of integers, 78. 

as exponent, 5. 
Unlike signs, 19. 
Unlike terms, 5. 



Validity of processes, 281. 
Value, numerical, 6. 
Variable. 92. 
Variation, 216. 
Verification, 96. 
Vieta, 37, frontispiece. 
Vinculum, 3, 16. 



Zero, as divisor, 4. 
as exponent, 146. 
as factor, 4. 
as logarithm, 231. 



PLANE GEOMETRY DEVELOPED 
BY THE SYLLABUS METHOD 

By EUGENE RANDOLPH SMITH, A. M., Head of 
the Department of Mathematics, Polytechnic Preparatory 
School, Brooklyn, N. Y. Formerly Head of the De- 
partment of Mathematics, Montclair High School, Mont- 
clair, N. J. 
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THIS is the only complete and thoroughly worked-out 
plan of teaching geometry by the Syllabus Method. It 
makes the study more profitable. It makes the pupil 
do the thinking, not the teacher or the author. It teaches 
pupils how to discover the proofs for themselves, instead of 
memorizing those given in the textbook. It gives the piaxi- 
mum of mental training with the minimum waste of energy. 
^ The book contains the definitions, axioms, etc. ; the state- 
ments of theorems; a discussion of methods; four kinds of 
exercises; and classified summaries of the theorems. Except 
for a few specimen proofs and some necessary hints, the de- 
monstrations are omitted, but before the work is undertaken, 
propositions having any difficulty are fully discussed in class 
with the teacher, who guides the investigation by questions 
which do not imply their own answers. The pupil is made 
familiar with the laws of logic used in plane geometry, and 
understands the * * what ' * and * * why ' ' of each step. Much 
aid is given by the oral and review questions. 
^ The work is sufficient to prepare for any college, although 
the total of propositions to be proved is about fifty less than in 
the average book. The Syllabus Method is as well adapted 
to large as to small classes, and takes no more time than any 
other plan. It produces tremendous class enthusiasm, which 
acts as a strong incentive and encourages individuality. It en- 
ables the teacher to become better acquainted with his pupils 
and their difficulties, and hence to aid them more intelligently. 
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CROCKETT'S 
TRIGONOMETRY 

By C. W. CROCKETT, Professor of Mathematics and 
Astronomy, Rensselaer Polytechnic Institute 



Plane and Spherical Trigonometry. With Tables $1.45 

The same. Without Tables 1 00 

Plane Trigonometry. With Tables 1.00 

Logarithmic and Trigonometric Tables i .00 



BECAUSE this work has been prepared for beginners 
the author has limited himself to the selection of 
simple proofs of the formulas, not striving after original 
demonstrations. Geometrical proofs have been added in 
many cases, experience having shown that the student is 
assisted by them to a clearer understanding of the subject. 
^ All of the numerical examples have been computed by the 
author with special attention to correctness in the last decimal 
place; and the arrangement of the computations has been 
carefully considered. Five-place tables have been adopted, 
and the angles in the examples are given to the nearest tenth 
of a minute, because the instruments ordinarily used by 
engineers are read by the vernier only to the nearest minute 
of arc, while the angle corresponding to a computed function 
may be found usually to the nearest tenth of a minute by the 
use of five-place tables. For convenience the tables are 
printed on colored paper. 

^ Each subject is developed in a logical and natural manner. 
The elementary definitions of the ratios are followed at once 
by the solution of right triangles, in order that the defin- 
itions may be impressed upon the mind of the student, and a 
large number of practical problems are then given to demonstrate 
the utility of the study. The more general definitions of the 
functions, with their values in the difi^erent quadrants and 
analogous properties, are then discussed. 
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A HISTORY OF AMERICAN 

LITERATURE 

By REUBEN POST HALLECK, M.A., Principal, Male 

High School, Louisville, Ky. 

$l,2S 



A COMPANION volume to the author's History of Eng- 
lish Literature. It describes the greatest achievements 
in American literature from colonial times to the pres- 
ent, placing emphasis not only upon men, but also upon liter- 
ary movements, the causes of which are thoroughly investi- 
gated. Further, the relation of each period of American 
literature to the corresponding epoch of English literature 
has been carefully brought out — and each period is illumin- 
ated by a brief survey of its history. 

^ The seven chapters of the book treat in succession of 
Colonial Literature, The Emergence of a Nation (1754- 
1809), the New York Group, The New England Group, 
Southern Literature, Western Literature, and the Eastern 
Realists. To these are added a supplementary Ibt of less 
important authors and their chief works, as well as A Glance 
Backward, which emphasizes in brief compass the most im- 
portant truths taught by American literature. 
^ At the end of each chapter is a summary which helps to 
fix the period in mind by briefly reviewing the most significant 
achievements. This is followed by extensive historical and 
literary references for further study, by a very helpful list of 
suggested readings, and by questions and suggestions, designed 
to stimulate the student's interest and enthusiasm, and to lead 
him to investigate for himself the remarkable literary record of 
American spirituality, individuality, initiative, and democratic 
aspiration and accomplishment. 

^ While within the comprehension of secondary pupils, the 
treatment is sufficiently full and suggestive for a systematic, 
progressive study of American literature. 
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ECLECTIC ENGLISH CLASSICS 

New Edition in Cloth. The 20 Cent Series 
49 Volumes, including the following: 

Addi8on*s Sir Roger de Coverley Papers (Underwood) .... J(o.20 

Arnold's Sohrab and Rustum (Tanner) .20 

Burke's Conciliation with the American Colonies (Clark) . . .20 

Burns' 8 Poems — Selections (Venable) .20 

Byron's Childe Harold (Canto IV), Prisoner of Cfaillon, Mazeppa, 

and other Selectioni (Venable) 20 

Carlyle'f Essay on Bums (Miller) .20 

Chaucer's Prologue and Knlghte'f Tale (Van Dyke) . . . , . .20 

, Coleridge's Ancient Mariner (Garrigues) , . . .20 

Cooper's Pilot (Watrous). Double number 40 

Defoe's Hbtory of the Plague in London (Syle) .so 

Robinson Crusoe (Stephens) 20 

Dickens's Talc of Two Cities (Pearce). Double number , . . .40 

Dryden's Palamon and Arcite (Bates) , 20 

Emerson's Essays. Selections (Smith) 20 

Franklin'f Autobiography (Reid) 20 

George Eliot's Silas Mamer (McKitrick) . . . . ; 20 

Goldsmith's Vi«ur of Wakefield ( Hansen) . , . . , 20 

Gray's Elegy in a Country Churchyard, and Goldsmith's Deserted 

Village (Van Dyke) 20 

Irving' s Sketch Book — Selections (St. John) 20 

Tales of a Traveler (Rutland j. Double number 40 

Macaulay's Essay on Addison (Matthews) .20 

Essay on Milton (Mead) 20 

Life of Johnson (Lucas) 20 

Milton's Minor Poems (Buck) ,.,,.,,, 20 

Paradise Lost. Booki I and II* (Stephens) 20 

Old Testament Narratives (Baldwin) 20 

Pope's Rape of the Lock, and Essay on Man (Van Dyke) . . .20 

Scott's Ivanhoe (Schreiber). Double number 40 

Lady of the Lake (Bacon) 20 

Marmjon (Coblentz) . . • . . *20 

Quentin Durward (Norris). Double number . , 40 

Shakespeare's As You Like It (North) 20 

Hamlet (Shower) , , . .20 

Julius Caesar (Baker) . .20 

Macbeth (Live:ngood) ,,,,.,,..,,.,,.. .20 

Merchant of Venice (Blakely) 20 

Midsummer-Night** Dream (Haney) 20 

Twelfth Night (Weld) 20 

Tennyson* 8 Idylls of the King. Selections (Willard) 20 

Princess (Shryock) .20 

Thackeray's Henry Esmond (Bissell). Triple number 60 

Washington's Farewell Address, and Webster's First Bunker Hill 

Oradon (Lewis) 20 

Wordsworth's Poems — Selections (Venable) 20 



ESSENTIALS OF BIOLOGY 

By GEORGE WILLIAM HUNTER, A. M., Head of 

Department of Biology, DeWitt Clinton High School, 

New York City. ^ 

^^1.25 



THIS new first-year course treats the subject of biology 
as a whole, and meets the requirements of the leading 
colleges and associations of science teachers. Instead 
of discussing plants, animals, and man as separate forms of 
living organisms, it treats of life in a comprehensive manner, 
and particularly in its relations to the progress of humanity. 
Each main topic is introduced by a problem, which the pupil 
is to solve by actual laboratory work. The text that follows 
explains and illustrates the meaning of each problem. The 
work throughout aims to have a human interest and a practical 
value, and to }5tovide the simplest and most easily compre- 
hended method of demonstration. At the end of each chap- 
ter are lists of references to both elementary and advanced 
books for collateral reading. 



SHARPE'S LABORATORY 

MANUAL IN BIOLOGY 

$0.75 



IN this Manual the 56 important problems of Hunter's 
Essentials of Biology are solved ; that is, the principles of 
biology are developed from the laboratory standpoint. It is 
a teacher's detailed directions put into print. It states the prob- 
lems, and then tells what materials and apparatus are necessary 
and how they are to be used, how to avoid mistakes, and how 
to get at the facts when they are found. Following each prob- 
lem and its solution is a full list of references to other books. 
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ELEMENTS OF GEOLOGY 

By ELIOT BLACKWELDER, Associate Professor of 
Geology, University of Wisconsin, and HARLAN H. 
BARROWS, Associate Professor of General Geology 
and Geography, University of Chicago. 

$1.40 



AN introductory course in geology, complete enough for 
college classes, yet simple enough for high school pu- 
pils. The text is explanatory, seldom merely des- 
criptive, and the student gains a know^ledge not only of the 
salient facts in the history of the earth, but also of the methods 
by which those facts have been determined. The style is 
simple and direct. Few technical terms are used. The book 
is exceedingly teachable. 

^ The volume is divided into tv^o parts, physical geology 
and historical geology. It differs more or less from its prede- 
cessors in the emphasis on different topics and in the arrange- 
ment of its material. Factors of minor importance in the de- 
velopment of the earth, such as earthquakes, volcanoes, and 
geysers, are treated much more briefly than is customary. 
This has given space for the extended discussion of matters 
of greater significance. For the first time an adequate discus- 
sion of the leading modem conceptions concerning the origin 
and early development of the earth is presented in an ele- 
mentary textbook. 

^[ The illustrations and maps, which are unusually numerous, 
really illustrate the text and are referred to definitely in the 
discussion. They are admirably adapted to serve as the basis 
for classroom discussion and quizzes, and as such constitute one 
of the most important features of the book. The questions at 
the end of the chapters are distinctive in that the answers are 
in general not to be found in the text. They may, how- 
ever, be reasoned out by the student, provided he has read 
the text with understanding. 
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DESCRIPTIVE 
CATALOGUE OF HIGH 
SCHOOL AND COLLEGE 

TEXT-BOOKS 

Published Complete and in Sections 



WE issue a Catalogue of High School and College Text- 
Books^ which we have tried to make as valuable and 
as useful to teachers as possible. In this catalogue 
are set forth briefly and clearly the scope and leading charac- 
teristics of each of our best text-books. In most cases there 
are also given testimonials from well-known teachers, which 
have been selected quite as much for their descriptive qualities 
as for their value as commendations. 

^ For the convenience of teachers this Catalogue is also 
published in separate sections treating of the various branches of 
study. These pamphlets are entitled : English, Mathematics, 
History and Political Science, Science, Modern Languages, 
Ancient Languages, and Philosophy and Education. 
^ In addition we have a single pamphlet devoted to Newest 
Books in every subject, 

^ Teachers seeking the newest and best books for their 
classes are invited to send for our Complete High School and 
College Catalogue, or for such sections as may be of greatest 
interest. 

^ Copies of our price lists, or of special circulars, in which 
these books are described at greater length than the space 
limitations of the catalogue permit, will be mailed to any 
address on request. 

^ All correspondence should be addressed to the nearest 
of the following offices of the company : New York, Cincin- 
nati, Chicago, Boston, Atlanta, San Francisco. 
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